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Resumo

O grafo bipartido completo K3 ¢ uma arvore denominada garra. Um grafo G ¢é
considerado Livre de Garra se ndo houver nenhum subgrafo induzido em G isomorfo
ao grafo K 3. O Problema de Elimina¢@o de Garras (PEG) é NP-Completo e consiste
em encontrar o conjunto de cardinalidade minima S C V(G) tal que G - S é livre de
garra. Este trabalho apresenta um estudo poliédrico do politopo associado ao PEG,
explicitando sua dimensionalidade e revelando inequagdes definidoras de facetas. Além
disso, instancias aleatérias e intervalares foram construidas e utilizadas para execugao
de testes computacionais para quatro algoritmos Branch-and-Cut e dois algoritmos

Branch-and-Price propostos.

Palavras-chave: Problema Livre de Garra, Combinatodria Poliédrica, Branch-and-Cut,

Branch-and-Price.
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Abstract

The complete bipartite graph K 3 is a tree known as claw. A graph is considered to
be claw-free if it does not contain any induced subgraph isomorphic to the complete
bipartite graph K, 3. Consider a graph G, the NP-Hard Graph Declawing Problem
(GDP) consists of finding a minimum set S C V(G) such that G - S is claw-free. This
research is a polyhedral study of the GDP polytope, expliciting its full dimensionality,
proposing instances and four Branch-and-Cut algorithms with facet inequalities.
Alongside that, two Branch-and-Price algorithms are proposed. The results for each

algorithm are studied.

Keywords: Graph Declawing Problem, Polyhedral Combinatorics, Branch-and-

Cut, Branch-and-Price.
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**% [ don’t know half of you half as well as I should like;
and I like less than half of you half as well as you deserve. ***

(Bilbo Baggins)



Acknowledgments

Agradeco ao meu orientador Gilberto Farias por me ajudar na demonstracao das facetas,
me apresentar a outros bons pesquisadores, ajudar na escrita/revisao dos artigos e pela
paciéncia com meus sumicos ocasionais. Espero algum dia ter metade da capacidade
intelectual e de producdo desse cara.

Agradeco ao Prof. Anand Subramanian pelo excelente ensino dos conhecimentos
basicos para implementar um algoritmo Branch-and-Price e Branch-and-Cut.

Também quero agradecer ao Prof. Teobaldo pela ajuda na implementacdo do
Branch-and-Price no bapcod, ao Prof. Fébio Protti pela 6tima revisdo/melhoria das
provas e Thiago Gouveia pelo pontapé inicial em um possivel algoritmo Branch-and-
Price para o problema.

Agradeco também a minha mée Lucia e irma Patricia, que mesmo sem entender nada
desse trabalho, sempre tiravam um tempo para me perturbar pra ir atrds dos professores
’Giba’ (Gilberto) e *Arnold’ (Anand) para ’fazer o negécio direito’.

Agradeco a minha noiva Hozana por me aturar nos momentos que batia a melancolia
total e por estar sempre arrumando tempo pra me apoiar mesmo com tantas dificuldades

em sua propria jornada.

vi



Contents

1 The Graph Declawing Problem

1.1
1.2

1.3

2.1
2.2
2.3
24

2.5

Motivation . . . . . . . ..
Aim and Objectives . . . .
1.2.1 Thesis Aim . . . .
1.2.2  Study Objectives .

Thesis Outline . . . . . . .

Theoretical Background

Linear and Affine Algebra
Polyhedral Theory . . . .
Linear Programming . . .
Integer Linear Programming

2.4.1 Branch-and-Bound

242 CuttingPlanes . . . . ... ... ... oo,
243 Branch-and-Cut . . . . . . .. ... ... ... ...
24.4 Branch-and-Price . . . . . . . .. ... ... .
Graph Theory . . . . . . . . . . . . . e
2.5.1 Complementary Graphs . . . . . .. ... ... ... .....
252 Subgraph . . ... ..
253 Supergraphs. . . . . . ...

vii

A L W N

<



CONTENTS viii
2.5.4 EdgeContraction . . . . .. ... ... ........ 15

2.5.5 BipartiteGraph . . . . ... ... 15

2.5.6 Clique and Independent Set . . . . . . ... ... .. 16

3 Facet-Inducing Inequalities for the Polytope of the GDP 18
3.1 PolytopefortheGDP . . . . ... .. ... ... ....... 18

3.2 Trivial Inequalities . . . . . ... ... ... ... ... .. 19

3.3 Claw Inequalities . . . . . .. ... ... ... ........ 20

34 StarInequalities . . . . . . . .. ... ..o 21

3.5 Lanterninequalities . . . . . . . . .. ... ... ... ... 24

3.6 Binary star inequalities . . . . . . . ... ... ... ... 29

4 Branch-and-Cut Algorithms 35
4.1 Objective Function . . . . ... ... ... ... ....... 35
42 ClawModel . . . . . ... ... 36
43 StarModel .. ... ... ... L 36
44 LanternModel . . ... ... ... ... L. 36
45 Binary StarModel . . . . .. ... ..o oo 37
4.6 Branch-and-Cut with Maximal Stars . . . . . . .. ... ... 38
47 Claw Extraction . . . . . .. .. ... ..o oL 38
4.8 Maximal Star Extraction . . . . ... .. .. ... ... ... 39
4.9 Separation for the claw and starmodels . . . . . ... .. .. 39
4.10 Separation for lantern and binary star models . . . . . . . .. 40

S Column Generation for the GDP 45
5.1 Formulation for the Master Problem . . . . .. ... ... .. 45

5.2 Formulation for the Pricing . . . . . . .. ... .. ... ... 47

53 Branching . . . . ... ... .o oL 47



CONTENTS ix
54 PricingHeuristics . . . . . . ... .. L o 47

6 Computational Results 49
6.1 Random graphinstances . . . . .. ... ... ... ... ... ... . 49

6.2 Interval graphinstances . . . . . . . . .. .. .. .. ... ... ... 49

6.3 Experimental setup . . . . . . .. ... L 50

6.4 Branch-and-Cut Results . . . . . . ... ... ... ... .. .. ... 51
6.4.1 Resultson Random Graphs. . . . . ... ... .. ....... 51

6.4.2 Interval GraphsResults . . . . . . ... ... ... ....... 54

6.5 Branch-and-PriceResults. . . . . . . . ... ... ... ... ..... 57

7 Conclusions 60
8 Future Work 61
8.1 Families of Facets For Vertex Deletion Problems . . . . .. ... ... 61

8.2 Branch-and-Price For Vertex Deletion Problems . . . . . ... .. ... 63
8.2.1 MasterProblem . . . .. ... ... ... ... ......... 63

822 Pricing . . ... .. 64

823 Branching . .. .. ... ... ... . ... ... . . ... 64

8.3 Complexity on Interval Graph Instances . . . . . ... ... ... ... 64
Bibliography . . . . . .. .. 66

A Computational Results for Branch-and-Cut on Interval Instances 67



List of Figures

1.1
1.2

1.3

2.1
22
2.3
24
2.5
2.6
2.7
2.8
29

3.1

3.2

33
34

Example of ClawinaGraph . . . . .. ... ... ... ........
Forbidden subgraphs for unit interval graphs: (a) claw, (b) net, (c) tent,
) Cr k>4« o e
Converting an interval graph (c) associated with (a) into a unit interval

graph (d) associated with (b) by removing F' from (c). . . . . . . .. ..

Polyhedra Example . . . . . .. ... ... ... ... .........
Process of facet identification . . . . . . . ... ..o L.
Cutting Plane Algorithm . . . . . . .. .. ... ... ... ......
GraphExample . . . . ... ... ... ...
Complementary Graphs . . . . . . . . ... ... ... .........
Subgraph Examples . . . . . . .. ... ... ... .
Bipartite Graph K53 . . . . . . ... ...
Cliques . . . . . . . . e
Independent Setand Clique . . . . . . ... ... ... .. .......

(a) A claw-free subgraph H = G[{1,2,4,6,7}] and (b) its incidence

Star graphs S5, Ss,and Sg. . . . . . ..o
Subgraphs Si, S7, Sf,and S5 0f Sk . o o
Subgraphs Lygand Lygof Sp. . . . . .. ... o o000

21
22
23



LIST OF FIGURES xi

3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12

4.1

4.2

4.3

5.1

Lantern graphs L3y, L3k, Lygg1y,and L. . . o000 0000000 24
Subgraphs of L, k> 5. . . . . . . . ... 26
Subgraphs of Ly forl >3, k>¢+1. . ... ... ... ... ..... 27
Subgraphs of Lpx. . . . . . . . . oo 28
Examples of binary stars. . . . . . .. .. ... ... 0oL 30
Subgraphs of Bai. . . . . . . . . . e 31
Subgraphs of By. . . . . . . . . . e 32
Subgraphsof By,. . . . . . . . ... 33

Extraction of maximal stars centered at v (¢) and (d) from (a) by using
the neighborhoodof v(b). . . . . .. .. .. ... ... 40
Figure (a) shows graph G, figures (b) and (c) show two maximal stars
St and S in G, figures (d) and (e) show the two lantern subgraphs L,
and L, constructed from Sy, and Sg. . . . . . . .. ... L. 42
Figure (a) shows graph G, figures (b) and (c) show two maximal stars
St and Sg in G, figures (d), (e), and (f) show three binary star subgraphs

constructed from Spand Sg. . . . . .. ... L. 44

Example of the formulation for a subset of columns of a graph. . . . . . 46



List of Tables

6.1
6.2
6.3
6.4
6.5
6.6

Al

Computational results for random graph instances withn = 50. . . . . . 52
Computational results for random graph instances withn = 50. . . . . . 53
Computational results for random graph instances withn = 100. . . . . 55
Computational results for random graph instances withn = 100. . . . . 56
Computational results for interval graph instances not solved to optimality. 58

Results for Column Generation in Random Instances. . . . . . . . . .. 59

Computational results for interval graph instances optimally solved. . . 67

Xii



Chapter 1

The Graph Declawing Problem

Every graph property II defines a graph class, namely the set of graphs that satisfy the
property. Often in literature, characterizations of a graph with property II are made
by demonstration of its forbidden vertex-induced subgraphs. In such situations, graph
modification problems arise.

Graph modification problems are usually in one of the following classes:

e Vertex Deletion Problems for II : Given a Graph G, find the minimum sub-
set S C V(G), such that, G — S has the property II. For example, Boral et al.
(2016) study a clustering problem by eliminating P5 (paths on 3 vertices) sub-
graphs. Bevern et al. (2010) show 3 forbidden subgraphs for 2 — plex vertex dele-
tion problem, and Guo et al. (2010) go further and show a characterization of the
forbidden subgraphs for the s — plex problem. Lekkeikerker C. (1962) presents
forbidden subgraphs for interval graphs.

e Edge Deletion Problems for II : Given a Graph G, find the minimum subset
S C E(G), such that, G— S has the property I1. For example, Guo (2007) presents

edge deletion problems for several graph classes with its forbidden subgraphs.

e Edge Completion Problems for II : Given a Graph G, find the minimum subset

1



1.1 Motivation 2

S C E(G), such that, G + S has the property II. For example, Peng e Chen

(2006) show a completion problem for interval graphs.

e Edge Edition Problems for II : Given a Graph G, find the minimum subsets

S1 C E(G) and Sy C E(G), such that, G' = G 4+ S; — S5 has the property I1.

For example, Filho et al. (2017) solve the Bicluster Editing Problem.

e Edge Contraction Problems for II : Given a Graph G, find the minimum subset
S C E(G), such that, the contraction of S results in a new graph with property

I1. For example, Krithika et al. (2016) study some edge contraction problems.

This research focuses on the study of a vertex deletion problem by eliminating claws
of some input graph G in order to make G a claw-free graph. A Graph G is claw-free
when there is no vertex-induced subgraph isomorphic to a complete bipartite graph
K 3, a tree also called claw (See Figure 1.1 for an example of claw and a graph G with
a claw as an induced subgraph). The Graph Declawing Problem (GDP, for short) aims
at finding a minimum subset S C V' (G), such that, G — S is claw-free.

Lewis e Yannakakis (1980) presented a generic proof about vertex deletion prob-
lems, showing that any vertex deletion problem on directed/undirected graphs for non-
trivial and hereditary properties I is NP-Hard. II is considered to be nontrivial if it
is true for infinitely many graphs and false for infinitely many graphs. II is hereditary
if, for any graph G satisfying II, every vertex-induced subgraph of G also satisfies II.
Clearly, being claw-free is a hereditary and nontrivial property; therefore, the GDP is

NP-Hard.

1.1 Motivation

The GDP is one of the required steps for the resolution of the Unit Interval Vertex

Deletion Problem, which consists of converting an input graph into a unit interval graph
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Figure 1.1: Example of Claw in a Graph

° claw °

by removing a minimum subset of vertices such that the resulting graph is free of the
following forbidden induced subgraphs: claws, nets, tents, and induced cycles C}, (k >

4) (see Figure 1.2). This problem is studied by Bevern et al. (2010).

Figure 1.2: Forbidden subgraphs for unit interval graphs: (a) claw, (b) net, (c) tent, (d)
Cyp, k> 4.

5o

(a) (b) ()

The GDP is also related with the problem of converting an interval graph into a
unit interval graph. An interval graph is the intersection graph of a family of intervals.
Formally speaking, GG is an interval graph if its vertices can be associated with intervals
on the real line such that uv € E(G) if and only if I, N I, # 0, where I, and I, are the
intervals associated with u and v. A unit interval graph is an interval graph where the
intervals can be chosen so that all of them have the same length (or, equivalently, length
one). Figure 1.3 shows a transformation from an interval graph to a unit interval graph.

Unit interval graphs coincide with proper interval graphs (interval graphs where the
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Figure 1.3: Converting an interval graph (c) associated with (a) into a unit interval graph
(d) associated with (b) by removing F' from (c).

Al { B | A}_.{ B}——i

Cl i DI i f C}—{ i DF—
El { G— Ft : . BT e
N T N | | | i | ' |
0 1 2 3 4 5 6 7 8 9 0 L 2 3 4 5 6

(c) Interval graph G. (d) A unit interval graph, obtained by removing F.

intervals can be chosen so that no interval properly contains another) and indifference
graphs (defined below). Read Bogart e West (1999) for a proof that (G is a unit interval
graph if and only if G is a proper interval graph, and Roberts (1979) for a proof that G
is a unit interval graph if and only if G is an indifference graph.

Indifference graphs are defined in the context of Social Sciences, as discussed in
the work of Roberts (1979). A graph G is an indifference graph if there is a function
f: V(G) — R such that

w € E(G) <= [f(u) = f(v)] <

where € is a positive number that measures closeness. Informally, this means that v and
v are indistinguishable items if and only if, according to f, there is a difference at most
e between their values. But since item values are in general empirically obtained, there

is the possibility that some presumably close items are distinguishable. Therefore, one



1.2 Aim and Objectives 5

may be interested in removing the fewer items possible to generate a real indifference
graph and thus solving the Unit Interval Vertex Deletion Problem. Fishburn (1985)
poses the problem of converting an interval order into an indifference order by the
removal of some elements; in terms of graphs, this problem is equivalent to the process
exemplified in Fig. 1.3.

Properties of claw-free graphs have been deeply investigated by the research com-
munity (see the survey by Faudree, Flandrin e Ryjacek (1997)). For example, Minty
(1980) presents a polynomial-time algorithm for the problem of finding an independent
set with maximum weight in a claw-free graph. HSU e Nemhauser (1982) present a
polynomial-time algorithm for the Minimum Weighted Clique Cover Problem in claw-
free perfect graphs. To the author’s knowledge, there is no work in the literature pre-
senting a polyhedral study of the GDP or a method to solve it via integer programming.

Therefore, we believe that the studies developed in this work are fully justified.

1.2 Aim and Objectives

1.2.1 Thesis Aim

This thesis aims at proposing optimal algorithms through mathematical formulations for

the GDP.

1.2.2 Study Objectives

1. Polyhedral study for the GDP.
2. Propose mathematical formulations with facets.
3. Propose mathematical formulation for column generation.

4. Compare models using computational experiments.



1.3 Thesis Outline 6

1.3 Thesis Outline

There are 7 remaining chapters on this thesis. On Chapter 2 there is an introduction to
some necessary concepts to understand this thesis. Chapter 3 presents a polytope for the
GDP alongside with some of its facet-inducing inequalities. Chapter 4 has four Branch-
and-Cut algorithms for solving the GDP. Chapter 5 presents a integer formulation suited
for a Branch-and-Price approach. Chapter 6 presents the computational results. Chapter
7 presents the conclusions of this thesis. Chapter 8 shows generalizations for facet-
inducing inequalities and Branch-and-Price formulations for vertex deletion problems to
eliminate any forbidden subgraph (), such generalizations were observed to be possible

during the study of the mathematical formulations for the GDP.



Chapter 2

Theoretical Background

2.1 Linear and Affine Algebra

Take v'...v™ as vectors (or points) in R™. A point v is a linear combination of the

points v! ... o™, if and only if, thereis a \; ... \,, € R such that:

m
v = g AUt
i=1

If Zfil \; = 1, then v is a affine combination of v* ... v™.

A set is linear independent if no point in the set can be described as a linear com-
bination of the remaining points. Alternatively, v'...v™ are linear independent if
A1 = -+ = A, = 0 is the unique solution for Z’:;l \;v* = 0. The maximum number
of linear independent points in R” is n. Similarly, a set of point is affinely independent
if no point in the set can be described as an affine combination of the remaining points
or \; = -+ = ), = 0 is the unique satisfying solution for both } ", \;v* = 0 and

Yo A = 0. n+ 1is the maximum number of affine points in R".
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2.2 Polyhedral Theory

A polyhedra P can be defined by the solution set of a system of linear inequalities. The
dimension dim(P) of a polyhedra is & when it has exactly k + 1 affinely independent
points. P is full dimensional when P € R™ and dim(P) = n. The full dimensionality of
a polyhedra implies that its facets are uniquely defined by the product of some number
« with some inequality.

P can also be described as P = {x € R" | Az < b}, where A is a matrix and b is a

vector. Az < bis a system of linear inequalities. For example, the inequality system:
( =214+ 22 <4, (1)

2r1 4 dxy < 50, (i)

by + 19 < 48, (iii)

P =X
Sr1 — 19 <40, (v)
r1 >0, (v)
x9 > 0, (vi)

\
Defines the polyhedra P of the Figure 2.1.

Figure 2.1: Polyhedra Example
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Any inequality in the form ax > b can be changed to the form —azr < —b multi-
plying it by —1. In addition, any equality of the form axz = b can be replaced by two
inequalities of the form ax < b e ax > b. Therefore, any system of equalities and
inequalities can be changed to describe P in the form P = {x € R" | Ax < b}.

If P = (), the system of inequalities {z € R™ | Ax < b} is infeasible. Otherwise,
it is feasible. If there is some value w bounding P such that P C [—w,w]™, then P is a
polytope. A valid inequality is an inequality that is satisfied by every point in P.

The set F' = {x € P | ax = b} is a face of P. All faces of a polyhedra are also a
polyhedra. Let F' be a face of P, if dim(F') = dim(P) — 1, then F'is facet of P. Facet
defining inequalities are the inequalities that describe P with the minimum redundancy,
thereby find them is always desirable.

Softwares like PORTA (Christof e Schenker) describes a polytope by the list of its
internal points. Figure 2.2 resumes the process of identification of facets for a polytope
using PORTA. At the beginning, PORTA receives all internal points of the polytope.
Next, PORTA lists all facets that describes the polytope. Finally, the user tries to identify

the pattern of construction for some of the listed facets.

Figure 2.2: Process of facet identification
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2.3 Linear Programming

Linear Programming solves the maximization or minimization of some linear function

over a polyhedra P € R". It is usually described as:

n
Maximize or Minimize z = E CiT;
i=1

s. t.Ax <b

x>0

z is the objective function and ¢; € R are the coefficients of the objective function. It is
common to have integrality or non-negativity constraints in the variables x;, such con-
straints are explicitly written on a linear program description. =* will be used to denotate
the optimal solution of a linear program and z* for the value of the objective function on
x*. Efficient algorithms for linear programming emerged on last decades. State of art
solvers as CPLEX or GUROBI use the Simplex algorithm to solve linear programming.
These solvers are capable of solving linear programs with a huge number of variables or
inequalities on a few seconds. Simplex algorithm is also used as subroutine for solving

integer linear programs.

2.4 Integer Linear Programming

Some real world problems require that a solution for a linear program must be integral.
A Integer Linear Programming problem arises when this requirement is made for all
variables in a linear program. If a problem has all variables as binary integers, then it is
a Binary Integer Programming problem. Finally, if the problem mixes real and integer

variables, it is named Mixed Integer Programming problem.
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This thesis will discuss the algorithms Branch-and-Bound, Cutting Planes, Branch-

and-Cut and Branch-and-Price for solving integer programming problems.

2.4.1 Branch-and-Bound

Assuming a minimization problem over a linear function z applied on an integer set S,
ie., z* = minimize{} ; , c;x; | x € S} must be solved. It is possible to find a solution
2* by separating .S on two sets S; and S, such that S = S; U.S,, and afterwards, solving
the problems 2} = minimize{> ., ¢;z; | * € S1} and 25 = minimize{) ., c;z; |
xr € So}. z* is given by 2* = minimum{z], z3 }. This divide and conquer idea plays a
central key on Branch-and-Bound. 1t is the "branching".

Assuming again the problem z* = minimize{> ., c;x; | * € S}. Using simplex
it is possible to solve z* = minimizar{) ., c;x; | x € P}, where P is the polyhedra
that emerges from S when the integrality constraints are removed, observe that S C P.
Though the initial problem of determine z* was not solved, z* is a lower bound for 2*,
that means z* can not be lesser than z*. It is possible to find an integral solution for
z using the solution =* of z* by making it integral. Take ] = f as a coordinate with
fractional value, P can be splitted on two new regions P; and P, where P, = P N {z |
z; < |f]} and P, = PN {x | z; > [f]}, therefore the algorithm will find all integer
points of P by dividing it on new regions and successively dividing them on another
regions until integral solutions are found. When the algorithm finds an integral solution
on a region P, it stores the solution as a candidate solution if it has the best objective
function value and use it to “bound” the search, avoiding the exploration of unnecessary
integer points of a region. This can be done by comparing the objective function on the
best candidate solution 2’ with the value of the objective function Z} of the region P}, if
7} is greater than 2/, there is no necessity to search integral points in P;, because every
integral point in P; has objective value worse than z7, which has value worse than 2.

Therefore, Branch-and-Bound searches, implicitly, all integer points on S and by the
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end z* = 2.

2.4.2 Cutting Planes

Cutting planes solve integer linear programs of the form z* = minimize{> . | c;z; |
x € S} by eliminating fractional solutions from the polyhedra made by the integrality
constraints relaxation. Figure 2.3 shows an example of how it works. In (a), the frac-
tional solution z* = minimize{} ., | ¢;x; | x € P} was found by simplex. (b) shows
the new polyhedra after insertion of a cutting plane that eliminated the previous optimal

fractional solution. (c) shows a new cut that reveals the optimal integer solution for S.

Figure 2.3: Cutting Plane Algorithm

X2
O
00
OO0
X1
(a) Initial Polyhedra (b) Added Cut (c) Integer Solution

Reference: Cunha, N. S. Um Framework para a geracdo semiautomadtica de solos de
guitarra. Dissertacdo (Mestrado em Informédtica) — Universidade Federal da Paraiba.
2016.

These cuts must be valid. They must not remove integral solutions on S.

2.4.3 Branch-and-Cut

The Branch-and-Cut algorithm applies cutting planes on each polyhedral P; of a

Branch-and-Bound to make it converge faster.
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2.4.4 Branch-and-Price

Branch-and-Price is a Branch-and-Bound where variables are added on each problem
P;. On big linear programming problems, most variables are 0-valued on the optimal
solution. Such variables are irrelevant for the simplex algorithm. Therefore, a simplified
version of the problem, named Master Problem, take just a few variables on its formula-
tion, but this leads to a new problem of detecting when a solution of the master problem
is optimal. Then, a new algorithm named Pricing finds new variables not present on the

master that improves its objective function value.

2.5 Graph Theory

A graph G is a data structure with V' (G) representing a set of vertices and FE(G) rep-
resenting a set of edges connecting these vertices. Figure 2.4 shows a graph with

V(G) = {0,1,2,3,4} and E(G) = {01,04, 12,13, 14, 23,34},

Figure 2.4: Graph Example

o—1)

@0

Reference: Cormen, Thomas H. et al. Algoritmos: Teoria e pratica

2.5.1 Complementary Graphs

The complementary graph G of G, showed at Figure 2.5, is obtained by adding all edges

that are not in F(G) in the set E(G).
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Figure 2.5: Complementary Graphs

Reference: Retrieved from URL!

Black lines are the real edges. Blue lines are the complementary edges.

2.5.2 Subgraph

A subgraph G' of a graph G is a graph such that V(G’) C V(G) and E(G’) C E(G).
A subgraph G’of G is an induced by vertex subgraph, for convenience notated as
G[V(G")], if all edges vw € E(G) with v € V(G') and w € V(G') are on E(G').
In addition, we may just write subgraphs formed by the elimination of vertices or edges
inGasG' =G — Swhere S C V(G)orS C E(G). The red portion of the Figure 2.6
shows a subgraph (a) and an induced subgraph (b), observe that (b) is induced by the

inclusion of two missing edges on (a).

Figure 2.6: Subgraph Examples

S

(a) Subgraph (b) Vertex-induced Subgraph

Reference: Retrieved from URL?

1 - Available on: <pt.wikipedia.org/wiki/Grafo_complementar>
2 - Available on: <www.math.ucdenver.edu/~wcherowi/courses/m4408/gtaln2.htmI>
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2.5.3 Supergraphs

G’ is supergraph of G when G is a subgraph of G’. For convenience, we may just write

supergraphs formed by the adition of edges in G as G’ = G + S where S C E(G).

2.5.4 Edge Contraction

The edge contraction operation occurs relative to a particular edge e. The edge e is
removed and its two incident vertices, v and v, are merged into a new vertex w, where
each edge incident to w correspond to an edge incident to either u or v.

An edge contraction operation may result in a graph with parallel edges even if the
original graph is a simple graph. Nevertheless, it is possible to disallow the creation of
multiple edges, so that edge contractions performed on simple graphs always produce

simple graphs.

2.5.5 Bipartite Graph

A graph G is bipartite when its possible to find X and Y such that for all edges uw €
E(G),u € X and w € Y. That means that every vertex on X is neighbor of a vertex
on Y. Bipartite graphs can also be complete if all vertices on X are neighbors of all

vertices on Y. Complete bipartite graphs are denoted as /| x|,y -

Figure 2.7: Bipartite Graph Kj 3

Reference: Retrieved from URL?

3 - Available on: <https://pt.wikipedia.org/wiki/Grafo_bipartido_completo>. Visited on 1th June 2019.
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2.5.6 Clique and Independent Set

A cligue C is a complete subgraph G’ of G.

Maximal cliques are the set of cliques on G that can not be extended by a new vertex
u e V(G).

Maximum cliques are the set of maximal cliques on G with the greatest size ||V (G')]|
possible.

Figure 2.8 shows, on red colors, a maximal and maximum clique. Subfigure (a)
presents a non maximal clique, because a vertex can extend it to the maximum and

maximal clique on (b). (c¢) presents a maximal clique that is not maximum.

Figure 2.8: Cliques

(a) Non-maximal Clique . .
(b) Maximum Clique (c) Maximal Clique

Reference: Retrieved from URL *

The independent set Ij, of GG is a set of k vertices where each pair uw € I}, is not in
E(G). Like cliques, independent sets can be maximal or maximum. The maximum is the
greatest [ in GG, similarly, the maximal independent set can not be extended by the in-
clusion of some vertex. Independent sets and cliques are related problems, since to find
maximum/maximal cliques on a graph G can be reduced to find maximum/minimum
independent sets on the complementary graph G. Figure 2.9 shows an independent set
example G (Subfigure (a)) and a clique constructed with same vertices on G (Subfigure
(b))

4 - Available on: <https://i.stack.imgur.com/MrlSG.png>. Visited on 1th June 2019.
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Figure 2.9: Independent Set and Clique

@G (b) G
Reference: Retrieved from URL?

5 - Available on: <https://en.wikipedia.org/wiki/Maximal_independent_set>. Visited on 1th June 2019.



Chapter 3

Facet-Inducing Inequalities for the

Polytope of the GDP

3.1 Polytope for the GDP

From now on, G denotes a graph with |V (G)| = {1,...,n}. Let Py be the convex hull

of incidence vectors x* that represent claw-free subgraphs H of a graph G, that is:
Pg = conv{x" € {0,1}" | H is a claw-free subgraph of G'}.

Say that P is the GDP polytope of GG. Figure 3.1 shows a claw-free subgraph H
induced by {1,2,4, 6,7} and its incidence vector.

The GDP can be described as an optimization problem over its polytope:

min 27w

st. x € Pg

In order to apply binary integer programming techniques for the GDP, mathematical

18
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Figure 3.1: (a) A claw-free subgraph H = G[{1,2,4,6,7}] and (b) its incidence vector.

>
I
— —_ Ok O~

(a) Claw-free subgraph H (b) Incidence Vector xH € {0, 1}7

formulations of Fg are required. Clearly, P is n-dimensional and contains the null and
all the unitary vectors, summing up to n + 1 affinely independent vectors. This means

that Py is full dimensional.

3.2 Trivial Inequalities

Theorem 3.2.1. Following items holds for Fg.
1. Binary Inequalities associated with a vertex 0 < x, and z,, < 1 are valid;
2. 0 < x, is a facet-inducing inequality;
3. x, < 1is a facet-inducing inequality;

Proof.

1. Since all the coordinates of the incidence vectors of claw-free subgraphs are
binary, it is clear that the trivial inequalities are valid.

2. x,, = 0 is satisfied by the null vector and all the unit vectors with Y = 1, u # v.
These n vectors belong to P and are affinely independent.

3. m, = 1 is satisfied by the unit vector yZ = 1 and by the vectors Y = 1,y =

1,x = 0 where u # v and t ¢ {u,v}. These n vectors belong to P; and are affinely
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independent.

3.3 Claw Inequalities

For simplicity, take abcd as a claw subgraph with central vertex c (the vertex with degree
three). In addition, for a subset .S of vertices, we may just write XS to mean the incidence

vector of the induced subgraph G[S]. Let

To+Tp+T.+20 <3 3.1

be the claw inequality associated with a claw subgraph of G.
Theorem 3.3.1. Following items holds for Fg.

1. The claw inequality is valid.

2. The claw inequality is facet-inducing.

Proof.

1. Immediate. A claw inequality forces at least one of z,, xy, x., x4 to be zero.

2. Let w be a vector such that w; = 1 for i € {a,b,c,d} and w; = 0 for i ¢
{a,b,c,d}. LetuTx < ug be a facet-inducing inequality for the GDP polytope such that
F,={x" € Pg | wix" =3} CF,={x" € P | u"x = up}. Clearly, F, # Pg
and F,, # (. Thus, a proof that u = aw for some positive @ € R shows that F, is facet
of Pg.

For a claw subgraph abed, the incidence vectors 10}, ylabdt {bedt apd ylacd

are in F, C Fj. Then, the following equalities hold: 0 = uy — uy = u”yi*bt —
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ux b d =, —ug; 0 = ug — ug = w10 — Ty loed =y — ug; 0= up — up =
uTX{“’b’C} — uTX{b’C’d} = Uy — Uq. This implies u, = up = U, = ug = Q.

For a node v ¢ {a,b,c,d}, if its neighborhood satisfies |N(v) N {a,b,d}| < 2
then X{“’b’d’”} € F, C Fy. Then, the following holds: 0 = uy — vy = uTX{“’b’d’“} —
uTylebdt = o, - That means u, = 0.

Finally, for a vertex v ¢ {a,b,c,d} such that |[N(v) N {a,b,d}| = 3, ylobe} ¢
F, C F,. Then, the following holds: 0 = ug — ug = u” y{®bevt — Tylebet =, O

3.4 Star Inequalities

Definition 3.4.1. A star graph S}, is a complete bipartite graph K, y, for k > 3. Sy, has

a central vertex c whose neighborhood is an independent set I, of size k.

Possible topologies for Sj, are illustrated in Figure 3.2.

Figure 3.2: Star graphs S3, S5, and Sj.

(@) S3 (b) Ss (c) Sy

A star subgraph is an induced subgraph of (G isomorphic to a star graph.
Theorem 3.4.1. Let Sy be a star subgraph, and consider the corresponding star in-

equality:

> ay+ (k= 2)z, <k, (3.2)

vely
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Then:

1. The star inequality is valid for Pg.

2. The star inequality is facet-inducing for Fg.

Proof. (1) The case k = 3 corresponds to the claw inequality. For £ > 4, the proof is
done by induction. Let Sy = S, — v and S% = Si[{i, 7, ¢, c}], where i, j, ¢ are distinct
vertices in /. Note that S,i, Si, S,f,, and S} are subgraphs of S;. See Figure 3.3, where
i=1,7=2,0=3.

Figure 3.3: Subgraphs Si, S7, S, and S} of Sy,

By induction, the inequalities associated with S?, S,z, S;ﬁ, and S are valid for Fg,

and summing them up leads to the valid inequality

> 3wy + (3k — 8)z, < 3k.

vely

Adding 2z, < 2 to the above inequality gives

> 3wy + (3k — 6)z, < 3k +2,
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and, therefore,

va+(k—2)xc§k+ {%J =k
vely,
is valid for Pg.

(2) Let w be a vector such that w, = k — 2, w; = 1 for ¢ € I, and w, = 0 for
v & I, U{c}. Let u'z < ug be a facet-inducing inequality for the GDP polytope Pg
such that F, = {x" € Pg | wix" =k} C F, = {x € Pg | u"x" = uy}. Clearly,
F, # Pgand F, # (). Thus, a proof that u. = aw for some « € R shows that F, is facet-
inducing for Pg. Let L; ; be a claw-free subgraph of Sy, such that L; ; = Si[{%, j, c}],
where {i,7} C Ij and c is the center of Sy. Figure 3.4 shows two examples of such

subgraphs.

Figure 3.4: Subgraphs L, 3 and L, 3 of Sj.

The incidence vectors x’*, y%, and y'+ are in F, C F,. Then, the following
equalities hold: 0 = uy — ug = u’ x* — uTx* = u; — ;. Therefore, u; = uj, = .
By applying this process to all v € I}, we get u, = «. Additionaly, 0 = uyp — uy =
ulx e —ulx i = (30, cp\ gy o) — Ues and this implies u, = a(k — 2).

For anode v ¢ I, U{c}, if its neighborhood satisfies | N (v) N I;| < 3 then y/¥“{¥} ¢
F,, C F,. Thus, the following equality holds: 0 = ug — ug = u” x* {1 — Ty !k = w,,.

Finally, for a node v ¢ I U {c} such that |[N(v) N I;| > 3, the incidence vec-
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tor V' (Fe)U vt where {4,7} € N(v) NI, isin F, C F,. Then, 0 = uy — uy =

UTXV(LZ’J)U{U} _ UTXLZ’] — Uv-

3.5 Lantern inequalities

Definition 3.5.1. Ler S, and Sy, k > ¢ > 3, be two star graphs such that S, has
central node ¢, and independent set I,, Sy, has central node cy and independent set Iy,
and I, C 1. A lantern graph Ly is the union of Sy and Sy. Figure 3.5 shows some

topologies of lantern graphs.

Figure 3.5: Lantern graphs L34, L3k, Ls+1), and Lyy.

3

(@) L3g (b) Ly (© Ly(ps1)

A lantern subgraph is an induced subgraph isomorphic to a lantern graph.
Theorem 3.5.1. Let Ly be a lantern subgraph, and consider the corresponding lantern

inequality:

> (0= 2)ae, + (k= Oz, < . (3.3)

vely

Then:

1. The lantern inequality is valid for Pg.
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2. The lantern inequality induces a facet of Pg, except when k = { + 1 and there is

a vertex v & V(Ly,) such that N(v) N Iy = Iy, and N(v) N {ey, e} = 0.

Proof.

1. The validity of the lantern inequality for / = 3 and £ = 4 can be checked by
adding the star inequalities associated with the subgraphs S; = Ls4[{1,2,3,¢1}] and
Sy = L34[{1,2,3,4, co}| and the inequality x., + x4 < 2, obtaining the following valid

inequality:

1
va"i_xq + e, <4+ \‘aJ = 4.

vEIY

Now, consider Lj, = Ly — v. The case { = 3,k = 5 can be checked by
adding the inequalities associated with subgraphs Lj., L3, (where {4,5} C I5),
S4 = Lss[{1,4,5,co}], SL = Ls5[{1, 2, 3,4, 5, c2}] and the valid inequality =, —x; < 1,

obtaining the following inequality:

2
va—i—xcl + 2z, <5+ EJ =35.
vEl5

For the case ¢ = 3 and k > 5, the proof is done by induction. Note that Lék, Lgk,
L, and S} = Lai[{i, j, h, co}], for distinct 4, j, h € I\ I3, are subgraphs of Lj;. Figure
3.6 shows subgraphs L, L}, L, and S} fori = 4,j =k — 1,h = k.
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Figure 3.6: Subgraphs of L, k > 5.

By induction, the inequalities associated with Lgk, L?,;k, Lgk, and S are valid for Py,

and summing them up leads to the valid inequality

3 @, +3(3 = 2)z,, + (3k — 1)z, < 3k.

vely

Adding 2z., < 2, we get that

va+(3—2)mcl +(k—=3)ze, <k+ EJ =k
vely,
is valid for Pg.

For the case £ > 3 and k > ¢+ 1, note that L, L7, L}, and Sy = Lg.[{i, 5, h, c1}],
for distinct 7, j, h € I, are subgraphs of L. Figure 3.7 shows subgraphs L}, , Lik, Lh,
and S} fori =1, =2,h = /(.
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Figure 3.7: Subgraphs of Ly, forl > 3,k > ¢+ 1.

By induction, the inequalities associated with sz, sz, Lzlk, and S are valid for P,

and summing them up leads to

3 @y + (30— 8)xe, + 3(k — O)x., < 3k.

vely

Adding 2z., < 2 we get that

va D, + (k—0x., < k+ EJ =k

vely
is valid for Pg.

2. Let w be a vector such that w., = {—2,w., = k—{, w; = 1fori € I, andw, =0
forv ¢ V(Lg). Let ulx < ug be a facet-inducing inequality for the GDP polytope Py
such that F, = {x" € P5 | wix! =k} C F, = {x! € Pg | ulx* = uy}. Clearly,
F, # Pgand F, # (). Thus, a proof that u = aw for some o € R shows that w? y = k
defines a facet of Fg.

Let N;; and M, ; be claw-free subgraphs of Ly such that N; ; = L [(I; \ 1;) U
{i,7,c1}] and M;; = Lg[{3,j,c1,co}], where i,j € I, i # j. Figure 3.8 shows
examples of subgraphs V; ; and M, ;.
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Figure 3.8: Subgraphs of L.

(b) My 1k (©) My

Then:

1. The incidence vectors xii and xMi» with {i,j,h} C I} are in F, C F. Thus,
0 = ug — ug = ul xMi — u?'xMir = u; — wy,. This implies u; = u;, = « for all

choices of {i,j,h} C Ij.

2. The incidence vectors x’* and x"is with {i,j} C I, are in F, C Fy. Thus, 0 =

ug —ug = ul x* —uTNii = (X ver,\gig) Uo) = e, This implies u,, = a(£—2).

3. The incidence vectors x’* and x*is with {i,j} C I, are in F, C F,. Thus
0 =up—uy = ulx* —ulMi = (X ver\fig) Uv) = Uey — Ue,. This implies

Uey = (kb —2) —a(l —2) = a(k —1).
For anode v ¢ V(Lg,) such that |N(v) N I| < 3, x{V* isin F, C F,. Then, the
following equality holds: 0 = ug — ug = u” x Ve — 4Ty I = u,.
For anode v ¢ V(L) such that | N(v) N I| > 3, we have that:
I.Ifk=/¢+1and k ¢ N(v), xI""WWWNis) withi € I, N N(v) and j € I, is in

F, C F,. Then, the following equality holds: 0 = uy — ug = u” VN —

uT\Nii = w,.
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2. Ifk=(+1,k € N(v),and N (v) N I # Iy, x1"WVWNii) with i € I, N N(v) and
j ¢ I,NN(v)isin F, C F,. Then, the following equality holds: 0 = ug — ug =

UTX{U}UV(Ni,j) —ul\Nii = y,,.

3.Ifk = ¢+ 1, Nw)NI, = I, and ¢; € N(v) or ¢; € N(v), x{HVMis)
with ¢ € [, and j = k isin F, C F,. Then, the following equality holds:
Mis) T\ M

= Uy — Uy = UTX{U}UV( I = Uy,.

4. If k > ¢+ 1 and there is no vertex i € (I \ I) N N(v), "V ®is) with
i€ I;,NN(v)and j € I, is in F, C Fy. Then, the following equality holds:

0=1uy—ug = uTX{v}UV(Nz‘,j) —uT\Nii =,

5.1k >(+1,¢ ¢ N(v),and there is a vertex i € (I, \ I;) N N(v), the incidence
vector \ (W (Mii) s in F, C F, for j € I, \ I,. Then, the following equality

holds: 0 = Ug — Uy = uTX{U}UV(Mi,j) _ UTXMi’j = Uyp.

6. If k> (+1,¢; € N(v), and there is a vertex i € (I \ ;) N N(v), the incidence

vector YWYV (M) isin F, C Fj, for j € I,. Then, the following equality holds:

= Uy — Uy = UTX{U}UV(MM') — ’LLTXMi‘j = Uy-.

Note that the only case not covered by the above items (a)-(f) is k = ¢ + 1, N(v) N
Iy = I, and N(v) N {ecy, o} = 0.

3.6 Binary star inequalities

Definition 3.6.1. Let S, and Sy be two star graphs, k > ( > 3, such that S, has
central node ¢, with independent set 1,, Sy, has central node co with independent set Iy,
|I,N 1| > 2, and |I,\ I| = 1. A binary star graph By, is the union of Sy and Sy. Figure

3.9 shows some topologies of binary star graphs.
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Figure 3.9: Examples of binary stars.

O O,
O C O \©

(a) B34 (b) B3(—1) (©) By(e41y (d) By(g—1)

A binary star subgraph is an induced subgraph isomorphic to a binary star graph.

Theorem 3.6.1. Let By, be a binary star subgraph, and consider the corresponding

binary star inequality:

Y ay+ (0= 2)we, + (k= Oz, <k + 1 (3.4)

velUIy

Then:
1. The binary star inequality is valid for Pg.

2. The binary star inequality induces a facet of Pg, except when there is a node v

such that N (v) N ([ U 1) = I U I,.

Proof.

1. For ¢/ = 3 and k£ = 4, the validity can be checked by summing up the claw
inequality associated with S}, = Bss[{1,2,3,c;}], the star inequality associated with
Sy = Bs4[{2,3,4,5, cy}], and the valid inequality x; + x4 + x5 + x., < 4, yielding the

valid inequality:

1
Z Ty + Ty + Tey <5+ EJ = 5.

velzUly
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For ¢ = 3 and k > 5, the proof is done by induction. Let By, = By, — v. Note that
Bi,, Bj,, B, and Sy = Bai[{i, j, h, ca}], for distinct 4, j,h € I \ I, are subgraphs
of Bsj. Figure 3.10 shows subgraphs ng, ng, B:”fk’ and S} fori = 4, j = k, and
h=Fk+1.

Figure 3.10: Subgraphs of Bs;.

By induction, the inequalities associated with B}, Bl]k B!, and S} are valid for Pg,

and summing them up leads to

3( S xv>+3(€—2)xcl+(3k‘—3€—2)x02§3k:+3.

velixUly

Adding 2z., < 2 we get that

> ay+ (0= 2xe, + (k= Oz, < (B +1) + EJ =k+1
vel Ul
is valid for F.

For ¢/ > 3 and k > (¢ + 1, the proof is similarly done by induction. Consider the
following subgraphs of By: Bi,, Bj., Bl and S§ = By[{i,j, h,c1}], for distinct
t,7,h € I;. See Figure 3.11, where i = 2, j = 3,and h = /.
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Figure 3.11: Subgraphs of By.

By induction, the inequalities associated with Bék, ng, BZC, and S’ are valid for Py,

and summing them up leads to

3( 3 x) 4 (30— 6+ 1w, +3(k — O, < 3k + 3.

vel Ul

Adding —z., < 0 we get that

> wp+ (0=2we + (k= Oz, <k +1

velpUI},
is valid for Pg.

2. Let w be a vector such that: w,, = ¢ — 2, w., = k —{, w; = 1fori € Iy U I,
and w, = 0 for v ¢ V(By). Let ulx < g be a facet-inducing inequality for the GDP
polytope Pg suchthat F, = {x € Pg | wTx® =k+1} CF,={x\" € P5 | vy =
ug}. Clearly, F, # Pg and F, # (). Thus, a proof that « = aw for some « € R shows
that w? ! = k + 1 defines a facet of Pg.

Let N;; = Bu[(Lx \ 1) U{%,j,c1}| and M, ; = Be[(Lp \ 1) U {i,],c1,¢c2}] be
subgraphs of By, as exemplified in Figure 3.12. Observe that M, ; is claw-free when
{i,j} C Itx\Iyori € I;NIand j € I} \ I,. Figure 3.12 shows the graphs Ny 2, My 1k,

and M27g+1.



3.6 Binary star inequalities 33

Figure 3.12: Subgraphs of By.

(b) My 1k (©) M3 041

Then:

1. The incidence vectors x"is and x™i» with {i,j,h} C I, are in F, C F,. Thus
0 =ug —ug = ul xNii —uTyNir = u; — . This implies u; = uj, = « for all

choices of {i,j,h} C I,.

2. The incidence vectors Y™ and x*i+ with {i,j,h} C I} \ I, are in F, C F,.
Thus 0 = ug — ug = u’ i — ul'\yMir = u; — uy,. This implies u; = uy = «

for all choices of {i,j,h} C I} \ I,.

3. The incidence vectors V¢ and x"iv with {i,j} C I, are in F, C F,. Thus
0 = up—uy = u' x*" —u"\Mi = (3,105 %) = Ue. This implies

Uey = a(l —2).

4. The incidence vectors V¢ and xis with {7, j} C I\ I; are in F, C Fj. Thus,
0=wuy— ug = uTXIkUIe _ UTXMi,j = (ZUE(IkU[[)\{i,j} uv) — Ue, — Ugy- This

implies u., = a(k — 2) — a(l — 2) = a(k — 0).

For anode v ¢ V/(By) such that | N (v) N (I U I,)| < 3, x1"WWiVieisin F, C F,.

Then, the following equality holds: 0 = uy — ug = u” 1K — T\ IkVTe — oy

For anode v ¢ V(By) such that [N (v) N (I U I;)| > 3, we have that:
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1. If there is no vertex i € N(v) N (I \ I;), the incidence vector x 1"}V (Vis) | with
i € Nw)NI,and j € I, is in F, C F,. Then, the following equality holds:

0=1ug—ug= uTX{v}UV(Ni,j) — T\ N = .

2. If there are vertices i € N(v) N (I \ Iy) and j € (I, N I;) \ N(v), the incidence
vector y {1V (Mis) i in F, C F,. Therefore, the following equality holds: 0 =
Mig) _ Ty M

ug — ug = ul VI q = .

3. If there is a vertex i € N(v) N (I \ 1) and, in addition, (I, N I) \ N(v) = 0
and N(v) N (I, U I;) # I U I, the incidence vector x1"/VV(Mii) - with i ¢
Nw)N (g \ I;) and j € (I \ Iy) \ N(v), is in F,, C F;,. Thus, the following

equality holds: 0 = uy — ug = u? IV Mig) _ T\ Mij — 4y, .



Chapter 4

Branch-and-Cut Algorithms

4.1 Objective Function

The GDP can be formulated as the optimization problem over the incidence vectors of
its polytope. The objective function searches for the incidence vector with minimum

number of zeros (removed vertices):

V(G)|

Minimize Z (1 —x;)

35
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4.2 Claw Model

P can be described by claw inequalities, generating the following model:

V(G

Minimize Z (1—ux;)

i=1

Ty +xp+ 20+ 148 <3, Yabed C G

z e {0,1}

4.3 Star Model

P¢ can be described by star inequalities, generating the following model:

V(G)]
Minimize Z (1—x;)

=1

> ay+ (k= 2)z, <k, VS, C G

vl

z e {0,1}

4.4 Lantern Model

P can be described by lantern and star inequalities, generating the following model::
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14(&]

Minimize Z (1—x)

D wy+ (k= 2)z <k, VS, C G
vely
> g+ (1= 2+ (k= Daa <k, YLy C G
vel},
xz € {0,1}

Observe that star inequalities are included because lanterns do not forbid infeasible

integer points.

4.5 Binary Star Model

P can be described by binary star and star inequalities, generating the following model:

V(G

> wy+ (k= 2)z, <k, VS, C G
vely
>t (= 2za+ (k= Dz <k +1, VB C G
ve{lUL;}
z e {0,1}

Observe that star inequalities are included because binary stars do not forbid infea-

sible integer points.
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4.6 Branch-and-Cut with Maximal Stars

Considering only maximal stars in G, its possible to reduce the number of inequalities
of the star model. According to Wood (2011), the number of maximal independent sets
MIS(G)onGis:
3n/3, if n = 0(mod 3)
IMIS(G)| < q 4-3=9/3 if n = 1(mod 3)

2-30=2/3 " if n = 2(mod 3)
The set of maximal stars ST'A(G) in G is found with all maximal independent sets

for each induced by vertex subgraph of G, that is:
STA(G) = Uvev(G)(G[M[S(G[U]) U U])

Therefore, the number of maximal stars in G is bounded by an exponential num-
ber. So, a Branch-and-Cut approach is best suited for the star model. Since lanterns
and binary stars are built by combining stars, they are also bounded by an exponential

number.

4.7 Claw Extraction

There is a central vertex v € V(G) and an independent set of size three associated with
each claw in G. Claws are extracted by an O(n?) algorithm that searches for all triples
adjacent to a vertex v that are independent (not adjacent to each other). Each extracted

claw is added to a support graph set &'.
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4.8 Maximal Star Extraction

There is a central vertex v € V(G) and an independent set [, C G[N(v)] associated
with each star S, C G. Figure 4.1 shows two stars S5 and .S, centered at vertex v whose
maximal independent sets on G|V (v)] are used to build the stars.

Algorithm 1 resumes the star extraction for a graph GG. Line 1 creates the support
graph set & with an empty value. Line two iterates through each vertex v € V(G), fixing
it as a possible star center. Line three finds the complementary graph m of the
induced by vertex subgraph associated with v. Line four extracts all cliques on m
with the algorithm hybrid(.) presented by Eppstein e Strash (2011), this process has the
same effect of extracting maximal independent sets in G[N (v)]. Lines five and six are
selecting the maximal independent sets of size greater than two. Line seven generates
the support subgraphs with center v combining it with its maximal independent sets.

Line eight adds the support graph to the list of support graphs &

Algorithm 1: MAXIMAL STARS EXTRACTION ALGORITHM
1 §=0

2 forv € V(G) do

3 G' = G[N(v)]

4 Stemp = hybrid(G")
5 for I}, € Siermyp do
6

7

8

9

if £ > 3 then
Sk:G[IkUU]
F=8US;

return &

4.9 Separation for the claw and star models

With the current collection of support graphs at hand, the Branch-and-Cut algorithm

solves the relaxed linear programming problem and then searches for all inequalities
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Figure 4.1: Extraction of maximal stars centered at v (c) and (d) from (a) by using the

neighborhood of v (b).
®» ©
D (5)
)]

(b) GIN(v

(c) Star subgraph Sy (d) Star subgraph S3

violated by the current optimal solution z*, measures their violation )\, and adds the one
hundred most violated inequalities to the current region. The equation A = ) _ Lot
(k—2)a% —k is used to measure the violation. If A > 0, 0001 the inequality is considered
violated and is added to a pool of inequalities, in order to choose the one hundred best

ones (those with the largest values of \).

4.10 Separation for lantern and binary star models

It is not reasonable to extract all lantern and binary star subgraphs previously to the
Branch-and-Cut routines. Thus, a separation heuristic is executed during the Branch-
and-Cut algorithm. It begins by finding the one hundred most violated star inequal-
ities using the same strategy described in section 4.9. Let $yioateq be the collection
of support star graphs associated with such inequalities. Then, for each distinct pair
Sg, St of Syiolated, New lantern (binary star) subgraphs are constructed and added to

the collection of support lantern (binary star) graphs, and the violation of the associated
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new inequalities is measured. Finally, the one hundred most violated inequalities are
added to the current region See Algorithms 2 and 3 for a brief description of the process
used to obtain the new support graphs and associated inequalities. Figures 4.2 and 4.3

also illustrate this process. The violation A for both models is measured as follows:

\ Yver, Ty + (L= 2)a% + (k= Day, — k, for Lanterns
> veinony Ty + (U= 2)7 + (k= )7, — (k+1), for Binary Stars

If A > 0,0001 the inequality is considered to be violated.

Algorithm 2: LANTERN SEPARATION ALGORITHM

< = (SJviolated
for distinct SB, St € Syiolated O
Suppose w.L.o.g. [V (Sg)| > |V (SL)|
Let cp, ¢, be the centers of Sp, S, respectively
Let I3, I be the independent sets of S, Sy, respectively
if |IB N IL’ >3 then
Ly = G[V(Sg) U{cL}]
L =L U{lL}
if | 7| > 3 then
Ly = G[V(Sp) U{cp}]
11 L =ZLU{Ly}
12 Measure A for all Ly, € & and add the one hundred best cuts to the current
region

(TN REEN - U N7 T

ot
=]

Algorithm 2 summarizes how to construct the collection & of support lantern graphs
and evaluate the violation of the inequalities associated with such graphs. Line 1 ini-
tializes & with Syioateq. Lines 2 goes through each possible pair Sg, Sy, of stars in
Siolated- Line 6 checks if the independent sets of S and S, have at least three vertices
in common, in order to construct valid lantern graphs. Line 7 creates the support lantern
graph L, by taking induced subgraph G|V (Sg) U {c.}| formed by Sp and the center of
S, and in line 8 the graph L is stored in the collection & of support lantern graphs.
Lines 9—11 create and store the support lantern graph Lo, = G[V(SL) U {cp}], provided
that /; contains vertices outside /5 N I. Fig. 4.2 illustrates the construction of L; and

Lo.
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Figure 4.2: Figure (a) shows graph G, figures (b) and (c) show two maximal stars Sy,
and Sp in G, figures (d) and (e) show the two lantern subgraphs L; and L, constructed
from Sy, and Sp.

(a) Graph G (b) S (c) Sp
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Algorithm 3 is analogous to Algorithm 2. For each v outside I N [y, it tries to
construct the binary star subgraph B, = G[V (Sg) U {v} U{c.}| (if v € I} \ Ip) or
B, = GIV(SL) U{v} U {cp}] (if v € Ip\ I). The collection % stores the support
binary star graphs.

Algorithm 3: BINARY STAR SEPARATION ALGORITHM

B = <“S)violated

for distinct SB, St € Syiolated O

Let cg, ¢, be the centers of Sg, S, respectively

Let I3, I} be the independent sets of S, Sy, respectively

if |IB N IL| Z 2 then

for v € V(G) \ ([B N IL) do

if v e I, and |Ig| > |IpNI|+ 1then

B, = GV (Sp) U{v} U{cL}]

B =RBU{B,}

ifve lgand|I;| > |IgN 1L+ 1 then

B, = G[V(S.) U{v} U{ca}]

12 B =RBU{B,}

13 Measure \ for all By, € 9B and add the one hundred best cuts to the current
region

O 0 NN S U AR W N =

—
L
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Figure 4.3: Figure (a) shows graph G, figures (b) and (c) show two maximal stars Sy,

and Sp in G, figures (d), (e), and (f) show three binary star subgraphs constructed from
St and Sp.

Q o 0 K 0
“" (—©
S5 07 T o U
a p e c e L e c B
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NG 0" d Y B

d) B2 (e) By (f) B



Chapter 5

Column Generation for the GDP

5.1 Formulation for the Master Problem

The GDP can be formulated as:

V(G)]
Minimize Z (1—a)

=1
Ty = Z aﬁ”)\kv, Yv e 7 ,Vu €S, (5.1
keC,
Z >\kv = 17 Yve¥
keC,
z, A €{0,1}

e (5 is an input graph.
e 1, is 1 if the vertex v is on solution.

o S, is the set of all vertices of all stars S that contains vertex v as a center vertex,

ie. S, = Uys,jo=cV (Sk).

45
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7 is the set made by all centers of stars in G.

C,, are the columns that forbids all S, such that v € V(.Sy).

a*? is 1 if vertex u is included on the k-esimal solution for the center v.

Ao 18 used to know which solution is used for each vertex.

Figure 5.1 shows an example of how the mathematical formulation is build from
a subset of possible columns associated with the vertex 1. On the figure, there is an
input graph, its optimal solution, some claw-free columns associated with the center 1
and an equality forcing one claw-free column to be chosen. If there were more centers
of stars, it could be possible that some vertex would be associated with more than one
equality, but the nature of the simplex algorithm naturally avoid inconsistent values for

the variable \.

Figure 5.1: Example of the formulation for a subset of columns of a graph.

Xo=h+h+ M+l X\ =hthtl n=h+ht+l B=hthtl

X4=j,1 xS=j«1 /11+/12+A3+ﬂ4=1
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5.2 Formulation for the Pricing

Minimize 0 — 7,y

(k—2)yc+2yu§k, VSk | v=rc

u€el},

y €{0,1}

e T, are the duals associated with constraints 5.1 of the master formulation, with
v being the ‘claw central vertex and u is a neighbor of v associated with the

constraint.

e 1y, is a vector that represents a claw-free solution centered at v.

5.3 Branching

The branchings were made on variable x.

5.4 Pricing Heuristics

Two pricing heuristics were made for speed up the resolution of the pricing. Algorithm
4 shows a pricing heuristic for generating columns with the central vertex removed. The
algorithm takes the central vertex v as input and creates an empty column (line 2). The
remotion of v grants a claw-free solution, so lines 3-5 add nodes on .S, — v with positive
dual, generating a column with better reduced cost.

Algorithm 5 shows a heuristic pricing for generating columns with the central vertex
included. It searches for u,w in 7" with greatest dual values (line 2) and creates the

columns with center and those two vertices (line 3).
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Algorithm 4: COLUMNS WITHOUT CENTER PRICING

1 Subproblema (v):

2 Col =)

3 forue S, —vdo

4 if (7, > 0) then
5 ‘ Col =Col Uu
6 return C'ol

Algorithm 5: COLUMNS WITH CENTER PRICING

1 Subproblema (v):

2 Let u, w be two distinct vertices with greatest dual value in S, — v
3 Col = Col U {v,u, w}

4 return C'ol




Chapter 6

Computational Results

6.1 Random graph instances

Forty random graph instances generated by Bastos et al. (2016) are used to test the four

proposed models, with n € {50, 100}. All of the benchmark instances are available at

http://sites.google.com/site/biclustereditingproblem/documents.

6.2 Interval graph instances

A random generator is used to create interval graph instances. It receives the number n
of intervals, their maximum length, and a time ruler as input parameters. See Algorithm
4 below.

The algorithm maintains a list of intervals ¥ during its execution. It creates the
initial and end times for each interval 7 and checks if 7 intersects any previously created
interval j; if an intersection happens, edge ij is added to E(G).

Twenty seven groups of interval graph instances were created by combining the

parameters n € {100,200,300}, time_ruler = 100, and interval_maz_length €

49
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Algorithm 6: INTERVAL GRAPH GENERATION ALGORITHM

1 Interval_graph_generator (n, interval_max_length, time_ruler):
I=0;G=0;i=1
fori=1,....,ndo

initial_time = rand() mod (time_ruler — interval_max_length)
end_time = initial_time + (rand() mod interval_maz_length)
if initial_time = end_time then

‘ end_time = end_time + 1
add interval ¢ = (initial_time, end_time) to 5
add vertex i to V(G)
forjc .7, j#1do

if (j.initial_time < i.end_time) and (i.initial_time <
j.end_time) then

12 | add edge (j,7) to E(G)

13 return

N-TE- IS - LY B~ R ]

—
— S

{10, 20, 30, 40, 50, 60, 70, 80,90}. For each combination (group), nine instances were
created. Interval graph instances are named following the pattern z_y_z-d where x = n,
y = time_ruler, z = interval_max_length, and d is the identification of the test in-

stance. |

6.3 Experimental setup

All Branch-and-Cut algorithms proposed in this research have been developed in C++
with the aid of the mathematical solver CPLEX 12. The computational experiments
have been performed on an Intel 17 processor running at 3.4 GHz with 16 GB of RAM,
and executing the operating system Linux Ubuntu 14.04.

CPLEX has two internal callbacks to cope with Branch-and-Cut. The first one is
the lazy callback, which verifies if any integer solution found by the Branch-and-Cut
algorithm is feasible. The second one is the cut callback, which adds valid cuts to the
current region being solved at any time during the execution of the Branch-and-Cut

algorithm. For the claw and star models, the lazy and cut callbacks were implemented
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with the same separation routines described in chapter five. For the lantern and binary
star models, the lazy callback uses the separation routine of the star model, and the cut
callback uses proper separation routines described on chapter five.

Two Branch-and-Price formulations, one with subproblem solved by integer pro-
gramming and another with integer programming and heuristics were developed on C++
with aid of the solvers BapCod and CPLEX 12. These computational experiments were
performed on a Linux Ubuntu 16.04 with processor i7 - 3.4 GHz and 32gb of RAM. The
algorithms begin with artificial columns of cost 1000. Trivial Upper Bounds were used
for the Branch-and-Price with heuristic pricing, trivial upper bounds are given by the
solution with all vertices removed. The heuristic for pricing tries to find columns with
negative reduced cost using algorithm 4, if no negative cost column is found, algorithm
S 1is called. If, again, no negative cost column is found, the pricing is solved as an integer
program by CPLEX.

The stop criteria used for the Branch-and-Cut tree are the use of a total memory of
10 Gb and a total time of 2 hours to solve the instances, using only one thread for the

processing.

6.4 Branch-and-Cut Results

6.4.1 Results on Random Graphs

Tables 6.1 and 6.2 present results for random graph instances with n = 50. All models
have been able to solve them optimally. Both tables show the running time, the number
of nodes solved, and the number of cuts added by the Branch-and-Cut algorithm for
each model. For this set of instances, the star model, when compared with the other
models, achieves better running times for all random graph instances.

Comparing only the star and claw models, we observe that the star model has a fewer

number of cuts and expanded nodes for all random graph instances. This is an evidence
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Table 6.1: Computational results for random graph instances with n = 50.

Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
105_1_50 0,05 16,00 0,09(0,01) 110 1085 0,02(0,00) 2 337
105_2.50 0,10 19,00 0,18(0,01) 315 747 0,030,000 127 115
105_3_50 0,15 23,00 225(0,07) 3415 1650 0,16(0,01) 776 208
105_4.50 0,22 28,00 32,92(0,87) 22593 4351 1,58(0,08) 4073 612
105_5_50 0,24 29,00 116,06(3,40) 61758 5579 3,40(0,17) 6177 913
105_6_50 0,32 32,00 363,81(9,47) 111681 8675 15,19(0,57) 13713 2016
105_7_50 0,32 32,00 278,16(7,77) 86531 9002 21,69(0,93) 20387 2057
105_8_50 0,42 35,00 643,82(17,15) 134288 13036 47,43(1,24) 22035 3694
105.9 50 0,43 35,00 727,60(20,67) 146154 13769 68,22(1,90) 28127 3990
105_10_50 0,47 35,00 666,90(22,94) 136030 13218 57,96(1,55) 21185 4588
106_1_50 0,11 12,00 0,02(0,00) 3 217  0,01(0,00) 4 103
106_2_50 0,16 21,00 0,70(0,02) 972 1246 0,09(0,00)0 236 273
106_3_50 0,20 25,00 7,21(0,22) 7254 2810 0,40(0,02) 897 576
106_4_50 0,25 28,00 46,02(1,49) 29146 4913 2,75(0,11) 3853 1142
106_5_50 0,30 31,00 161,31(4,56) 59852 7689 11,08(0,49) 11397 1818
106_6_50 0,32 32,00 209,15(5,31) 65449 8636 9,82(0,35) 8575 2022
106_7_50 0,40 34,00 536,74(15,30) 124642 12034 18,79(0,54) 9289 3382
106_8_50 0,42 35,00 870,03(26,62) 191671 12187 123,19(2,99) 53993 3852
106_9_50 0,44 35,00 712,37(20,09) 147306 13218 67,79(1,83) 28457 4164
106_10_50 0,50 34,00 371,87(13,53) 79052 13039 25,60(0,84) 9194 4797
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Table 6.2: Computational results for random graph instances with n = 50.

Lantern Model Binary Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
105_1_.50 0,05 16,00 0,02(0,00) 2 500  0,02(0,00) 3 345
105_2_50 0,10 19,00 0,03(0,00) 127 115 0,03(0,00)0 127 115
105_3.50 0,15 23,00 0,14(0,01) 771 211 0,21(0,01) 917 351
105_4.50 0,22 28,00 4,24(0,21) 9214 924  4,88(0,19) 7676 1386
105_5_50 0,24 29,00 5,27(0,23) 7442 1339 7,50(0,25) 7395 2085
105_6_50 0,32 32,00 29,53(0,92) 19662 3186 33,62(0,83) 16529 4205
105_7_50 0,32 32,00 37,33(1,21) 24895 3340 30,25(0,76) 14680 4303
105_8_50 0,42 35,00 80,08(1,41) 21447 6142 81,83(1,32) 17773 7478
105_.9_50 0,43 35,00 108,13(2,11) 27877 6580 89,81(1,58) 19757 7262
105_10_50 0,47 35,00 95,15(1,89) 22746 6991 133,74(0,02) 28272 8071
106_1_50 0,11 12,00 0,01(0,00) 4 103 0,01(0,00) 4 103
106_2_50 0,16 21,00 0,08(0,000 212 307 0,12(0,01) 245 393
106_3_50 0,20 25,00 0,64(0,03) 1304 743 0,77(0,03) 925 1181
106_4.50 0,25 28,00 2,61(0,10) 2734 1495 3,53(0,11) 2365 2336
106_5_50 0,30 31,00 10,90(0,31) 7127 3022 19,09(0,55) 11013 3742
106_6_50 0,32 32,00 15,56(0,46) 10030 2882 17,90(0,38) 7569 4529
106_7_50 0,40 34,00 27,95(0,01) 8615 5731 33,90(0,69) 8351 6715
106_8_50 042 35,00 147,42(2,50) 41542 6221 172,75(2,95) 43498 6554
106_9_50 0,44 35,00 86,12(1,61) 23229 6619 101,66(1,80) 23936 7004
106_10_50 0,50 34,00 50,32(0,02) 11254 8268 54,98(1,36) 11063 8271
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that star inequalities dominate claw inequalities and thus reach optimal solutions faster.
For example, for instance 105_6_50, the star model took nearly eight times fewer nodes
and four times fewer cuts. This explains the gain in time to find the optimal solution.
The comparison between the star model and the lantern/binary star models is more
involved, because for each model there are instances for which it performs well, in
terms of number of cuts or number of expanded nodes. But, in general, the star model
is still the one with best results. It seems that star inequalities are simpler to manage,
and provide a very strong relaxation. For example, instance 106_8_50 generates fewer
nodes for the lantern and binary star models, but a worse execution time than the star
model. Still for instance 106_8_50, the star model adds fewer cuts — possibly lantern
and binary stars inequalities are making the feasible region more difficult to dealt with,
forcing the Branch-and-Cut algorithm to take more time to find an optimal solution.
Tables 6.3 and 6.4 present results for random graph instances with n = 100. Both
tables show the lower bound, upper bound, running time, number of nodes, and number
of cuts for each model. In general, the star model is again the one with best results,
although the lantern and binary star models have produced a better lower bound for
some instances. Probably, this is due to the time increase these inequalities impose on

the Branch-and-Cut tree by reducing the number of nodes.

6.4.2 Interval Graphs Results

Only the claw and star models were used to solve interval graph instances, since chord-
less cycles with four vertices are forbidden structures for interval graphs, and both
lantern and binary star subgraphs contains such cycles.
For instances optimally solved by both models, see Table A.1. Instances with density
higher than 60% were easier to solve (most of them were solved at the root node).
Table 6.5 shows the instances not solved optimally by at least one of the models. The

star model was able to solve optimally all the instances with n = 200 and some with
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6.4 Branch-and-Cut Results
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6.5 Branch-and-Price Results 57

n = 300. But it could not solve instances 300_100_40-9, 300_100_50-1, 300_100_50-
3,300_100_50-7, and 300_100_50-9, because of the large amount of maximal indepen-

dent sets. In such cases, the claw model achieves better results.

6.5 Branch-and-Price Results

Column generation was applied only on random graph instances, because they were
harder to solve by Branch-and-Cut. Table 6.6 presents results for the proposed Branch-
and-Prices. The table has the Lower Bounds and running time for root/tree.

Table 6.6 shows that the relaxed value found on root by the Branch-and-Cut ap-
proach is close to the root value for the Branch-and-Price and in some cases is even
better (See instances 110_4_100 or 109_3_100). The Branch-and-Price algorithm
needs greater running time to finish root processing. The Branch-and-Price algorithm
without heuristic was not capable of solve the instances 109_1_100, 109_10_100 and
110_10_100 on root.

Table 6.6 shows that the Branch-and-Price with heuristics was capable of solving

all roots for all instances, but star model keeps with better time and upper bounds.
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Table 6.6: Results for Column Generation in Random Instances.

Instance
105_1_50
105_2_50
105_3_50
105_4_50
105_5_50
105_6_50
105_7_50
105_8_50
105_9_50
105_10_50
106_1_50
106_2_50
106_3_50
106_4_50
106_5_50
106_6_50
106_7_50
106_8_50
106_9_50
106_10_50
109_1_100
109_2_100
109_3_100
109_4_100
109_5_100
109_6_100
109_7_100
109_8_100
109_9_100
109_10_100
110_1_100
110_2_100
110_3_100
110_4_100
110_5_100
110_6_100
110_7_100
110_8_100
110_9_100
110_10_100

Star Model Branch-and-Price (MIP) Branch-and-Price (HEUR)
Root Tree Root Tree Root Tree

LB T(s) UB T(s) LB T(s) UB T(s) LB T(s) UB T(s)
16.00 0.02 16 0.02 16.00 133.03 16 3073.19 16.00 26.70 16 2766.17
15350.01 19 0.03 1640 5.18 19 156.23 1640 2.51 19 39.44
17.66 0.02 23 0.14 18.33 847 23 958.72 1833 4.65 23 120.56
1994 0.04 28 1.58 1996 15.55 - 7200.00 19.96 7.00 28 1438.10
20.39 0.05 29 340 2024 19.55 - 7200.00 20.24 7.45 29 2194.52
20.47 0.05 32 15.19 2043 27.89 - 7200.00 20.43 11.19 32 5991.76
20.61 0.04 32 21.69 20.60 24.78 - 7200.00 20.60 11.75 32 5084.51
20.52 0.04 35 4743 20.51 55.73 - 7200.00 20.51 23.66 38 7200.00
20.19 0.04 35 6822 20.56 55.69 - 7200.00 20.56 25.27 38 7200.00
20.19 0.04 35 5796 20.15 10097 - 7200.00 20.15 33.31 49 7200.00
11.48 0.00 12 0.01 11.80 2.06 12 635 11.25 1.01 12 1.01
17.05 0.03 21 0.09 17.04 5.04 21 575.62 17.04 3.33 21 95.10
18.80 0.04 25 040 18.85 8.69 25 2357.67 18.85 5.21 25 34293
19.90 0.04 28 275 19.89 12.35 - 7200.00 19.89 743 28 1361.44
20.39 0.05 31 11.08 20.38 17.19 - 7200.00 20.38 9.45 31 3096.97
20.55 0.05 32 9.82 20.55 3231 - 7200.00 20.55 11.09 32 5487.38
20.56 0.04 34 1879 20.57 4195 - 7200.00 20.57 16.31 36 7200.00
20.17 0.05 35 123.19 20.14 55.20 - 7200.00 20.14 21.52 38 7200.00
20.48 0.04 35 67.79 20.30 65.18 - 7200.00 20.30 31.29 36 7200.00
19.97 0.04 34 2560 20.02 95.51 - 7200.00 20.02 39.70 48 7200.00
4243 0.19 60 4.07 36.95 7200.00 - - 42.38 4610.93 96 7200.00
40.56 0.19 55 3296.90 40.97 33.28 - 7200.00 40.97 16.15 75 7200.00
4343 022 64 971.75 43.39 62.78 - 7200.00 43.39 28.92 94 7200.00
43,95 0.25 72 1057.89 43.95 152.78 - 7200.00 43.95 55.81 95 7200.00
44.02 0.33 75 1325.18 44.02 348.62 - 7200.00 44.02 105.12 99 7200.00
44,06 0.32 78 1531.49 44.04 834.67 - 7200.00 44.04 371.68 99 7200.00
43.66 0.27 82 1606.44 43.79 1897.49 - 7200.00 43.79 917.93 97 7200.00
43.56 0.28 83 1644.75 43.71 3081.38 - 7200.00 43.71 1292.23 99 7200.00
43.06 0.25 85 1596.33 43.35 5610.75 - 7200.00 43.35 2822.15 99 7200.00
42.54 0.28 85 1614.32 42.88 7200.00 - - 42.99 4240.89 99 7200.00
36.92 0.13 48 668.77 37.30 3291 - 7200.00 37.30 11.04 95 7200.00
41.39 0.23 59 1893.47 41.37 69.34 - 7200.00 41.37 26.56 97 7200.00
4326 0.16 69 1281.57 43.26 174.58 - 7200.00 43.26 55.73 99 7200.00
43.69 0.28 77 1288.43 43.56 35290 - 7200.00 43.56 102.00 98 7200.00
43,770 0.31 79 1413.11 43.74 84848 - 7200.00 43.74 306.43 99 7200.00
43,59 0.31 82 1551.39 43.71 1839.16 - 7200.00 43.71 842.12 96 7200.00
43,52 0.28 83 1608.75 43.66 3143.45 - 7200.00 43.66 1402.11 98 7200.00
43.15 0.28 83 1637.98 43.40 4777.19 - 7200.00 43.40 2152.26 98 7200.00
42,96 0.25 85 1610.56 43.30 5871.48 - 7200.00 43.30 3038.39 99 7200.00
42.70 0.26 84 1770.65 42.90 7200.00 - - 43.07 3830.92 99 7200.00




Chapter 7

Conclusions

In this thesis we studied the Graph Declawing Problem (GDP). Claw free graph prop-
erties have been studied by almost thirty years and the optimization version for it was
never studied using a polyhedral approach. Some facet-defining inequalities of the GDP
polytope were presented. Separation algorithms were proposed and used into a Branch-
and-Cut procedure for solving the GDP.

Interval graph instances were created. Computational experiments were carried out
and the results show that the algorithms are able to solve many interval graph instances
with n € {100, 200, 300} using fewer than two hours of processing. The computational
results also show that random graph instances were harder to solve. Random graph
instances with n = 50 were optimally solved but most random graph instances with
n = 100 were not solved to optimality.

A Branch-and-Price algorithm was also proposed. The Branch-and-Price and
Branch-and-Cut presented an equal relaxation on root node, but the Branch-and-Price
algorithm had a worse resolution time. In general, the Branch-and-Cut with the star
model presented best results.

The next chapter proposes possibilities that will be explored on future works.
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Chapter 8

Future Work

8.1 Families of Facets For Vertex Deletion Problems

Let () be a undirected graph. The vertex deletion problem for property 11 associated
with Q (VDP-Q) searches for the minimum subset of vertices S C V(@) such that
the new graph G’ = G — S has no vertex-induced subgraph isomorphic to (). Let
P g be the convex hull of the incidence vectors H that represents subgraphs of ¢
not containg () as a vertex-induced subgraph, i.e. Pg o = conv.hull{x € {0,1}" |
H is a Q-free subgraph of G}, P ¢ is the polytope associated with any VDP-Q. 2 o

has the following properties:

Theorem 8.1.1.
1. Full dimensionality.
2. Binary inequalities (i.e. 0 < x, and x, < 1 for all v € V(Q)) are facet-inducing.
3. Inequalities of the form: 3, o) %o < [V(Q)| — 1, are valid.

4. Inequalities of the form: 3_, v oy To < |V (Q)|—1, are facet-inducing. Excepting

on cases of clique or independent set graphs.
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Proof.

1. The null and unitary vectors are on P¢ g and they sum up to n + 1 affinelly
independent points. Since P o € R", P ¢ is a full dimensional polytope.

2. z, = 0 1s attended at equality by the null vector and all unitary vectors where
x, # 1 summing up to n affinely independent points; x,, = 1 is attended at equality by
the unitary vector x, = 1 and all binary vectors where x, = 1 and x; = 1 with k # v
summing up to n affinely independent points.

3. These inequalities are forcing the elimination of one vertex v € V(Q). Therefore,
they are forbidding only graphs of the form () and allowing any subgraph of () to be
part of P¢ g.

4. Let a be a vector with a; = 1 fori € V(Q) and a; = 0 otherwise. Let bl < b
be a facet-inducing inequality for P g such that F, = {x € Pgqo | a"x" =
V(Q)| =1} C Fy={x" € Pag | bI'x!" = bo}. Clearly, F, # () and F, # P; since
P g 1s full dimensional, finding the existence of some positive o € R such that b = aa
is enough to state >, .y T» = [V(Q)] — 1 as a facet-inducing inequality.

We have that " (@\* and \V( @\ are in F, C Fj, for any z,y € V(Q) with z # y;
therefore, 0 = by — by = b7V @\ — pT\V(@W = p —b,; and so, b, = b, = « for any
z,y € V(Q).

For any w ¢ V(Q), let ()’ be the supergraph of () that contains w, i.e. Q' = Q + w,
now let T, be the subset of "twin vertices" of w in )’ such that T}, is composed by all
vertices v € V(Q) where Q'[w U N (w)] is isomorphic to Q'[v U N (v)]. Forz € V(Q) \
T,, we have that y(V(@\2)Uw ¢ [ F- therefore, 0 = y(V(@\o)bw _\V(@\z — 3 -
and so, b, = 0 for any w & V(Q).

[]

Note that the above proof do not cover cases where all vertices on )’ are twin ver-

tices (For example, this happens for families of cliques, holes and independent sets).
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8.2 Branch-and-Price For Vertex Deletion Problems

8.2.1 Master Problem

Any VDP-Q can be formulated as a column generation problem using the following

formulation:

V(G)]
Minimize Z (1 —x)

i=1
Ty = Z aﬁ”)\kv, Yv e 7 ,Vu €S,
keCy
> A =1, Yoew (8.1)
ker
z, A€ {0,1}

e G is an input graph.
e 1, is 1 if the vertex v is on solution.

e S, is the set of all vertices of all subgraphs () that contains vertex v, i.e. S, =

Uvqev@V (Q)-
e 7 is asubset of V(G) such that any () C G has some vertex v € 7" in V(Q).
e (), are the columns that forbids all () such that v € V (Q).
e a is 1 if vertex u is included on the k-esimal solution for vertex v € 7.

e )\, is used to know which solution is used for each vertex.
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8.2.2 Pricing

The master formulation has an exponential number of variables A. Its possible to as-
sociate a subproblem for each vertex on 77, the following formulation can be used to

generate A for the master formulation:

Minimize 0 — ) mu

UESy

3w < VQ)I -1, vQ [veV(Q)
ieV(Q)

e T,, are the duals associated with constraints 7.1 of the master formulation, with

v being the vertex associated with the subproblem and wu is a vexter of S,.

e v, is a vector that represents a ()-free solution for all () that contains v.

8.2.3 Branching

As branching rule, it is possible to use Branching on x.

8.3 Complexity on Interval Graph Instances

The computational results obtained for the interval graph instances foster the possibility
that the problem is solvable on polynomial time because of the great advance on the
resolution of bigger size instances. Therefore a future work will address the complexity

class for the GDP on interval graph instances.
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Appendix A

Computational Results for

Branch-and-Cut on Interval Instances

Table A.1: Computational results for interval graph instances optimally solved.

Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
100_100_10-1 0.12  22.00 0.06(0.00) 36 628 0.04(0.00) 42 595
100_100_10-2 0.10  21.00 0.04(0.00) 7 465 0.02(0.00) 15 255
100_100_10-3 0.11  22.00 0.04(0.00) 12 445 0.02(0.00) 8 372
100_100_10-4 0.11  17.00 0.06(0.00) 4 620 0.03(0.00) 3 533
100_100_10-5 0.10  19.00 0.05(0.00) 2 466 0.03(0.00) 3 383
100_100_10-6  0.11  23.00 0.07(0.00) 52 538 0.04(0.00) 21 450
100_100_10-7 0.10  21.00 0.05(0.00) 13 511 0.03(0.00) 5 328
100_100_10-8 0.11  21.00 0.05(0.00) 32 567 0.03(0.00) 19 392
100_100_10-9 0.11  22.00 0.05(0.00) 14 537 0.02(0.00) 2 345
100_100_20-1 0.23  30.00 0.47(0.03) 146 3096 0.12(0.00) 4 1438
100_100_20-2 0.24  30.00 0.98(0.04) 430 3201 0.17(0.01) 39 1975
100_100_20-3 0.23  30.00 0.70(0.03) 362 2861 0.31(0.02) 105 2354
100_100_20-4 0.25 32.00 1.70(0.09) 538 4583 0.77(0.05) 311 2825

Continues on next page ...
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Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
100_100_20-5 0.21  35.00 11.33(0.52) 4321 6095 1.91(0.12) 876 3871
100_100_20-6  0.23  29.00 0.42(0.02) 161 2644 0.19(0.01) 51 2280
100_100_20-7 0.23  34.00 2.65(0.13) 898 5083 0.45(0.03) 141 2867
100_100_20-8 0.23  27.00 0.16(0.01) 22 1783 0.15(0.01) 18 1799
100_100_20-9 0.22  32.00 1.40(0.05) 484 3654 0.26(0.01) 66 2294
100_100_30-1 0.43  37.00 20.45(2.16) 1997 13645 2.94(0.28) 249 7672
100_100_30-2 0.38  29.00 0.47(0.03) 44 3344 0.18(0.01) 2 1606
100_100_30-3 0.36  30.00 0.88(0.08) 161 4261 0.30(0.02) 11 2602
100_100_30-4 033  27.00 0.51(0.04) 90 3929 0.19(0.01) 16 1982
100_100_30-5 0.39  34.00 2.92(0.40) 287 8772 0.95(0.11) 49 5797
100_100_30-6 0.41  28.00 0.56(0.07) 57 4729 0.18(0.02) 13 2078
100_100_30-7 033  31.00 2.51(0.24) 630 6330 0.40(0.03) 50 3329
100_100_30-8 0.38  33.00 1.75(0.19) 177 6473 0.56(0.05) 17 3347
100_100_30-9 0.39  31.00 3.73(0.36) 772 6762 0.75(0.07) 107 4019
100_100_40-1 0.56  27.00 0.56(0.16) 19 4600 0.30(0.06) 4 2200
100_100_40-2 0.51  30.00 1.13(0.30) 96 4572 0.47(0.07) 2 2753
100_100_40-3 0.50  31.00 1.63(0.32) 172 6856 1.08(0.18) 47 6535
100_100_40-4 0.52  33.00 2.99(0.76) 255 7549 1.02(0.19) 39 5259
100_100_40-5 0.54  28.00 0.71(0.16) 28 4364 0.46(0.06) 5 2773
100_100_40-6  0.47  34.00 5.16(1.02) 473 9017 1.10(0.17) 38 5931
100_100_40-7 0.51  35.00 7.06(1.62) 730 8534 0.66(0.12) 23 3731
100_100_40-8 0.51  32.00 2.98(0.62) 275 7664 1.14(0.13) 27 5180
100_100_40-9 0.50  35.00 6.71(1.54) 513 12294 1.27(0.25) 53 5569
100_100_50-1 0.73  14.00 0.08(0.02) 0 1100 0.09(0.02) 900

0

100_100_50-2  0.60  25.00 0.58(0.18) 37 4356 0.37(0.06) 2 2660
100_100_50-3  0.69  16.00 0.12(0.05) 1500 0.10(0.02) 0 800
100_100_50-4 0.57  22.00 0.25(0.07) 2100 0.20(0.07) 0 1700
100_100_50-5 0.73  19.00 0.18(0.09) 1600 0.14(0.04) 0 1300
100_100_50-6  0.64  25.00 0.34(0.12) 2400 0.30(0.12) 0 1800
100_100_50-7 0.58  27.00 0.59(0.16) 3227 0.23(0.08) 0 1800

bn O O N O

Continues on next page ...




69

Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
100_100_50-8 0.68  20.00 0.14(0.06) 0 1900 0.14(0.04) 0 1769
100_100_50-9 0.66  26.00 1.05(0.43) 64 5321 0.55(0.14) 2 3000
100_100_60-1 0.85  10.00 0.06(0.01) 0 800 0.05(0.00) 0 500
100_100_60-2 0.82  12.00 0.13(0.05) 1 1400 0.09(0.02) 0 1000
100_100_60-3 0.83  14.00 0.12(0.03) 4 1200 0.07(0.01) 0 800
100_100_60-4 0.78  13.00 0.11(0.04) 0 1600 0.09(0.02) 0 1000
100_100_60-5 0.86  9.00 0.08(0.02) 2 900 0.05(0.01) 0 700
100_100_60-6  0.83  9.00 0.05(0.01) 0 600 0.05(0.01) 0 600
100_100_60-7 0.79  13.00 0.09(0.03) 0 1200 0.07(0.02) 0 900
100_100_60-8 0.78  11.00 0.07(0.02) 0 1100 0.05(0.01) 0 600
100_100_60-9 0.78  10.00 0.08(0.02) 0 800 0.07(0.01) 0 700
100_100_70-1 0.89  5.00 0.05(0.00) 0 500 0.04(0.00) 0 300
100_100_70-2 090  7.00 0.05(0.01) 0 600 0.04(0.00) 0 400
100_100_70-3 0.87  10.00 0.08(0.01) 4 700 0.04(0.00) 0 500
100_100_70-4 0.82  8.00 0.06(0.01) 0 800 0.05(0.01) 0 800
100_100_70-5 0.85  7.00 0.06(0.01) 0 600 0.04(0.01) 0 518
100_100_70-6 0.88  5.00 0.04(0.00) 0 300 0.04(0.00) 0 300
100_100_70-7 090  6.00 0.05(0.00) 0 600 0.03(0.00) 0 300
100_100_70-8 0.86  7.00 0.05(0.01) 0 800 0.04(0.00) 0 400
100_100_70-9 0.83  6.00 0.06(0.01) 0 500 0.04(0.00) 0 300
100_100_80-1 0.95 1.00 0.04(0.00) 0 100 0.02(0.00) 0 100
100_100_80-2 0.93  3.00 0.04(0.00) 0 200 0.02(0.00) 0 200
100_100_80-3 0.93  4.00 0.04(0.00) 0 200 0.02(0.00) 0 200
100_100_80-4 090  4.00 0.04(0.00) 0 400 0.03(0.00) 0 200
100_100_80-5 0.93  4.00 0.04(0.00) 0 300 0.02(0.00) 0 100
100_100_80-6 092  5.00 0.05(0.00) 0 400 0.03(0.00) 0 400
100_100_80-7 0.91 6.00 0.05(0.00) 3 400 0.03(0.00) 0 400
100_100_80-8 0.94  3.00 0.04(0.00) 0 200 0.02(0.00) 0 200
100_100_80-9 0.91 5.00 0.04(0.00) 0 300 0.02(0.00) 0 200
100_100_90-1 0.98  0.00 0.04(0.00) 0 0 0.01(0.00) 0 0
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Claw Model Star Model
Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
100_100_90-2  0.97 1.00 0.04(0.00) 0 100 0.02(0.00) 0 100
100_100_90-3 095  2.00 0.04(0.00) 0 200 0.02(0.00) 0 200
100_100_90-4 0.98 1.00 0.04(0.00) 0 100 0.01(0.00) 0 100
100_100_90-5 0.98  0.00 0.04(0.00) 0 0 0.02(0.00) 0 0
100_100_90-6 0.98  0.00 0.04(0.00) 0 0 0.02(0.00) 0 0
100_100_90-7 096  0.00 0.04(0.00) 0 0 0.02(0.00) 0 0
100_100_90-8 0.99  0.00 0.04(0.00) 0 0 0.02(0.00) 0 0
100_100_90-9 095  3.00 0.04(0.00) 0 200 0.02(0.00) 0 200

200_100_10-1 0.10 64.00 1739.87(36.54) 222770 7980 50.27(3.95) 11273 5515
200_100_10-2 0.11  59.00 264.09(5.98) 42434 6584 7.05(0.83) 2566 4468
200_100_10-3 0.11  58.00 14.09(0.57) 4204 5745 0.98(0.11) 170 4155
200_100_10-4 0.10  54.00 11.31(0.53) 4391 5477 2.37(0.20) 754 3717
200_100_10-5 0.11  53.00 3.66(0.24) 1419 4855 0.43(0.05) 94 2762
200_100_10-6  0.11  57.00 110.91(3.61) 31488 6020 6.84(0.70) 2379 4887
200_100_10-7 0.11  66.00 11108.05(198.95) 1123275 9034  277.40(20.01) 56740 5799
200_100_10-8 0.11  55.00 22.71(0.94) 7160 5655 2.10(0.17) 510 4089
200_100_10-9 0.11  61.00 149.70(3.45) 22209 7201 23.05(2.12) 6574 5143
200_100_20-7 0.24  73.00 12124.31(355.81) 68427 54986  111.77(9.87) 1598 25471
200_100_20-8 0.24  72.00 6868.43(249.22) 57879 41997 127.89(10.88) 2077 27212
200_100_30-1 0.36 73.00 3637.97(345.51) 18592 53877 52.03(8.60) 332 28733
200_100_30-2 0.38  69.00 1524.23(140.71) 8295 54410 55.79(9.36) 406 29103
200_100_30-3 0.38 71.00 1033.69(132.92) 7326 41407 42.87(8.88) 420 21181
200_100_30-5 0.38 75.00 10623.76(746.76) 33921 82695 177.12(32.72) 1033 44690
200_100_30-6 040  69.00 695.09(93.03) 4574 38305 24.48(5.21) 113 20301
200_100_30-7 0.35 72.00 1743.49(224.45) 9509 55409  89.24(19.48) 536 35222
200_100_30-8 0.39  68.00 316.24(65.14) 2906 34547 8.74(1.96) 24 9449
200_100_30-9 0.37 67.00 992.39(82.99) 8235 43334  72.60(11.97) 643 33810
200_100_40-1 047 76.00 5448.62(690.29) 13836 79218 208.30(87.08) 859 40355
200_100_40-2 0.51  63.00 145.49(67.80) 1345 21445  28.21(12.26) 10 12911
200_100_40-3 0.53  59.00 25.56(12.75) 206 14870 9.56(3.69) 15 10209
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Claw Model Star Model
Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts

200_100_40-4 056 69.00 379.56(148.43) 2334 32692 31.78(11.54) 19 13802
200_100_40-5 0.55 59.00  28.44(16.79) 200 12800  17.05(8.00) 6 10448
200_100_40-6 0.50 72.00 2311.61(363.05) 9032 57260 190.61(57.30) 856 52817
200_100_40-7 051 68.00 594.76(169.30) 3396 38716 27.87(11.44) 71 16872
200_100_40-8 052 67.00 469.21(164.48) 2731 38712 25.69(11.05) 29 17154
200_100_40-9 053 7500 5305.61(796.45) 16385 71752 222.80(68.72) 784 55488
200_100_50-1 0.68 45.00  10.64(8.13) 7 6500 24.90(14.38) 0 4000
200_100_50-2 0.66  43.00 6.88(4.97) 5700  4.84(2.71) 0 3700
200_100_50-3 0.69  39.00 4.80(3.67) 4300  8.50(4.91) 0 3800
200_100_50-4 0.61 46.00  10.91(8.85) 5800  17.55(11.04) 0 5600
200_100_50-5 0.71  39.00 4.42(3.40) 4000  6.76(3.91) 0 3800
200_100_50-6 0.63  51.00 7.96(5.55) 5700 10.61(6.50) 0 5000
200_100_50-7 0.61 53.00  22.02(15.04) 40 10636 23.97(1590) 0 6300
200_100_50-8 0.67  42.00 4.84(3.69) 4800  3.84(2.17) 0 4100
200_100_50-9 0.68 46.00  10.38(7.76) 6400  13.72(8.58) 0 4500
200_100_60-1 0.79  26.00 1.76(0.99) 2200 1.49(0.65) 0 2000
200_100_60-2 0.82  28.00 4.32(3.22) 3800  5.45(2.92) 0 2800
200_100_60-3 0.77  26.00 2.89(2.04) 2900  3.63(1.90) 0 2800
200_100_60-4 0.79  24.00 2.27(1.47) 2900  1.26(0.49) 0 1600

0

0

0

0

0

0

0

0

0

0

0

W O NN s

0
4

0

2

0

0

200_100_60-5 0.82  23.00 2.26(1.40) 2 2800  1.73(0.75) 1900
200_100_60-6 0.84  19.00 1.21(0.51) 0 1600  0.80(0.26) 1300
200_100_60-7 0.80  32.00 4.17(2.95) 5 4700 3.93(2.14) 3000
200_100_60-8 0.77  20.00 1.48(0.76) 0 2100  1.05(0.40) 1500
200_100_60-9 0.79  29.00 2.64(1.79) 0 3100  2.0000.97)
200_100_70-1 0.85  17.00 1.63(0.89) 0 1900  1.16(0.45)
200_100_70-2 0.89  12.00 0.89(0.24) 0 1500  0.42(0.10)
200_100_70-3 0.84  23.00 2.05(1.20) 8 2200  1.76(0.79)
200_100_70-4 0.84  15.00 1.36(0.66) 0 2200  0.82(0.28)
200_100_70-5 0.85  16.00 1.45(0.72) 0 1800  1.12(0.41)
200_100_70-6 0.87  13.00 0.88(0.22) 0 1400  0.50(0.14)

2300
1500
800
1700
1100
1500
1100
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Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
200_100_70-7 092 11.00 0.82(0.18) 0 1400 0.34(0.08) 0 700
200_100_70-8 0.86  16.00 1.21(0.51) 0 1900 0.76(0.25) 0 1300
200_100_70-9 0.84 14.00 1.17(0.47) 0 1600 0.82(0.30) 0 1500
200_100_80-1 0.90 14.00 0.97(0.28) 4 1600 0.46(0.14) 0 1000
200_100_80-2 092  8.00 0.75(0.12) 0 800 0.31(0.06) 0 500
200_100_80-3 093  7.00 0.64(0.03) 0 400 0.23(0.04) 0 600
200_100_80-4 090  8.00 0.69(0.06) 0 700 0.26(0.05) 0 500
200_100_80-5 0.92 10.00 0.76(0.12) 3 800 0.27(0.06) 0 800
200_100_80-6 0.93  8.00 0.71(0.09) 0 700 0.25(0.04) 0 500
200_100_80-7 093  8.00 0.67(0.06) 0 600 0.25(0.04) 0 500
200_100_80-8 092 11.00 0.78(0.13) 0 1000 0.36(0.09) 0 900
200_100_80-9 0.92  9.00 0.75(0.11) 2 1100 0.26(0.05) 0 500
200_100_90-1 096  2.00 0.59(0.00) 0 200 0.16(0.01) 0 200
200_100_90-2 096  3.00 0.59(0.00) 0 200 0.15(0.01) 0 200
200_100_90-3 0.96  3.00 0.60(0.00) 0 200 0.15(0.01) 0 200
200_100_90-4 097  4.00 0.61(0.00) 0 300 0.14(0.01) 0 300
200_100_90-5 0.99 1.00 0.59(0.00) 0 100 0.12(0.00) 0 100
200_100_90-6 0.98  0.00 0.59(0.00) 0 0 0.12(0.00) 0 0
200_100_90-7 097  4.00 0.61(0.01) 0 300 0.16(0.02) 0 300
200_100_90-8 0.98 1.00 0.59(0.00) 0 100 0.13(0.00) 0 100
200_100_90-9 097  3.00 0.59(0.00) 0 200 0.14(0.01) 0 200
300_100_30-8 037 99.00 2603.03(485.71) 4502 73133 151.19(47.30) 101 41264
300_100_40-1 0.54 92.00 707.34(408.74) 1035 47910 176.34(109.72) 8 18742
300_100_40-2 0.52 89.00  559.04(395.71) 1192 32296 193.20(133.66) 2 16900
300_100_40-3 0.52 92.00 1545.94(368.24) 1321 104765 161.33(102.55) 33 23800
300_100_40-4 0.57 98.00 2934.19(1539.56) 5102 49422 154.01(91.30) 11 19300
300_100_40-5 0.55 89.00 322.71(234.56) 464 30100 380.51(256.80) 2 24600
300_100_40-7 0.53 102.00 11961.18(3536.73) 11038 98403 291.06(177.96) 61 31011
300_100_40-8 0.54 104.00 6258.65(2470.50) 7155 67871 1286.73(689.74) 255 106531
300_100_50-2 0.70  63.00 49.56(43.54) 9 7900 86.22(57.25) 0 6500
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Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
300_100_50-4 0.61  69.00 66.23(57.11) 6 10200 180.22(124.37) 0 8300
300_100_50-5 0.69  65.00 35.13(30.15) 0 6900  98.94(66.27) 0 7200
300_100_50-6 0.62  81.00 112.54(89.12) 38 16800 274.04(204.17) 0 11900
300_100_50-8 0.66  65.00 37.81(32.84) 0 7200  43.65(27.78) 0 6200
300_100_60-1 0.82  35.00 15.45(11.58) 0 4400 14.16(8.17) 0 3500
300_100_60-2 0.82  43.00 23.77(19.42) 4 4500  44.37(27.80) 0 4700
300_100_60-3 0.79  42.00 31.73(27.18) 2 5200  57.32(36.06) 0 4400
300_100_60-4 0.81  34.00 15.98(12.19) 0 3900 13.69(7.85) 0 3400
300_100_60-5 0.84  28.00 11.00(7.34) 0 3000 7.79(3.54) 0 2400
300_100_60-6 0.82  29.00 9.12(5.57) 0 3300 6.86(3.08) 0 2600
300_100_60-7 0.79  47.00 29.33(24.46) 2 5900  43.03(25.07) 0 3400
300_100_60-8 0.77  37.00 15.27(11.53) 0 3800 10.29(5.27) 0 2800
300_100_60-9 0.78  44.00 22.39(18.27) 0 4800  28.06(18.20) 0 4600
300_100_70-1 0.87  32.00 15.68(11.58) 6 4600 19.43(11.74) 0 3700
300_100_70-2 0.88  20.00 7.25(3.73) 4 3200 3.53(1.44) 0 1700
300_100_70-3 0.86  29.00 13.34(9.54) 2 3500 13.41(7.66) 0 3000
300_100_70-4 0.85 26.00 11.89(8.19) 0 4700 5.22(2.40) 0 2100
300_100_70-5 0.87 27.00 8.86(5.29) 8 2900 5.69(2.84) 0 2700
300_100_70-6  0.88  20.00 5.85(2.44) 2 2300 3.23(1.23) 0 1800
300_100_70-7 0.91 14.00 4.44(1.20) 0 2000 1.76(0.47) 0 1000
300_100_70-8 0.86  27.00 13.15(9.43) 0 4200 12.31(6.16) 0 2400
300_100_70-9 0.84 25.00 12.81(9.15) 0 3800 9.29(4.55) 0 2300
300_100_80-1 0.92 18.00 5.32(1.98) 5 2600 2.07(0.70) 0 1300
300_100_80-2 093 12.00 4.28(1.05) 2 1500 1.40(0.32) 0 700
300_100_80-3 094 10.00 3.31(0.24) 0 800 0.91(0.20) 0 900
300_100_80-4 092 12.00 3.64(0.54) 0 1600 0.95(0.23) 0 800
300_100_80-5 092 13.00 3.77(0.58) 0 1000 1.49(0.51) 0 1300
300_100_80-6 091 14.00 5.17(1.83) 0 2400 2.57(0.68) 0 1000
300_100_80-7 093 13.00 3.86(0.65) 0 1400 1.48(0.41) 0 1200
300_100_80-8 092 18.00 5.12(1.77) 2 2300 2.78(1.13) 0 1800
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Claw Model Star Model

Instance Density OPT T (s) #Nodes #Cuts T (s) #Nodes #Cuts
300_100_80-9 091  20.00 5.54(2.18) 11 2700 2.40(0.99) 0 1800
300_100_90-1 097  7.00 3.08(0.06) 2 600 0.50(0.06) 0 600
300_100_90-2 096  6.00 3.21(0.12) 0 800 0.59(0.07) 0 400
300_100_90-3 0.96  3.00 3.07(0.02) 0 300 0.52(0.04) 0 300
300_100_90-4 097  8.00 3.22(0.12) 3 700 0.61(0.10) 0 600
300_100_90-5 0.99 1.00 3.00(0.00) 0 100 0.42(0.01) 0 100
300_100_90-6  0.98 1.00 3.02(0.00) 0 100 0.40(0.00) 0 100
300_100_90-7 096  6.00 3.18(0.11) 0 600 0.61(0.09) 0 500
300_100_90-8 0.98  3.00 3.05(0.01) 0 300 0.42(0.02) 0 200
300_100_90-9 097  6.00 3.15(0.09) 0 700 0.55(0.07) 0 400




