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Abstract

Esta tese oferece uma andlise aprofundada de duas categorias distintas de problemas de fronteira

livre, fundamentais para a compreensao de sistemas complexos regidos por equagdes diferenciais.

No primeiro segmento do estudo, mergulhamos no ambito das equacdes elipticas altamente
degeneradas. Esta parte foca em um modelo caracterizado por um processo de difusao nao
linear, que se torna a for¢a motriz em dreas onde o gradiente excede um limiar especifico. Esta
investigacao nao apenas ilumina o comportamento dessas solu¢des, mas também explora os
pontos de convergéncia com outras tendéncias emergentes de pesquisa, enriquecendo assim o

discurso neste campo.

A segunda parte da tese transita para a exploracdo de modelos variacionais de fronteira livre,
particularmente aqueles marcados por singularidades oscilatdrias. Este segmento é fundamental
para abordar problemas em que a natureza oscilatéria resulta em um espectro de geometrias
de fronteira livre. Por meio de uma pesquisa meticulosa, conduzimos uma anélise extensiva e
estabelecemos uma nova férmula de monotonicidade. Esta férmula € instrumental para considerar
os aspectos varidveis desses modelos. De forma significativa, demonstramos que, quando o
poder singular varia de acordo com um padrio W', entdo a fronteira livre se manifesta
localmente como uma superficie C!-9, exceto por um conjunto negligencidvel, caracterizado por

uma co-dimensao de Hausdorff de pelo menos 2.

Esta tese tem como objetivo contribuir substancialmente para o campo da andlise matemadtica e
equacdes diferenciais, oferecendo perspectivas e metodologias novas no estudo de problemas de

fronteira livre.

Palavras-chave: Problemas de fronteira livre sem restricdo, Estimativas de regularidade, Proble-

mas de fronteira livre singulares.



Abstract

This thesis provides an in-depth analysis of two distinct categories of free boundary problems,

which are fundamental in understanding complex systems governed by differential equations.

In the first segment of the study, we delve into the realm of highly degenerate elliptic equations.
This part focuses on a model characterized by a nonlinear diffusion process, which becomes the
driving force in areas where the gradient exceeds a specific threshold. This investigation not only
sheds light on the behavior of these solutions but also explores the convergence points with other

emerging research trends, thereby enriching the discourse in this field.

The second part of the thesis transitions into an exploration of free boundary variational models,
particularly those marked by oscillatory singularities. This segment is pivotal in addressing
problems where the oscillatory nature results in a spectrum of free boundary geometries. Through
meticulous research, we conduct an extensive analysis and establish a novel monotonicity formula.
This formula is instrumental in considering the variable aspects of these models. Significantly,
we demonstrate that when the singular power varies in a W' fashion, then the free boundary is

locally a C!% surface, up to a negligible set of Hausdorff co-dimension at least 2.

This thesis aims to contribute substantially to the field of mathematical analysis and differential

equations, offering novel perspectives and methodologies in the study of free boundary problems.

Keywords: Unconstrained free boundary problems, Regularity estimates, Singular free boundary

problems
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Introduction

Free Boundary Problems (FBPs) stand out as a captivating subject of study of mathematical
analysis. At the heart of these problems lies an unknown function, u, which solves an Partial
Differential Equation (PDE) within an unknown domain, Q. The boundary of this domain,
denoted as 09, is referred to as the free boundary. What makes FBPs particularly fascinating
and challenging is the dynamic nature of the region in which the diffusive process occurs. This
region’s dependence on the solution itself injects an element of unpredictability and complexity
into mathematical analysis, setting FBPs apart as a uniquely intriguing aspect of mathematical

theory.

The emerging interest in FBPs can be attributed to their extensive applicability in various
physical phenomena, bridging abstract mathematical concepts with tangible real-world situations.
These problems underpin a myriad of phenomena, ranging from the melting of ice to the
complexities of superconductivity, from the dynamics of flame propagation to the growth patterns
of species, and from the principles of fluid mechanics to the challenges of shape optimization
and material science. The presence of FBPs is even observed in practical scenarios, such as
when attaching a membrane to a wire above an obstacle, where the membrane adjusts itself to
minimize energy, exemplifying a FBP well known as the obstacle problem. This interplay between
the mathematical modeling and their manifestation in both nature and daily life highlights the
importance of their study. It is through the meticulous mathematical analysis of FBPs that we

gain a precise understanding of these diverse and fascinating phenomena.

It turns out that most of these captivating problems can be encapsulated within a unifying

mathematical framework, elegantly capturing the essence of these problems:

F(x,u,Du,Dzu) =0 in BINQ

(0.1)
G(x,u,Du,D*u) =0 in B;\Q,

where the free boundary is 9Q N Bj. In this concise representation, it reveals the unknown pair
(u, Q), where u belongs to a specific functional space, rendering the equations meaningful, and
F and G are, usually, functions with some elliptic structure. For a more in-depth discussion
on this elegant and unified approach to FBPs, the [44] survey offers a wealth of knowledge,
further bridging the gap between abstract theory and the palpable reality of the phenomena FBPs

represent.

Diving deeper into the mathematical analysis of FBPs, the study bifurcates into two
well-defined yet interconnected branches. When solutions to (0.1) do not enjoy a further (a priori)
structure on the free boundary, they are often referred to as unconstrained. The first part of this
thesis focuses on degenerate unconstrained FBPs, where we delve into the regularity estimates

for viscosity solutions. The second part pivots to examining singular FBPs, coming from the
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minimization of an Alt-Philips-type functional, where the emphasis relies on the regularity and
geometric characteristics of the free boundary dQ. This dual approach, examining both the
solutions and the free boundaries, presents a comprehensive understanding of the complexities

inherent in FBPs, each aspect bringing its unique challenges.

In Chapter 1, we set some notations and important aspects of the problems to be treated
in the thesis. In particular, we discuss the different notions of solutions to be adopted in the sequel

and scaling properties for the problems.

In Chapter 2, we investigate diffusion models triggered by a gradient threshold, results
obtained in collaboration with Damido Aratjo, and Eduardo Teixeira, [8]. These are self-regulatory
systems in which a diffusive agent is prompted whenever the density difference becomes much
larger than the displacement. Mathematically, this leads to the analysis of a class of highly

degenerate elliptic partial differential equations of the form
H(Du, D*u) = f, 0.2)
where the operator H collapses in a subset C € R”, and is elliptic for R"” \ C.

Problems of that nature appear, for instance, in the theory of superconductivity, when
examining vortices in the mean-field model, e.g. [12,27,41] and [25]. Variational interpretations
are related to minimization issues in random surfaces and tilings, see [28,50] and [33] for such a
connection, as well as to problems in congested traffic dynamics, see [16] as well as [14,29,61].
Fully nonlinear equations of this type also appear as limiting free boundary problems, obtained
when the degeneracy parameter of the equation tends to infinity, which can be understood as a

free boundary version of the infinity Laplacian operator.

Note the region where a PDE governs the system depends upon the solution itself, more
precisely on its gradient. That is, the correct way to interpret (0.2) is as an (unconstrained) free

boundary problem, viz.
H(Du,D*u) = f, in {x € Q| Du(x) e R"\ C}. (0.3)
We will further discuss this point of view in subsection 2.4.1.

To simplify the presentation, we focus on the case C = By, for k > 0, leading to the free
boundary problem
(|Du| - ©)IF(D*u) = f in {|Du| > «}. 0.4)

The operator F is uniformly elliptic and the parameter, g > 0, prescribes the degeneracy degree
of the model along the free boundary 0{|Du| > «}. It is worth noting that the problem is still
(very) degenerate even if g = 0, due to the diffusion collapse in the (a priori unknown) region
{IDu| < «}.

It is also important to highlight that no information upon the sets {|Du| < «} and

{|Du| > «} can be a priori inferred. In particular, the free boundary, d{|Du| > «} can be very

irregular, and thus out of the scope of known elliptic boundary regularity estimates.
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The case k = g = 0 falls into the theory launched by [24], where the authors investigated

fully nonlinear elliptic equations of the form

F(D?u) = g(x, ) X{|Dul 0} - (0.5)

Solutions of (0.5) are understood in a very weak viscosity sense, where one disregards smooth
test functions that touch with zero gradient. In [24], the authors manage to show that solutions of
(0.5) satisfy (ordinary) viscosity inequalities, and thus the classical fully nonlinear regularity
theory applies. In the case F = A and g(x, u) = cu, the authors obtain the sharp C!'-regularity

of solutions to (0.5); see also [22] for related advances on similar problems.

In parallel to the approach adopted in [24], in this thesis we introduce the concept of
k-grad viscosity solutions of (0.4), see Definition 1.2. The idea is to interpret (0.4) by disregarding
test functions touching u at point xo with not sufficient large slope. That is, the corresponding
viscosity inequalities are enforced only at points x( for which one can touch by a smooth test

function ¢ verifying |Dp(xg)| > «.

When « > 0, the optimal (local) regularity one can hope for a solution of (0.4) is Lipschitz
continuity. This is because any function whose gradient norm is less than « automatically satisfies
the equation. Also, one can easily construct 1D-examples of solutions of (0.4) that are merely
Lipschitz continuous. On the other hand, x-grad viscosity solutions of (0.4) are entitled to the
regularity theory developed in [48]. In particular, solutions are locally of class C%¢, for some

0 < @ < 1, depending on dimension, ellipticity constants, and «.

The first main result of this chapter is the sharp Lipschitz regularity estimate for x-grad
viscosity solutions of (0.4), see Theorem 2.2. The proof relies on carefully crafting special jets, as
in [30], whose gradient at touching points is sufficiently large. We perform a meticulous analysis,
identifying all possible dependencies along the process. In particular, we prove that the Lipschitz
norm of solutions of (0.4) does not depend upon the degree of degeneracy, g. We mention that
this remark is new (and sharp) even in the case that the PDE holds everywhere, say for the family
of PDEs:

|Du|?F(D%u) = f, in B, C R, (0.6)

withc < f < ¢! Indeed, a result proven in [5], see also [47] and [4], assures that viscosity
1

solutions of (0.6) are locally of class C lLTg (at least for ¢ > 1) and that such a regularity is

optimal. Hence, insofar as uniform-in-g estimates are concerned, gradient bounds are the best

one can hope for solutions u, of (0.6).

While Lipschitz estimates are indeed optimal in regards to the local regularity of solutions
to (0.4), one could inquire about C' regularity within the PDE region, viz. Q, := {|Du| > «}, up
the free boundary,

I, = 0{|Du| > «}.

This problem is particularly challenging, as it seems hard to say anything about the structure of

I, unless further information is given; see [25] for the case ¢ = k = 0 and F = A.
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It is worth noting that, the continuity of (|Du| — «); implies €, must be an open set, and
that the PDE (|Du| — k)7 F(D?u) = f holds in the traditional viscosity sense within Q,,.

The considerations above give rise to a slightly stronger, though necessary, notion of
solutions to (0.4), see Definition 1.4. Under such a regime, the second main result we prove in
this chapter yields a universal modulus of continuity of the gradient of u in Q,,, up to the free
boundary, I',,, see Theorem 2.3. The proof combines several ingredients and it will be delivered
in Section 2.3. The idea relies on an interplay between interior C'**¢ regularity estimates at
points that are d-away (concerning the gradient level-set distance) from the free-boundary, I,
and how 0 < @y < 1 deteriorates as d — 0. This is attained by introducing a sort of DeGiorgi’s
improvement of oscillation technique at the gradient level. This is particularly useful to gauge
regularity for points sufficiently close to the free boundary, concerning the gradient level-sets.
For points far from the free boundary (again concerning the gradient level-set distance), the
equation is elliptic, and thus, up to rescaling, u is close to a F-harmonic function; uniform C'®
regularity estimates are then obtained ala Caffarelli, [18]; see also [65] for a didatical account of
this method.

|Du| > «*

(IDul - k)?F(D*u) = f

|Du| ~ «*

Figure 1 — This figure is a representation of the geometry of the problem. The white region,
{|Du| > «}, displays the part of the domain in which a diffusion PDE drives the
system. The system is dormant in the dark grey zone, {|Du| < «k}. The analysis in the
intermediary light grey sector, {k < |Du| < « + u}, for some 0 < u < 1, is critical
for the proof of Theorem 2.3. It is worth highlighting, however, that the topology of
such a region can be much more complicated and their corresponding boundaries
highly irregular. This is why Theorem 2.3 is a non-trivial (somewhat striking) result.

This chapter is organized as follows. In Section 2.2.1, we prove the uniform Lipschitz
estimate, Theorem 2.2. In Section 2.2.2, we establish compactness for the scaled PDE. In Section
2.3, we split the analysis between the region close and far away from the free boundary to attain
the universal C' regularity theorem. In the last Section 2.4, we discuss further applications of the

methods introduced in this chapter.

In Chapter 3 of the thesis, we develop a variational framework for the analysis of free
boundary problems that include a continuum of singularities, [9], results obtained in collaboration

with Damido Aradjo, José Miguel Urbano, and Eduardo Teixeira. The mathematical setup leads
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to the minimization of an energy-functional of type
E(v,0) = / F(Dv,v,x) dx, (0.7)
o

whose Lagrangian, F(p, v, x), is non-differentiable concerning the v argument, and the degree
of singularity varies with respect to the spatial variable x. The singularity oscillation exerts an
intricate influence on the free boundary’s trace and shape in a notably unpredictable manner.
This dynamic not only alters the geometric behavior of the solution but also significantly impacts
the regularity of the free boundary. As a consequence, the associated Euler-Lagrange equation
gives rise to a rich new class of singular elliptic partial differential equations, which, in their own

right, present an array of intriguing and independent mathematical challenges and interests.

Singular elliptic PDEs, particularly those involving free boundaries, find applications
in a variety of fields, including thin film flows, image segmentation, shape optimization, and
biological invasion models in ecology, to cite just a few. Mathematically, such models lead to the

analysis of an elliptic PDE of the form

Au = $(x, u) X {u>0}» (0.8)

within a domain € C R”". The defining characteristic of the PDE above lies in the singular term

s: QX (0,00) — R, which becomes arbitrarily large near the zero level set of the solution, i.e.,
lin(l) s(x,v) = oo. (0.9)

Fine regularity properties of solutions to (0.8), along with geometric measure estimates and
eventually the differentiability of their free boundaries, d{u > 0}, are inherently intertwined with
quantitative information concerning the blow-up rate outlined in (0.9). Heuristically, solutions
of PDEs with a faster singular blow-up rate will exhibit reduced regularity along their free
boundaries. Existing methods for treating these singular PDE models, in various forms, rely to

some extent on the uniformity of the blow-up rate prescribed in (0.9).

We investigate a broader class of variational free boundary problems, extending our focus
to encompass oscillatory blow-up rates. That is, we are interested in PDE models involving

singular terms with fluctuating asymptotic behavior,
Au~u P, (0.10)

for some function p: Q — [0, 1). As anticipated, the analysis will be variational, i.e., we will
investigate local minimizers of a given non-differentiable functional, as described in (0.7), which

exhibit a spectrum of oscillatory exponents of non-differentiability.

The investigation of the static case, i.e., of PDE models in the form of Au ~ u™?°, where
0 < po < 1, has arich historical lineage, tracing its roots to the classical Alt-Phillips problem, as

documented in [3, 58,59]. This elegant problem has served as a source of inspiration, sparking
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significant advancements in the domain of free boundary problems, as exemplified by works
like [7,35,39,40,62,66—-68], to cite just a few. Remarkably, the Alt-Phillips model serves as a
bridge connecting the classical obstacle problem, which pertains to the case pg = 0, and the
cavitation problem, achieved as the limit when pg " 1. Each intermediary model exhibits its
unique geometry. That is, solutions present a precise geometric behavior at a free boundary point,

viz. u ~ dist?(x, d{u > 0}), for a critical, well-defined and uniform exponent 3(py).

Mathematically, the oscillation of the singular exponent brings several new challenges,
as the model prescribes multiple free boundary geometries. The main difficulty in analyzing
free boundary problems with oscillatory singularities relies on quantifying how the local free
boundary geometry fluctuations affect the regularity of the solution u as well as the behavior of
its associated free boundary d{u > 0}. In essence, the main quest in this chapter is to understand

how changes in the free boundary geometry directly influence its local behavior.

From the applied viewpoint, the model studied in this chapter accounts for the heterogeneity
of external factors influencing the reaction rates within the porous catalyst region where the
gas density u(x) is distributed. To be more specific, when examining the theory of diffusion
and reaction within catalysts modeled in an isotropic, homogeneous medium, the task at hand

involves the minimization of an energy-functional, which takes the form

f(v,()):/1|Dv|2dx+/f(x,v)dx. (0.11)
0?2 0

Minimizers of # describe the density distribution of the gas in a stationary situation. The term
/0 f(x,v)dx corresponds to the rupture law along the free boundary. It models the complexities
of the catalytic reaction, dictated by the abrupt shifts and discontinuities in the reaction rates as
they intersect the catalyst’s surface. Mathematically, such factors prompt the non-diftferentiability

of the term f(x, v) concerning the v—argument.

The singularity of 9, f(x, v) along v = 0 carries critical information about the model’s
behavior. It is a no-static feature of the model, dynamically shifting in response to several
external factors, including temperature, pressure, and the roughness of the catalyst’s surface.
Such considerations require mathematical models allowing for non-differentiable terms whose

singularity may vary concerning the spatial variable x.

In this chapter, our focus is directed toward fine regularity properties of local minimizers

of the energy-functional

] 1
) = / 5 1DV +6(0) ()", (0.12)

where the functions y(x) and §(x) possess specific properties that will be elaborated upon in
due course. In connection with the theory of singular elliptic PDEs, minimizers of (0.12) are

distributional solutions of

Au
Du

S(X)y(X)u™@=1 in {u >0}
0 on 0{u > 0},
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with the free boundary condition being observed by local regularity estimates, to be shown in

this chapter.

This chapter is organized as follows. We establish the existence of minimizers as well as
local C!**-regularity, for some 0 < ay < 1, independent of the modulus of continuity of y(x) in
sections 3.1 and 3.2. Non-degeneracy estimates are obtained in Section 3.3. In Section 3.4, we
obtain gradient estimates near the free boundary, quantifying the magnitude of Du(y) in terms of
the pointwise value u(y). We highlight that the results established in Sections 1.3 and 3.4 are all
independent of the continuity of y(x). However, when y(x) varies randomly, regularity estimates
of u and its non-degeneracy properties along the free boundary have different homogeneities,
and thus no further regularity properties of the free boundary are expected to hold. We tackle
this issue in Section 3.5, where under a very weak condition on the modulus of continuity of
v(x), we establish sharp pointwise growth estimates of u. The estimates from Section 3.5 imply
that near a free boundary point xo € d{u > 0}, the minimizer u behaves precisely as ~ d #”0),
with universal estimates. Section 3.6 is devoted to HausdorfI’s estimates of the free boundary. In
Section 3.7, we obtain a Weiss-type monotonicity formula which yields blow-up classification,

and in Section 3.8, we discuss the regularity of the free boundary d{u > 0}.
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Preliminaries

In this chapter, we lay the foundational framework essential for navigating the subsequent
sections of the thesis. We first establish some standard notation. Then, we delve into the intricate

structural aspects of Fully Nonlinear models, and minimization problems.

1.1 Notation

Problems are modeled in the n-dimensional Euclidean space, R". The open ball of radius

r centered at the point xq is denoted by B, (xo). We shall omit the center of the ball for xy = 0.

/U F (),

means the integral of f concerning the Lebesgue measure, in the measurable set U. We omit

When writing integrals, the symbol

the symbol dx when there is no misunderstanding. When calculating surface integrals in a

(n — 1)-dimensional set U’, we will write
f)dH™,
U/

and omit the symbol whenever there is no misunderstanding.

We will write |U| to denote the Lebesgue measure of a set U. Given a number s > 0,
the symbol H*(U) denotes the s-dimensional Hausdorft measure. Properties concerning these

measures will be used without further comments.

The space of all nxn symmetric matrices is denoted by Sym(n). For amatrix M € Sym(n),

we denote by Spec(M) the set of all eigenvalues of M.

For an open set U, a natural number & and an exponent a € (0, 1], we define C*(U), to

be the set of functions that are continuously differentiable up to order k, and the k—th derivatives
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are Holder continuous of order . The usual norm associated with this set of functions is
k

IVl ke () = Z 1DVl =) + [D*V]coa(u-
i=0

Here, ||w||z~(v) denotes the supremum norm, and

el sup @ =W
o x,yeU |X - ylcx

When a = 1, we shall also write Lip(U) instead of C%!. We recall that when k = 0, then D*v = v.

Likewise, we define the Sobolev spaces W5 (U), for p > 1 to be the set of weakly
differentiable functions u, whose weak derivatives lie in L? (u). Classical immersion theorems,

equivalences, and properties shall also be used without further comments.

Given a € R, we denote
a* = max{a,0} and a  := max{-a,O0}.
To simplify notation, we will also write a, and a_ to denote the same objects.

Given a finite set F' C N, we write #F to denote its cardinality, that is, the number of

elements in F.

1.2 Fully nonlinear models

The main structure our problem requires is the long-standing notion of uniform ellipticity.

To define so, we need the notion of Pucci Extremal Operators. Given constants 0 < 4 < A, let

AN = {A € Sym(n) | Spec(A) C [4, A]} .

- acting on Sym(n), are defined as

The so-called Pucci Extremal Operators M7 , and M

M (M) = sup Trace(AM) and M, (M) := inf Trace(AM),
’ A€\ ’ A€eA N

we will simply write M* and M~ whenever the ellipticity constants, A and A, are understood.

There is an equivalent way of defining such operators. Given a matrix M € Sym(n),
we denote by e;(M) the i — th eigenvalue of the symmetric matrix M and e;(M)™, e;(M)~ its

positive and negative part, respectively. Then,
MHM) = A ) e (M) =2 ei(M),
M(M) = 2) ed(M) =AY (M),
Definition 1.1. Given constants 0 < A < A, we say that F: Sym(n) — R is (4, A)-elliptic if
M~ (M —-N) < F(M)-F(N) < M*(M -N),

for every M,N € Sym(n).
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This sort of monotonicity assumption is what allows the regularity theory developed here
to hold.

The notion of viscosity solutions has been presented to the mathematical community a
while ago in a paper by Crandall, Ishii and Lions, [30]. Such a notion was a breakthrough in the
analysis of partial differential equations and ever since, a great amount of work has been done.
Important extensions of this notion to equations with L? ingredients have also been done, pushing
the theory beyond the boundaries of continuous viscosity solutions, see [20]. In particular, in [24],
the authors consider the usual notion of viscosity solution type, but they disregard touching
function whose slope is zero. Nevertheless, they still managed to prove their solutions satisfied
ordinary viscosity inequalities and were thus entitled to the classical regularity theory, see [19].

Inspired by them, we propose the following definition:

Definition 1.2. (k-grad viscosity solutions) Let G : R" X Sym(n) — R be a continuous function.

Given a nonnegative k, we say that u is a k-grad viscosity subsolution to
G(Du,D%u) = f (1.1)

if for every xo and ¢ such that (u — ¢) attain a local maximum at xo with |D¢(xo)| > « there
holds

G (Dy(x0), D*¢(x0)) > f(x0).

We say u is a k-grad viscosity supersolution for (1.1), if for every xo and ¢ such that (u — ¢)

attain a local minimum at xo with |D(xo)| > « there holds

G(Dg(x0), D*p(x0)) < f(x0).

We say u is a k-grad viscosity solution for (1.1) if u is both a k-grad subsolution and supersolution.

Similarly, we will say that a continuous v: B; — R satisfies |Dv|(xg) > « (in the
viscosity sense) if there exists a C? function ¢ touching v from above (or below) at xq satisfying
|Dg(x0)| > k.

Definition 1.3. Given a continuous function v: By — R we define
Qv:{xeBl||Dv|>K}.
The interior boundary of this set will be denoted by I, i.e.

I, = 0Q, N B

For the PDE model we will investigate in this paper, I, will represent the free boundary
of the problem, whereas €, is the region in which the system is driven by a (fully nonlinear,

degenerate) elliptic equation.
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We note that the notion of k-grad viscosity solutions is indeed very weak. It enlarges the
set where we search for solutions by disregarding test functions whose slope at a touching point
is less than or equal to «. In particular, this definition gives very little information about the set
Q,,, where the PDE is placed. If one seeks for further regularity of solutions to (0.4) within Q,,, a

bit more structure is naturally required. This is the contents of the next definition:

Definition 1.4. We say u is an effective viscosity solution of (0.4), if the set Q, defined as
{x € By | |Du| > K} is open and u satisfies

(IDu| = )IF(D*u) = f in Q,

in the classical viscosity sense.

As a byproduct of the results to be proven in Chapter 2, k-grad viscosity solutions of (0.4)
can be easily obtained through a limiting process. More precisely, let u; be a bounded family of

viscosity solutions to
((|Du;| — )%+ 1/j) F(D*u;) = f, inQ. (1.2)

The regularity estimates established in this paper are uniform with respect to the approximation
parameter j. Hence, up to a subsequence, one can pass the limit as j — oo in (1.2). It is standard
to verify that the limit function will enjoy the same regularity estimate of u;, i.e. Lipschitz
continuous, and it solves (0.4) in the x-grad viscosity sense. The C! regularity of u j» up to the

free boundary, viz. the corresponding Theorem 2.3, is too uniform concerning the parameter j.

Next, we comment on the scaling properties of the model, which shall be used throughout

the entire evolution of the paper.

Remark 1.1. Let u be a k-grad (resp. effective) viscosity solution of (0.4) in By. Assume k > 0
and define the constants:
1 7 - max(1, [Jul|e)

= d B = S
max(1, lullw) X

for an arbitrary T > 0. In the sequel, define
w(x) = Au(Bx).
One verifies that w is a T-grad (resp. effective) viscosity solution of the re-scaled model:
(IDw| - 0){F(D*w) = f,

in the ball By g, where
F(M) = (AB>)F((AB*>)™'M)
and

F(x) = AT B9*2 £(Bx).

Indeed, if ¢ € C? touches w from above(or below) at a point x with |De(x)| > 7, then the
function @(x) = A~ o(B~'x) touches u from above(or below) at Bx with |D@(Bx)| > «.
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Given the previous remark, all results in this paper will be proven, with no loss of

generality, for a normalized solution, —1 < u < 1.

1.3 Minimization problems

In this section, we bring some important preliminaries to deal with certain minimization
problems. We start by describing precisely the mathematical setup of our problem. We assume

Q c R" is a bounded domain and 6,y : Q — R are bounded mensurable functions.

For each subset O c Q, we denote

¥%(0) :=essinf y(y) and y*(O) = ess sup y(y). (1.3)
yeo yeO

In the case of balls, we adopt the simplified notation
Ye(x,r) = yx(By(x))  and  y*(x,r) = y*(B,(x)).

Throughout the whole paper, we shall assume

0<yx(Q) <y*(Q) < 1. (1.4)

For a non-negative boundary datum 0 < ¢ € H'(Q) N L*(L), we consider the problem

of minimizing the functional
T2 (v, Q) = /Q % IDv|? +8(x)(v")?Pdx (1.5)
among competing functions
veA:={veH (Q) : v-gpeHy(Q)}.
We say u € A is a minimizer of (1.5) if
I, Q) < T (v.Q), VveA.

Note that minimizers as above are, in particular, local minimizers in the sense that, for any open
subset Q' C Q,

TP, Q) < TP (v,Q), VveH(Q) : v—ueHy(Q).

Scaling

Some of the arguments used recurrently in this paper rely on a scaling feature of the
functional (1.5) that we detail in the sequel for future reference. Let xo € Q and consider two
parameters A, B € (0, 1]. If u € H'(Q) is a minimizer of jy‘s(v, Ba(xp)), then

x € By (16)
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is a minimizer of the functional

~ 1 - N
I3 (v.By) = / 3 IDv|? + 6 (x)v? ™ dx,
B

with )
3 A
5(x) = BYWo+AY) (E) S(xo+Ax) and F(x) := y(xo + Ax).

Indeed, by changing variables,

1
/ — |Du(x))? + 8 (x)u(x)"Pdx
Ba(xo) 2

1
= An./B ) |Du(xO+AX)|2dx+A”/B 6(x0+Ax)u(x0+Ay)y(xo+Ax)dy
! 1

[ 1|(B
- 37 e

1
= A"?B? / E|Dw(x)|2+By(x°+Ax)_2A26(xo+Ax) [w(x)]7 A% gy
B

2
+6(x0 + Ax) [Bw(x)]? 504 gy

= A"2p? / %|Dw(x)|2+5(x) [w(x)]7™ dx.
B

Observe that since 0 < B < 1, ¢ satisfies
1811 0(By) < BN 2A2||S ]| 0By (x0)) -

In particular, choosing A = r and B = r#, with 0 < r < 1 and

2

P A

we Obtaln ||S||L°°(Bl) < ||5||L°°(B,-(X()))'
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Regularity in diffusion models with gradient

activation

In this chapter, we embark on an in-depth examination of viscosity solutions in the k-grad
sense, to
(|Du| - ©)IF(D*u) = f € L™.

Our analysis is particularly focused on seeking regularity issues for such solutions. The challenge
lies in devising analytical tools capable of discerning between the states of degeneracy and
non-degeneracy; it is worth pointing out that the degeneracy set {|Du| < «} has no structure

whatsoever.

The program initiates in Section 2.1 with the proof of the ABP estimate, venturing beyond
conventional approaches due to the absence of additional PDE information within the degeneracy
set. Our discourse offers a detailed exposition on the utilization of inf-sup convolutions, enhancing

the understanding of this critical analytical tool.

Progressing to Section 2.2, we delve into the optimal Lipschitz regularity for solutions of
both the original and scaled PDEs. This investigation is crucial, as the precise dependence of
Lipschitz estimates underpins the regularity achievements discussed in Section 2.3. Here, by
refining the solution concept, we introduce a methodology to effectively distinguish between

degeneracy and non-degeneracy phases, facilitating gradient continuity up to the free boundary.

Concluding the chapter in Section 2.4, we elucidate the connections between our model
and current research trends, highlighting the broader implications and potential applications of
our findings. This section not only bridges our work with ongoing research efforts but also sets
the stage for future explorations into the complex interplay of viscosity solutions and nonlinear
PDE analysis.
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2.1 Aleksandrov-Bakelman-Pucci estimate

In this section, we discuss the validity of the Aleksandrov-Bakelman-Pucci estimate for
solutions of 0.4. The usual estimate should not hold, as no further PDE information can be
gathered within the set where {|Du| < «}. The key idea, however, is that such information can

also be understood as PDE information.

It is worth mentioning that the ABP estimate presented here appeared in [46] for a more
general class of equations. The issue, however, is that it requires the equation to hold everywhere
in an open set, let us say, Q. The gap we fill with our proof of the ABP estimate is that the region
we only have PDE information is {|Du| > «}. A similar issue was pointed out in [48] for the

LE€-estimate.

The main result of this chapter is the following:

Theorem 2.1. Let u be a k-grad viscosity solution of (0.4) in an open domain €. Then

1
lull L) < sup u| +C (IIfIIZZ1 +K),
0Q
for a constant C = C(n, q, diam(Q), A, \).
We split the proof of this result into two parts: first, we assume solutions are C? smooth

and proceed through an approximation argument. In general, the first step is where lies the key

ideas of the proof.

To ease the presentation, let us define

I o(u) {yeQ:3¢eB\B; suchthat u(x) < {yy)e(x) in Q},
[g(w) = {yeQ:3&€ B, \By suchthat u(x) > {,)s(x) in Q},

where €, 5 (x) := a + b - x. These are the contact sets of the solution with its concave(convex)

envelope whose slope lies in the annulus B, \ By.

To bring a comprehensive proof of the ABP estimate, and taking into advantage that the

proof is modular, we will split the analysis into a few lemmas and put it all together at the end.

2.1.1 Geometric argument for classical functions

First, we begin with the geometric part of the argument, which does not require any PDE

information.

Lemma 2.1. Let u € C(Q) N C2(Q). Then,

1
q+1
L7 (7 5, (<)

+ S5k,

SUpP U~ — SUPyo U~ - (Z(q +1)|0B4]

o D IM~(D?
diam(Q) i1 ) ”(l ul — k)i (D"u)

where
_ Supg u - Supag u-
B diam(Q)
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Proof. First, we may assume r > 2k, otherwise the Lemma would be automatically true. Since

r > 2k, it holds that —u(x) = supg u~ > 0. Define the mapping F' : R* — R as
F(§) = (Il - 0)ié.
By definition of the quantity r, it follows that
B,\Ba, € Du (FZZK(—M)) . @.1)
Indeed, let & € B,\ B>, and consider the affine function ¢, £, where

h =sup{-u(y) - §&-y}.
yeQ

The constant £ is precisely the value we need to lower the hyperplane so that —u < £}, ¢ in Q and

touches —u from above at some z € Q. Observe that 7 € Q, otherwise if z € 9Q, then

IA

supu~ = —u(x)
Q

bre(X) = lre(2) +& - (X - 2)

—u(z)+&-(x—z) <supu +rdiam(Q) =supu_,
oQ Q

which is a contradiction, and so, it follows that z € Q. As a consequence,
&=-Du(z) forsomez e Q,
and so (2.1) follows. Since u € C2(Q), it also holds D?u > 0. Now, from (2.1), it follows that
\F(B,\Bay)| < ‘F (Du (F:zk(—u)))‘ . 2.2)

Let us estimate the LHS of (2.2) from below. Observe that

/ dx
F(Br \B2K)

/ | det(DF(£))|dé
Br\B2K
det (q(|-f| CeEee+ (el - mn)‘ dé

./B,.\BZK €]

'/Br\32,< (Q(lfl - K):l_q_1|é:| + (€] - K)zn) de

0B, (q(t M (1 - K)Z") "
2k

|F(Br\BZK)|

|0B|

((r =)' = k7" (26)").
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Now, let us estimate the RHS of (2.2) from above. This will be achieved through a change of

variables.

(2 (a0

/ dx:/ |det (D(F o Du) |dy
F(Du(T},, (—u)) Il (-u)

/ |det DF (Du(y))| det D*u(y)dy
F+

r,2k(_u)

A n
/ | det DF (Du(y)| (—) dy
Iﬂ:-,2k(_u) n

2 n
M~(D u)) dy.
An

IA

IA

/ |det DF(Du(y))| (
I, (-u)

r,2K

Observe now that in the set I'", (—u), we have
2k < |Du| <'r,

and so, we have
|Du| < 2(|Dul| — «)+.

Now, since ¢
DF(§) =q (Il = 0i @&+ (1] -0l 1,

we obtain by direct computations that

] n n

det (DF(¢)) = (q— +1] (1€l =07 <2(g+1) (€] - 0"
(1€] = ©)+

Thus,

2 1 n

F|Du(I'", (—u))|| < (g+1) |Du| — )I M~ (D*u)) dy.
2 +
- At

Putting all together, the Lemma is proven. O

The previous lemma is interesting in itself, but it only gives us quantitative information

whenever u solves an elliptic PDE.

2.1.2 Estimate for viscosity solutions
First, we will prove the estimate to the case where u is semiconvex.

Lemma 2.2. Let u € C(Q) be a semiconcave k-grad viscosity supersolution of (0.4). Then,

_L
q+1

L”(F:’zk(—u)) + 5k.

SUpg U~ = Supsg u” _ (2(g + DIIBI|| @ I
diam(Q) - Anpn—1

Proof. First, recall that if u is semiconcave, then it follows that

(|Du| - ©)IF(D*u) < f aein QN {|Du| > «},

D*u < Col, aein Q,
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for some constant Cy > 0. Now, let u,, be a standard mollification of u, see (appendix). It then
follows that u;, — u is locally uniform in Q. Furthermore, Du,, — Du and Dzu,] — D?uaein
Q, with D?u,, < Col,, in Q. Let

Supg u,; — SUpyo u;
diam(Q)

Iy =
Asu, € C (Q) N C%(Q), we can apply Lemma 2.1 in order to obtain

SUPq Uy — SUPs Uy _ Skt 2(q +1)|0B1]
diam(Q) - Arpnl

_L
g+1

Ln (r:q,zx(_”n)) .

@i 9 A~ (D2
) [(1Duy| = )IM™(D?uy)

Recall, from the proof of Lemma 2.1, that within F;' 2K(—u,7), it also holds Dzu,7 > 0, and so
7
|D2u,7| < Cp. Thus, it follows that

|(1Duy| = K)IM™(D?uy)| < € in PN ETE

and by dominated convergence theorem, we can pass to the limit in order to obtain

@
) |(IDu| = )IM™(D*u)

1
q+1

b
L7(7 5, (<)

SUpq U~ — SUpyq U~ < Skt 2(g+1)|0By]
diam(Q) - Anpn1

where
_ Supou —Supgou -
B diam(Q)

As the equation holds at almost every point for u, we have

1

SUpg U~ — SUpyo U~ - 2(q + 1)|0By]\ @*Dn ” LT iy
diam(Q) - A= (o)
and the Lemma is proved. O

Now we perform a regularization argument to bypass the a priori semiconcavity assumed

in Lemma 2.2.

Proposition 2.1. Let u be a k-grad viscosity supersolution of (0.4). Then, the conclusion of
Lemma 2.2 holds.

Proof. Given € > 0, we consider u, to be the inf-convolution of u defined as

. lx — y|?
= inf + .
ue(x) inf {u(y) P
It is classical that u. is semiconcave and by Lemma 2.3 below, u, solves

(IDue| - K)zF(Dzue) =fe in L,
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where

Jex) = sup f(y),
|y=x|<2V/ellull

Q. = {x e Q| dist(x, 0Q) > 2\/6||u||oo} .

Now, as u, falls in the hypothesis of Lemma 2.2, it holds that

_L
g+l

L1{1, e (ue)

+ 5k,

SUpg, e — SUPgg, Ue _ (Z(q + 1)|531|)m I
diam(€2,) - Anpn-1 €
where B )
SUPq, Ue — SUPsq, Ue
diam(€2,)
Since ue — u, fe — f locally uniform and Q. — € we can pass to the limit to have the

Fe =

Proposition proved. O

Observe that everything could have been done to the subsolution case. Nevertheless,
small modifications should be taken care and we just comment on. The precise estimate we want

to prove is the following.

Proposition 2.2. Let u be a k-grad viscosity subsolution of (0.4). Then,

1
supg ut — supyo u* 2(q + 1)|0By|\@n L
ol ~supsg i’ _ ( Tk

! + 5k.
diam(Q) Al L"(Fr*,zk(u)) .

Proof. Tt is enough to assume u € C(Q) N C2(Q) and the quantity

_ Supg Ut = supyq U . 2
diam(Q) -

It can be proved that
B, \B>« C Du (F::ZK(M)) .

The only difference is that we take

h = sup{u(y) — & -y},
yeQ
so that £, ¢ touches u from above at some z € Q whenever ¢ € B, \By,. The proof is finished

when we estimate

(2 (a0

/ dx:/ |det (D(F o Du) |dy
F(Du(T} ,, (u)) e ()

r,2k

/ |det DF (Du(y))| — det D*u(y)dy
F+

r,2x (Lt)

/ |det DF(Du(y))| (‘—A”)ndy
T+ (u) n

r,2K

IA

IA

+( N2 n
/ |det DF (Du(y))| (M) dy.
@) n

The rest of the proof follows seamlessly with f~ instead of f™. O
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2.1.3 Inf-sup convolutions

It will be necessary, to proceed with the regularization argument, to make use of the
so-called inf-sup convolutions. Given a continuous function u € C(Q) and a parameter € > 0 we

define the sup-convolution of u as

2
u€(x) := sup {u(y) _ b }

yeQ 2e

Similarly, we define the inf-convolution as

)
ue(x) = ;Ielsf2 {u(y) + x 2€y| }

It is classical, see [19], that such functions are approximations of the function u from above
and from below, respectively. Furthermore, they enjoy the property of being semiconvex and
semiconcave, respectively. When elliptic PDE information from « is available, one can carry

such information to these approximations as in the following lemma.

Lemma 2.3. Let u € C(Q) be a k-grad viscosity solution of (0.4). Then, uc is a k-grad viscosity

supersolution of
(|Duc| — K)2F(D%u) = f. in Qe

where

fex) = sup  f(y),
[y=x|<2V/ellull

{x e Q| dist(x,0Q) > 2\/e||u||oo} .

Similarly, u® is a k-grad viscosity subsolution of

Qc

(|Duf| - K)IF(D*u€) = f€ in Q,

where

fe(x) = inf___ f(y).
ly—x|<2Vellull

Proof. We prove only the supersolution case. First, observe that

— v|2 2
ue(x) = inf {u(y) + Yl } = u(x*) + e — x|
yeQ 2€e
e — x|
> —[lulleo + —5—
>l + T
and so, since u, < u,
Ix — x*|? < 4dé€ljul|e < dist(x, Q). (2.3)

As a consequence, the infimum is always attained in €.
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Now, let ¢ € C%(B,(x¢)) touching u, from below at xo with |D¢(xo)| > k. Denoting by

x, the point where the infimum is attained, then

o o —xp)?

Pl = uelxo) = ulxg) + 0
€
lx = y|?
o) < uel) <u(+ 2

for every x € B, (xo) and y € Q. Hence, these conditions together, imply that the function

lxo — xp|?

Y(x) == @(x +x0 —x5) — 5%

touches u from below at XS- Furthermore, it holds that
D¥(xj) = Do(xo) and D>¥(x;) = D*¢(xo),

and so, by (2.3),
(ID@(x0)| = K)IF (D*p(x0)) < f(x5) < fe(x0),

as desired. O
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2.2 Optimal regularity and compactness for scaled PDE’s

In this section, we will prove (optimal) Lipschitz regularity for viscosity solutions of
(0.4). This is done through the Ishii-Lions method.

2.2.1 Uniform Lipschitz estimates

This section discusses the proof of sharp Lipschitz regularity of x-grad viscosity solution

of (0.4). The main result is the following:

Theorem 2.2. Let u be a «-grad viscosity solution of (0.4) in By. Then u is Lipschitz continuous
in By 2, with universal bounds. More precisely, there exists a constant C depending only on n, A,
A & || flleo and ||ul|co, but not on q, such that

() — ()] _

sup C.

X,YEB1 )2 |X - yl

As commented, Theorem 2.2 is optimal, even in the case ¢ = 0. It is also important
to highlight that the Lipschitz bound does not depend on the degeneracy parameter, g. This is
interesting (and new) even in the case when the PDE holds everywhere in the domain. We will

further discuss this in Section 2.4.

The first key Lemma in the proof of Theorem 2.2 fosters useful bounds for barriers, to be

crafted, at maximum points of the double-variable function w(x, y) = u(x) — u(y).

Lemma 2.4. Let u be a k-grad viscosity solution of (0.4) and consider double-variable functions:

w(x,y) =u(x) —u(y) and ¢(x,y) = Lo(lx = y) + K(xI> +[y%),

for positive parameters L, K and ¢ € C*(R*) a nonnegative function. Let (X,y) be an interior

maximum point for w — ¢ such that x #y. Then,
—4¢"(Ix =YL <

2K+ 2l [(Da ) = 03+ 1Dy e )| - )]

Proof. Consider
D,¢(X,5), Dyp(X,y) € R"\B,.

From Jensen-Ishii’s Lemma [30, Theorem 3.2], there exist X,Y € S(n), such that
(IDxp(X, V)| - K)IF(X) > f(X) and (IDye(X,y)| - c)IF(Y) < f(3). (2.4)

In addition,
X 0 zZ -7

IA

+ (2K + L)I2n><2n, (25)
0 -Y -Z Z
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where Z = LD2¢(| - |) (X — ¥). Estimate (2.5) applied to vectors (&, &), provides spec(X —Y) C
(—00,4K + 2¢]. On the other hand, now choosing (7, —7), for 1 = (x = y)/|x — |, gives

(X-Y)q-1 < 4Z75-7+ (4K +20)
= 4L¢"(|x —y|) +4K + ¢
This implies that at least one eigenvalue of (X — Y) should be less than

4L¢" (|x = y|) + 4K + 2u.

Therefore,

MH(X-Y)

IA

A(n—1)(4K +21) + A(4L¢" (|x = y|) + 4K + 21)

= nA4K +20) +4aL¢" (|x - Y]).

From (1.1) and (2.4), we conclude

~[Iflleo [(IDx(® F) = )7 + (|DyeE 7)| - «) ] < MT (X -Y),

and the Lemma is proven. O

We are ready to deliver a proof of Theorem 2.2; extra care is required to keep track of all

constants’ dependence.

Proof of Theorem 2.2. The idea is to show the existence of universal positive parameters L and
K, such that
u(@) = u(y) < Lbx =y + K (IxP +1y2). 2.6)

for each (x,y) € By X By),.

Let us denote
3t — 213/2

¢(1) = — (2.7)

for t € [0, 1]. We further define
M= sup (u(x) = u(y) = Lo(lx = ¥1) = K (1x = y))
x,yeBl/z

Note that showing M < 0 yields (2.6). The strategy is then to assume that M > 0 and verify that

this implies a constraint to the size of L and K.

Let (x,y) be the point in which M is attained. Since ¢(0) = 0, we easily see that X # y.
Additionally,
Lo(F =) + K (|7 + [F7) < u(® - u(3) <2

This implies that, choosing K universally large, there holds |x — y| < 1/4. Also,

<¢'(x-3y]) <1

| =
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and thus, for L > 4K, we have

=<
4

|~

where, hereafter,
o(x,y) = Lo(lx = y) + K(Ix|* + |y[?).
From Lemma 2.4 and the fact that ¢” (|x — y|) < —1, we derive
A 1 _ — _ g

L <nZK+ |l (D20 E D] =057 + (D, 5] - )7). 2.9)

Taking in account the last two estimates, we obtain
A 1 L 4
L-n—K < — Jg [
=K < | (4 )

For L > 4(1 + k), we conclude
A 1
L<Kn—+-— 0o+ 2.10
n I 2.10)

Thus, if one selects

A 1
L > max {4(1 +«),4K, an + Z”f”oo} ,

we conclude M cannot be a positive quantity and the proof of Theorem 2.2 is complete. O

2.2.2 Compactness for scaled PDEs

In this section, we establish equicontinuity estimates for normalized solutions of
(1€ + 9Du| — k)1 F(D%u) = f. (2.11)

The main goal is to obtain estimates that are independent of ¢ € R" and of ¢ > 0.

We note that the aforementioned equation is understood in the «-grad viscosity sense for

the auxiliary function v(x) = & - x + Ju(x) with respect to the PDE
(IDv] = LFs (D) = fy, (2.12)

where Fg(M) = 9F(9~'M) and fy = 9 f. That is, saying u verifies (2.11) means that v is a
k-grad viscosity solution of (2.12). With that understood, we pass to discuss the first technical

lemma needed to obtain uniform compactness for such PDEs.

Lemma 2.5. Assume u is normalized and satisfies (2.11) with || f||co < 1. Given u € (0, 1), there

exists a constant C depending only on n, A and A, such that if

q+1
€| > k+2u and ® < Mz_c 2.13)

then
w0 el _

sup
x,y€B1/2 lx =yl
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Proof. The proof follows the lines of reasoning employed in Section 2.2.1. We will only comment

on the necessary amendments.

Consider ¢ as defined in (2.7) and

M= sup (@) = u(y) = Lo(b = ¥) = K (1x? = b))
X,yEB1 )2

Let (x,y) be the pair where M is attained and assume M > 0. First, we localize the points where

M is attained by choosing K large enough.

The auxiliary function v(x) = & - x + Ju(x) solves (2.12) in the k-grad viscosity sense,
thus we can apply Lemma 2.4 with ¢(x, y) := Lo (Jx — y|) + K(|x|? + |y|?) as to reach

A 1 __ - __ -
L <nTK+— (10D E ) +¢| - 007 + ([9D,0E5) £ - x) 7). (2.14)
From (2.13) and the estimate

max{le‘P(J_C,y)l, |Dy€0()_5,y)|} S 2L’
there holds
min{[€ + 3D (X, y)|, [€ = IDye(X,y)|} = & + p.

Therefore, from estimate (2.14), we can further estimate

A 1
L<n—K+—u9<Cu,
Tk K

forC=C (n,4,A). The conclusion is that if L > E,u“l , then M < 0, which is equivalent to the

thesis of the Lemma. O
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2.3 Regularity estimates up to the free boundary

In this Section, we establish gradient continuity for effective viscosity solutions of (0.4),
viz Definition 1.4. Some of the technical lemmas to be presented here, though, are still valid for
the weaker notion of solutions, according to Definition 1.2. We will state such results in their

more general form for future reference.

We further comment that in this section we will deal with the solutions of (0.4) for a
universally small k¥ > 0, to be chosen later in the proof. According to Remark 1.1, this is not

restrictive. The main result of this section reads as follows:

Theorem 2.3. Let u be an effective viscosity solution of (0.4) in B1. Then, there exists a modulus

of continuity o, depending on k, q, n, A, A, || f||Lip and ||ul|e, such that

(|Du| - k)4 € C*7(By 2).

We comment that the main new information given by Theorem 2.3 is that « is uniformly
in ClloC in Q,,, up to the free boundary I';;; a non-trivial result, as no information can be retrieved
from the local structure of I';,. Throughout this section, we shall obtain a slightly stronger result,

from which Theorem 2.3 follows as a consequence. We state it here for future reference.

Proposition 2.3. Let u be an effective viscosity solution of (0.4). Then, given 0 < u < 1, there
exist constants o, € (0,1) and C, > 0, depending only upon n, q, A, A, || f||Lip, llull and u,
such that

|(|Dul - (x +/l))+||c0’“u(31/2) < Cy.

Critical to Proposition 2.3 is the fact that, while the Holder exponent @, may degenerate
as u — 0, the estimate is local, i.e. holds within By, and not only in the region where the PDE

drives the system.

The proof of Theorem 2.3 will be divided into two main steps: given 0 < u < 1, we slice

Q, as follows
Qu:{XEBl|K<|Du|<K+/,L}U{X€Bl||Du|>K+/,t}.

At points u-close (in the sense of level set of |Dul) to the free boundary I',,, we employ a De
Giorgi based argument to get improvement of oscillation for functions of Du, which corresponds
to subsection 2.3.1. At points u-far away from the free boundary, the equation is uniformly

elliptic, so one can proceed with an approximation argument.

2.3.1 Improvement of oscillation near the free boundary

Hereafter in this section we assume the source term f to be a Lipschitz continuous
function. Note that if u is an effective viscosity solution of (0.4), then it is locally of class C!® in
{|Du| > «}.
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Lemma 2.6. Let u be an effective viscosity solution of (0.4) with f € Lip(B,). For a unit vector

e € 0By, consider w to be defined as
W = (Oert = (K + )+

Then, w satisfies
M (D*w) +q ™ | flleol DW] > =1 || £l Lip,

in the viscosity sense in Bj.

Proof. To ease notation, let G be defined by G (&) = (|¢] — k)?. Notice that for |£] >

IDG(9)] < q(1€] - )17 (2.15)

Differentiating the equation with respect to e € 9B inside the open set {x € B | w > ()},

we obtain
DG(Du) - D(8eu) F(D*u) + G(Du)Fij(D*u);j (deut) = e f -

Taking into account that F(D?u) = f[G(Du)]~" and dividing the above equation by G(Du) we
get
DG(Du) - D(0e) [G(DW)] > f + Fyj(D*u)3;(deu) = 0e f [G(DW)] ™. (2.16)

Now, from (2.15) and the fact that
{x € By |w(x) >0} C {x € By | |Du(x)| > K+/.l},

we obtain

DG (Du) - D(8,u)[G(Du)]™* f

IA

I flleo [G(Du)]~* IDG(Du)| |D(8eu0)]
g™ | flleo |D(Bew)|

g~ I flleo 1DW.

IA

Moreover, by definition of G, we have
0cf [G(DW)]™ = =D flleo ™.
Hence, ellipticity of F' yields
g1~ flloo IDW]+ MF(D?W) 2 =D flloos (2.17)

as desired. O

Next, we obtain an oscillation improvement of the gradient, away from (but arbitrarily
near) the free boundary I';,. In order to ease presentation throughout this section, we adopt the

following notation for a vector e € dBj:

We = (Beu — (k+ ) and  wy = (|Du| = (& + p))+
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Lemma 2.7. Assume u is an effective viscosity solution of (0.4), with f € Lip(B,). Assume that
for some 17 > 0, there holds

Sgg [{x € Byg | we > (1 =)llwullz=s,0}| < (1 =) By (2.18)
e€dB,

Then, there exist parameters ¢, depending only onn, A, A\, q, i, || f ||, and 6, depending on n, A,
and A, such that

el _ 1.\!
IwmllL=B,,) < max {(1 —en'? DNwmllLe(s,) > (CUQH) ”f”Lip} .

Proof. Let us call
A = {xEBl/8|we > (l—n)d}.

Easily one notes that

W= Iwarlleo = we = 0,

where ||[wuyllew = [WumllL(8,,,)- Combining Lemma 2.6 and the weak Harnack inequality, see

for instance [51, Theorem 4.5], we obtain

W05, < € (g/fgm ||f||L,~p) ,

for some 0 = 6(n,A,A), and C = C(u, || fles 11, 4, A, q). From the last inequality and (2.18), we

obtain
170 1/6
/ wlax| =>c! (/ (||WM||oo—We)0dx) ,
Bl/8 Ac

_ _ 1 1
W+ fllLip 2 CHA T nlwnlleo = cin? nllwalleo,

— -1
w [ flleip 2 C

and thus,

for some ¢ = ¢1(y, || fleos 11, 4, A, g). This implies that

walles = we = 17 waslleo = [1£1lLips
which translates into
watlles = we = c1n 7 Iwalleo = 1 fllip  in Bijs. (2.19)
Next, we split the analysis into two cases. First, we assume
e Iwalleo = 211f lLip.
By (2.19), we have

1
We < (1 - '72 ) Iwmllo in Byys,
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and hence,
— 1l
Iwallzea, g < (1=277*) Iwulle
Next, we assume that
141
e wplleo < 20 fllzip-
From this,
-1
— 14
Iwatllzoa, g < Iwalleo < (en7*) 1 £lip

The proof is complete. O

Iterating the previous Lemma in dyadic balls we obtain the following:

Proposition 2.4. Assume u is an effective viscosity solution of (0.4) and let u,n be positive

constants. For some integer k > 0, we assume that the following holds

sup {x € By-qisn) | we = (1 - n)llelle(Bzfzi)}‘ <(l1-n) |Bz—(2i+l)
e€dB,

foralli=1,--- k. Then, there exists constants C > 0 and a € (0, 1), depending only on u, n,
Il fllLip> 7. A, A, g such that

IWall o, ) < max (||Du||Lm(Bl/4),6) 2-2(i-Da.

foralli=1,...,k+1.

Proof. We argue by induction. Case i = 1 is obvious. We assume that Proposition 2.4 holds for
i = k. Let r = 272~ and consider

u-(x) =u(rx)/r.
Easily one notes that w solves (0.4), for F,(M) = rF(r~'M) and f,(x) = r f(rx). In addition,
[ € Baaicr e = (L= m)lwllo (s, o) |

b

= 27200 [y € By g | (Bt (x) = (k+ )y = (1= 1)d}

where
d = |[(|1Duy| = (& + 1)) sl oy y) = Wntll o (8, )-

Hence, u, is under assumptions of Lemma 2.7. Therefore,
11Dt = (K )l o (3, 10y <
max (1= 210D = ()l (7))
From this,

Watll o (8, 01y <
1 Lol (2.20)
max {(1 - 5775+1)||WM”L°°(82721<)’ (Enaﬂ) 2_2(k_1)||f||Lip} )
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In what follows, we choose
—1In (l - 5775“)
21n2

Hence 1 - n%“E = 272¢_Utilizing the result for i = k, we obtain

@ =

Val -2k
Iwull o (3, ) < max (I Dullzos, 0, C) 2724,

which completes the proof. O

2.3.2 Regularity estimates far from the free boundary

In what follows, for a given u € (0, 1), we denote
pte
2C°

where C > 0 is the universal constant given by Lemma 2.5.

vy, =

Lemma 2.8. Let u be a solution of (2.11), under the conditions
€ (0,9,), and €] > k+2pu.
Given &€ > 0, there exists ¢ > 0 depending on &, u and q such that, if
max (Jlulle, s~ fll) < 1,
then, there exists a k-grad viscosity solution to
F(D*h) =0 in {|{Dh| > &} N By, (2.21)
with F satisfying (1.1), such that

lu = hllL=B,),,) < &.

Proof. Let us assume, seeking a contradiction, that the thesis of Lemma fails. That is, for some

go > 0, there exists a sequence

(uk9ﬁk9§k’ gka fka Fk)kEN’

where uj 1s a normalized solution of (2.11), according to Definition 1.2, with the corresponding

parameters given above and
sk =o(l),

as k — oo; however,
|uk - hl > &0 in Bl/2, (222)

for all & satisfying (2.21). From Lemma 2.5, we have

|Dugllp=(B,,) < Cu™.
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From this, and the fact that 9y < ¥, and |£x| > k + 2u, one has

|Fi(D*ur)| < [l filloo (1 + O Duge| = )7 < ™.

Now both Fj and uy are uniformly bounded and equicontinuous, hence, up to a subsequence,

Fy — F and uy — u locally uniformly. By stability u, solves
Fo(D*us) =0 in By,

in the «-grad viscosity sense. This leads to a contradiction on (2.22) for k > 1 large enough. O

The previous Lemma gives proximity to functions that are x-grad viscosity solutions, and
thus only entitled to local Lipschitz regularity. Next, we show that those functions are actually
close to C!*® functions.

Lemma 2.9. Given € > 0, there exists small positive parameters k and ¢, depending on n, A, A
and € such that if

max ([l 7" [1f1l) < 1.

and u is a k-grad viscosity solution to
(IDul = K){F(D%u) = f,
then, there exists h € C1* with universal bounds satisfying

sup lu —h| <€
B2

Proof. Assume, seeking a contradiction, that the Lemma thesis does not hold true. This means
there are sequences u, Fi, fx, Sk, kx With k; and ¢ converging to zero, such that uy is a k-grad

viscosity solution to
(IDug| — ki) LFr(D*ug) = fi

but

sup |ug — h| > €,
Bz

for some €y > 0 and every & in the set of C'** functions (with universal bounds to be set a

posteriori).

Since ¢ — 0, we have f; — 0. As ||lug||l < 1, Theorem 2.2 yields equicontinuity, and
thus, up to a subsequence, we can assume u; — U . Passing a further subsequence, if necessary,

F — Fu, and, by stability, u. is a 0-grad viscosity solution to
|Dttoo]? Foo (D*t0) = 0.
Notice that since the equation is homogeneous, 1 solves

|Dttoo]? Foo (Do) = 0,
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and by [47, Lemma 6], there holds
Foo (D) =0

in the classical viscosity sense. The contradiction follows as in the proof of Lemma 2.8. O

Next, we use iteration arguments to obtain the following result.

Proposition 2.5. Let u be a k-grad viscosity solution of (0.4). There exists constants pg,y € (0, 1)
depending on n, A, A, and small positive constants ., 1y depending only on u, n, A, A and q,
such that, if

I fllo <60, and |u(x)—(£-x+b)[ <70 in By,

for some & € R", such that
k+3u < |,

then, for each positive integer k, there exists an affine function
O = &k - x + by,

such that

k-1 k-1)(1
1§k = Ek—1] < CTop(() )7, |by — br_1] < CTop(() )(1+y)

and

(k=1)(1+y) .
lu —t| < 10p, in Bpéc—l,

for some C > 1 depending on n, A, A.

Proof. We argue inductively. Case k = 1 follows from the assumptions, taking &y = &1 = € and
bo = by = b. Assume that the thesis of the Proposition holds for k£ = j. Define the following

function -
(=) (P y)
(J=D(1+y)
0

u;(y) = in Bj.

T00

Note that u; solves
(1€ + Top(()j_l)yDuﬂ - K)ffFj(Dzuj) = f; in By,
where
Fi(M) = To—lp(()j—l)(l—y)F(Top(()j—l)(v-l)M) and f;(x) = péj_l)(l_y)Talf(pé_lx).

From the induction thesis, kK = j, we have ||u;||. < 1. In the sequel, we make the following

choice

4C
In addition, take ¢¢ sufficiently small, such that

1
70 < min {—,u, ﬂ#} . (2.23)

-1
”fj”oo <7 S0=6,
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where ¢ is given by Lemma 2.8, for & = pé” /2. Additionally, from (2.23)

J J oo
& =1y 1.1
; |&i = &1l < CTO;PO < CTO; 7 S gH

provided pg < 1/2. This implies that

J
€)1 > 1€l = > 16— &l = k+ 2,
i=1

In view of these estimates, we can apply Lemma 2.8 for u; in combination with Lemma 2.9, as

to obtain the existence of a (1, A)-harmonic function /4, such that

pl+y
0
luj = hllL=s,,) < —5—

2
Since 4 is universally bounded, we apply classical regularity estimates, to obtain

|h(x) = Dh(0) - x — h(0)| < C'|x|™**"  for x € By,
/

for constants C’ and @’ depending upon n, A and A. Therefore, selecting

12 d i 1y (2)
= < — —_
y=a'/2 and pp < min > e ,

|h(x) = Dh(0) - x = h(0)] < py*"/2, for x € By,.

we obtain

By the triangle inequality,

lu;(x) = Dh(0) - x = h(0)] < p,*", for x € Bp,.

Finally, we define
Civ1(x) =€ (x) — Top(()f“)(”ﬂg(pau—l)x)

where £(x) = Dh(0) - x + h(0). Hence,

i(1+y) -
u—0Cii] < 100" inB j,
| ]+1|— 0P Pé

which completes the proof. O

Corollary 2.1. Under the assumptions of Proposition 2.5, there exists a constant C depending
only on n, A and A, such that

|Du(x) — Du(0)| < 7oC|x|?,

for each x € By ;.
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Proof. Recall that
k1€t = &kl + 1bist — byl < 2CTopt ™7, (2.24)

implies that sequences &; and b converge. Labeling,
klim ¢y =¢0, and klim bir = boo,
from (2.24), we obtain

CT()
ew =&kl < T-py’ and [be = bi| <

Cto  ra
- po( +7)-
— PO

Next, given r < 1, consider integer k£ > O such that pg” <r< pg. Hence, denoting
loo(X) = oo - X + Do,

we apply Proposition 2.5, obtaining so

1 (x) = loo (X)] < |u(x) = Ee(X)] + [€k (%) = Lo (X)] < 0

(1+ 2€ )r1+7,

L4y 1= po

0

foreachx € B ok This implies that

sup |u — €oo| (x) < T0Cr!*.

X€EB,

and some constant C = E(n, A, A). Therefore,
|u(x) = €oo (x)] < T0Clx|"*?,

for x| < 1. Notice that if we make x = 0 we get b, = u(0). Furthermore, for s < 1 we get

u(se;) —u(0)
s

— &€l < 19Cs7.

where e; is a n-dimensional canonical vector. Passing to the limit when s — 0 we obtain that

€ - i = 0p,u(0) forevery i = 1,--- ,n, and so ées = Du(0). Therefore,
|u(x) = u(0) = Du(0) - x| < 7Clx|"*7,

for |x| < 1. In particular,
|Du(x) — Du(0)| < 1oClx|”,

for x € By>. O
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Proof of Proposition 2.3

First, for r < 1/2 and xo € Bj/4, we define
1
uy(x) = —u(xp +rx),
r
for x € By. Note that we have
|Durl|L=B,,,) < [[DullL=,,) <C, (2.25)

where the last estimate is due to Theorem 2.2, for some C depending on dimension, ellipticity

and || f||«. Additionally, we observe that u, solves
(|Du,| — K)?F.(D*u,) = f, in B

for F,(M) = rF(r~'M) and f,(x) = r f (xo + rx). Next, consider

1
ri= 60
L+ (| flleo

for ¢p as in Proposition 2.5. In the sequel, let
we = (Duy - e = (k+p))+ and  wy = (|[Duy| = (k + p))s+.

Let 7 € (0, 1) to be chosen later. Define i, € N to be the smallest parameter i such that

sup Hx € By-qis) |we > (1- 77)||wM||Loo(3272i)” >
eEﬁB]

(1 =m)|By-cin].

If i, = oo, Proposition 2.3 follows directly from Proposition 2.4. If, on the other hand, i, < +oo,
for constants C > 0 and a € (0, 1), there holds

warll (s, ) < C2720709, (2.26)
foralli=1,2,---,i,. Thus, we can estimate
||WM||L°°(BZ_2,.) < ”WM”LOO(BZ—ZL'*) < C27Hix"ha ¢ ypia

fori =i, +1,---,2i. From the definition of i, there exists at least one direction e € dB; for
which
Hx € Byt | we > (1 - n)||wM||Lm(Bz_2i*)H > (1= 1)|Byosinat].

Therefore, for
V(x) = 22 (4, (2727 x) = u, (0)) for x € By,

we have that

[{x € B1 | (37 (x) = (k+ )+ = (1 =m)du}| = (1 =n)|Bul,
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where dy = |[(0.v(x) — (k + 1)) +|| 1= (B,)- Additionally, by (2.25) there holds

|IDV| < k+u+dy <C and v(0)=0.

Considering € = 79/C and applying [29, Lemma 4.1], we choose 1 (depending only on the choice
of €) to find (&, b), such that

€l =k+pu+de and |[v(x)—b-&-x| < e(k+u+dy) <1
We can now apply Proposition 2.5 to obtain
|Dv(x) — Dv(0)| < Cy|x|”
for x € By/. Recall that for x € B,-2,-> we have
[war () = war (O)] < |DF (2%+*1x) = DT (O),

and thus
lwar(x) = wy (0)] < C1277,

for each x € B,-2 andi > 2i, + 1.
We are ready to conclude the proof. Setting
C’=8max{C,C;} and @= %min{a/, v},
we conclude
1(Du)] = (6 + @) = (1Duxo)] = (k4 1)l ey S €272,

for every i € N. Given x € B,(xp), we take integer j > 0, such

r2720+) < |x = xo| < 127,
This implies that

272/ (4|x —x0|)a_

r

We then obtain

(IDu(x)| = (k + 1))+ = (IDu(x0)| = (k + 2))+| < C"|x = x0|%,

forx € B,(xo), and constant C” > 0 depends upon u, g, n, 4, A and || f||c. Forx € By2 \ B, (xo),

we estimate

IA

|(1Du(x)| = (& + p)+ = (|Dulx0)| = (k + p))+| 21D ||z (s,)

C lx —xo|”

IA

where C is another constant that depends only on u, ¢, n, 4, A and || f||«. Since xo was taken

arbitrarily, the proof of Proposition 2.3 is finally complete.
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Concluding the proof of Theorem 2.3

Recall that u is an effective viscosity solution of
(IDul = ©){ F(D*u) = f.
By Theorem 2.2, we have ||Du|| < C, for a positive constant
C=C(n, A, Ak lulloo, | f1leo)-

By Proposition 2.3, given any p > 0, there exist constants C, > 0 and «,, € (0, 1) depending

upon u and universal data, such that:
I(1Dul = (6 + )+l o ) < Ca
To ease notation define
vu(x) = (|Du(x)| = (k + )+ and  v(x) = (|Dul - «)+
By triangle inequality we can estimate:
@) =v)l < vu) =v@)l+ vu(y) = v+ v (x) = v (y)]
< 2u+Cylx — y|o®),
for every u € (0, 1). Since such an estimate holds for all u > 0, we obtain
v(x) —vWl < o(lx - yD,

where
£) ;= min {2u + C,t*WY},
o (1) J&%f‘l){ p+ Cut™H}

It is easy to see that o, as defined above, is indeed a modulus of continuity and that Du is

o-continuous within the region {|Du| > «}.
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2.4 Connection to other trends of research

In this section, we will bring a comprehensive discussion on how our very general

problem intersects with other trends of research.

2.4.1 Unconstrained free boundary problems

Initially we revisit the theory of unconstrained free boundary problems, as in the work of
Figalli and Shahgholian, [43].

Let © be an open set of R” and w € W>?(B;) be a viscosity solution of

F(D>w)=1 inB NQ
|ID*w| < K in B \Q,

where F is convex and uniformly elliptic. The main result proven in [43] is a sharp C!! regularity
of solutions. It is worth comparing such an improved estimate with the results of [64], where

CHlog-Lip reoylarity is proven for F(D?u) = f € L™; see also [21] for related results.

Theorem 2.2 can also be viewed as an unconstrained free boundary problem; the first-order

counterpart of [43]. More precisely, solutions of

F(D>w)=1 inB NQ
|IDw| < K in B1\Q,

are K-grad viscosity solutions in the sense investigated in this paper. In particular, in the case
of linear equations, say F = A, Theorem 2.2 applied to w, implies the sharp C!-!-regularity of
unconstrained free boundary problems at the hessian level. Furthermore, Theorem 2.3, applied
to w,, yields to the existence of a modulus of continuity o such that D*w € C%“ ({|D?*w]| >
K} N Byj).

2.4.2 Flame propagation with an obstacle

Singularly perturbed PDEs of the flame propagation type have received warm attention
since the pioneering work [11], see for instance [6, 15,23,26,52-54,56,63] and references therein.
For free boundary problems driven by operators in non-divergence form, introducing a heavy
penalization term, B, (u), allows for an existence theory, as long as one can obtain strong enough

estimates that are uniform concerning the regularizing parameter €, see for instance [7,31,49,60].

Typically, B¢ is an approximation of the Dirac delta function, §¢, in L'. One can think of

S

pets) = =8 ().

where 3 is a fixed, smooth function with bounded support. The main goal is to obtain uniform-in-€

regularity estimates for # and its free boundary.
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Here we are interested in a new type of flame propagation model, which carries activation
fronts. Mathematically this gives raise to a free boundary problem of the singularly perturbed
type for which the jump discontinuity happens along the coincidence set A, := {u. = ¢}, fora

given obstacle function ¢.

The starting point of this program is to prove that solutions are uniformly-in-€ Lipschitz
continuous, provided the obstacle, ¢, is Lipschitz. This is the result we discuss here as the final

application of the methods introduced in this paper.

Hereafter u. denotes a viscosity solution of the PDE

F(D?ue) = Be(ue — ¢), (2.27)

with ue > ¢ and ¢ € C%1.

Existence of minimal solutions

We dedicate this section to discuss the existence of minimal solutions to

F(D*u) = Be(u - ¢),

with ¢ € C%!. From [60], it is clear that the diffusion operator F could be more general. We will
keep it as it is to ease the presentation.

We also point out that the Classical Perron method cannot be applied directly due to the
lack of monotonicity in the variable u.

Theorem 2.4. Let g € L®(R) N C*(R). Assume F is a (A, A)-elliptic operator and that
F(D*u) = g(u — ¢) admits a Lipschitz viscosity subsolution u, and a Lipschitz viscosity
supersolution u* such that u, = u* =¥ € CY(9Q). Define the set of functions,

F = {w € C(Q) | us <w <u* andwis a supersolution to F(D*u) = g(u — go)} .

Then,

v(x) = virelg__w(x)

is a continuous viscosity solution to F(D*u) = g(u — ¢) and u = ¥ continuously on 0.

Proof. The proof is a small adaptation of [60, Theorem 2.1]. By Lipschitz continuity of g, let
6 > 0 be such that |[Dg| < 6/2. Define h(z) = 8z — g(z). Given a Lipschitz function f, define

Glu] = F(D*u) — 6(u— ) + f.

Now, G ¢ is a uniformly elliptic operator and strictly monotone in the variable u. By Classical

Perron’s method, one obtains the existence of solutions to

Grlul =0 in Q
u=Y in 0Q.
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By classical regularity theory, u € C'¥(Q) with a estimate depending on the parameters. We

will now iterate this argument. Set ug = u. and let u;| be the solution to
Gy lul =0 in Q
u=4Y in 092,

where fi(x) = h(ur(x) — ¢(x)). Observe that

Gplul = F(D*u)—0(u—)+h(uo—¢)=F(D*u) — h(u—¢)+h(ug— @) - g(u - ¢),
Grlul = F(D*u)-0(u—¢)+h(up—¢) =Gy [u] + h(ur — @) — h(ug-1 - ¢),
G*[u] = F(D*u)—0(u—-¢)+h(u* —¢)=F(Du)—h(u-¢)+hu*—¢) -gu-e),

G*[u] F(D?u) = 0(u = @)+ h(u" =) = G [u] + h(u” = @) = h(ux - ¢).

The proof is done once we show the following claim.

Claim: The sequence {uy }ren is increasing in k and satisfies u, < u; < u* in Q for
every k € N. Indeed, assume the claim is true. Recall that u; is an uniformly bounded sequence
that satisfies

|F(D?ui)| = 10(uk = ) + fia1] < C(60, @, llualloo, 14" [10),

and thus are bounded in C%! with a universal estimate that does not depend on k. By Arzeld-Ascoli

theorem, it converges through a subsequence, and so
Gplu]l = Glu] = F(D*u) —0(u—¢)+h(u—¢) as k — oo.
By the claim, we can define the pointwise limit v(x) = limg_, ux(x), and we get that v solves
F(D*u) = g(u-¢),

in the viscosity sense. Comparison principle allow us to show that v is actually the least
supersolution, that is

v(x) = inf w(x).
weF
Now let us get back to the claim. We will show, by induction, that u; < uj4 for every k € N. By
definition of G f, and our assumptions, it holds

Gfo[ul] =0< Gﬁ)[uo]

in the viscosity sense. Comparison principle thus implies that #y < u; and the case k = 0 is done.
Assuming it holds up to k, that is uz_; < uy. Since h’ > 0, we have h(ui—1 — ¢) < h(uy — ¢),

and so

Grlul = Gy lur] +h(ur — @) = h(ug-1 — @)
> Gfk—l [ur] =0.

Hence, G, [ur+1] = 0 < G5, [uy] and by the comparison principle once more, u; < uj.1. The

same could have been done to show u; < u* for every k € N and the Theorem is proved. O
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The purpose of the previous theorem is to ensure that the problem

F(D*u) = fe(u—¢)  inQ

u=Y in 0Q2,
has a solution for every € > 0. When ¢ = 0, an application of the ABP estimate, see [60, Lemma
2.3], leads to u > 0, so it would be natural to expect that our solutions satisfy u > ¢. It turns out

that this i1s not a straightforward task as we need to force the obstacle ¢ to satisfy differential

inequalities. Nevertheless, if we can assure the existence of functions u., u™ > ¢ such that
F(D?u,)=c. inQ F(D*’u*)=0  inQ

U, =¥ in 0Q, u* =¥ in 0Q,

then it follows, by classical regularity estimates, u*, u, € C%!, and thus an application of Theorem
2.4 leads to the desired.

Theorem 2.5. Let Q C R” be a Lipschitz domain and ¥ € C'Y (0Q). Then, for each € > 0, the
problem

F(D*u) = Be(u~¢)  inQ

u=Y in 0Q,

admits a minimal solution u. € C(Q).

Proof. Let ¢, = ||¢|| and ¢ = sup Be. By classical Perron’s method, consider u1 and u; to be

the solutions to

F(D*u))=c. inQ F(D’u)=0 inQ
ur =¥ -c, in 0Q, up =% -cy in 0Q.

Assuming ¥ — ¢, > 0, applying the classical ABP estimate we get that both u; and u; are

nonnegative. Now consider u™ = uj + ¢, and u, = us + c,. They solve

F(D*’u*)=c. inQ F(D?u,)=0 inQ
u=v in 0L, u, =¥ in 0Q,

and, by the comparison principle, u* > u,. Furthermore,
U = U2+ Cp 2 Cyp 2 .

By classical regularity estimates, both u, and u™ are Lipschitz, and by Theorem 2.4 we can find a

minimal solution u, to our problem between u, and u*. O

We remark that the minimality of the solutions is not used in the proof of Lipschitz

estimates. This will be important when trying to prove nondegeneracy estimates.
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Lipschitz estimates

The most important step, to analyze the limiting problem as € — 0, is to obtain Lipschitz
estimates independent of the parameter e. It is clear that such family u, is in C-?, but the estimate
is not uniform in the parameter €. As pointed out in [60], uniform-in-e Lipschitz estimates are

sharp.

Theorem 2.6. Given Q' € Q, there exists a constant C’ such that any bounded family {u¢}eso of
solutions of (2.27) satisfies

||DME||L°°(Q’) < C'(n,A, A, B, [¢lcor, Q).
Proof. The key feature of the model is its distinct behavior within the regions
Q= N{uc—p<e} and Qy:=Q N{uc—¢ > €}.

By means of a standard covering argument, we can restrict the analysis to the case = B; and
Q' = By).

Case I: Let xo € Q be fixed. We will prove the existence of a constant Ci > 0 that does not

depend on € > 0 such that

|Dl/t5(x0)| < Ci (l’l,/l, A’ﬂ’ [‘p]COJ) .

For that, define the auxiliary function, v: B, — R, as:
V(Z) = E_l [ME()C() + €Z) - uE('XO)] .

Direct calculations show that v solves

F.(D*v) = B(v - §),

in By, where 3(z) := € ' (¢(xo + €2) —ue(x0)) and F.(M) = eF (e ' M). Note that the equation
for v is uniformly elliptic and therefore Lipschitz estimates are available. In particular, we can
estimate

|Due(xo)| = |Dv(0)| < Clviiz=(8s)-

for a constant C > 0 depending only on n, A, A and || 8| -
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Now we turn to get uniform (in the parameter €) estimates for |[v|| .~ (s, Recall that
since ue > ¢ and ue(xg) — ¢(xo) < €, we get for z € By,

v(z) = € Muelxo+€z) —ue(xo)]

\%

e e(xo + €2) — ¢(x0) — €]

> —e Yp(xo+€2) — p(xo)| - 1
> —[plcorlz] =1
> -2 ([go]co,l + 1) = —K

Harnack inequality applied to the non-negative function w := v + k > 0 yields

C (w(0) + 18l ~®))

IA

sup w
B3

IA

C (k+1BllL=(w) -
Combining all such estimates we finally end up with
IDuell L~ < K.

for K depending on n, A, A, || 8|« and [¢] 0.1

Case II: The estimate for xg € Q5.

We simply note that, because of the estimate obtained in Case I, u. satisfies
F(D*u) =0 in {|Du.| > K}.

Theorem 2.2 then gives the desired local Lipschitz estimate, independently of the parameter
e > 0. O

It is worth pointing out that after we get the estimate as in Case I, then the same barrier
construction as in [60] would work. This proof, however, is way shorter than theirs. The idea
behind it is, somehow, reminiscent of the doubling variables technique presented in this thesis.
Once it is known that the estimates hold at some region, it can be used to push the points of

maxima away from this region.

2.4.3 PDE models with infinite degree of degeneracy

Next, we would like to discuss connections with limiting free boundary problems,
obtaining when the degree of degeneracy tends to infinity. More precisely, let us look at the

non-variational g-Laplacian equation:

|Dul’F(D*u)=f in B, (2.28)
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This model has received warm attention in the last two decades, see for instance [5,13,32,37,38,47]

and references therein.

The type of results we are interested in the section are uniform-in-q regularity results.
The first result of this type in this thesis is described in Section 2.1. More precisely, if x = 0, then
Theorem 2.1 says that solutions of (2.28) satisfies

_L
lullo(syy < sup lul + CIFI S
0B,

for a constant
1

C=o ((1 + q)<1+‘1>") .
If, say, u has a fixed bounded boundary data g (to successfully assure existence) and taking into
account that

1

lim (1 + g) @™o =1,

q—)OO
then we obtain that solutions to (2.28) are uniform bounded in the parameter g € [0, +o0].

It is important to mention that this estimate, with precisely the same dependence as ours,

was obtained in [10].

Uniform-in-q Lipschitz estimates

The prime goal we want to achieve is to analyze the limiting problem as g — oo, and to
do so, we need compactness. First and foremost, solutions are bounded, depending only on the

boundary data and RHS, so we may assume they are normalized.

An important Corollary of the analysis carried out in Section 2.2.1 is the following sharp

regularity estimate:
Corollary 2.2. Let g > 0, f € L*(B1), and uy be a normalized viscosity solution of
|Duy|'F(D?u,) = f in By.

Then, there exists a constant C, depending only on dimension, ellipticity, and || f||p~(p,), but
independent of q, such that
|Dugllr=(s,,) < C.

An equivalent way, by applying directly our results, is to observe that
F(D*uy)=f for f=f|Du,|™

in the viscosity sense, and | f|e < |f|e Within {IDuy| > 1} (or, in the 1-grad sense), and thus
entitled to Theorem 2.2. Therefore, solutions are bounded in C%! (B, /2). It is worth pointing out
that to get to the limiting problem, C° compactness is enough, This can be achieved by the same

argument with the regularity results from [48].
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Uniform-in-q Gradient regularity

It is well known that solutions to the nonvariational g-Laplacian are in C-%, for some

ag < ﬁ The counterpart of every regularity estimate for this problem, however, is that the
q

estimate degenerates as ¢ — oo. Here, we provide a regularity result that allows us to pass to the

limit when g — oo.
Theorem 2.7. Let ¢ > 0, f € Lip(By), and ugy be a normalized viscosity solution of
|Duy|'F(D*u,) = f in By.

Then, given 0 < u < 1, there exists constants 0 < a, < 1 and C, > 0 depending on data, 1 but
independent of q such that

1(1Dug] = (1 + @)l o, < C

The rationale to prove this result was already presented in Section 2.3.2. As a courtesy
to the reader, explain the main differences and the adapted proofs whenever it is necessary. A

careful analysis is needed to ensure everything is uniform in the degeneracy parameter q.

The first, and important, step is the (uniform-in-q) Lipschitz estimates, as Lipschitz
rescalings will be used in the proof. As before, a compactness estimate for scaled PDEs will be

necessary and we shall use the following version of Lemma 2.5.

Lemma 2.10. Assume u is normalized and satisfies
1€ +9Du|F(D*u) = f with ||fl]le < 1.

Given u € (0, 1), there exists a constant C depending only on n, A and A, such that if

€| > 1+2u and 9 < % (2.29)
then
p 10 0 _

x,y€Bj )2 lx — ¥l

Proof. Consider ¢ as defined in (2.7) and

M= sup (@) - u(y) = Lo( = ¥) = K (1x = b))
x,y€B|/2
Let (x,y) be the pair where M is attained and assume M > 0. First, we localize the points where

M is attained by choosing K large enough.

We can apply Lemma 2.4 (with « = 0) with ¢(x,y) := Lé(Jx — y]) + K(Jx|> + |y|?) as to
reach A .
L<nTK+ (|19Dx<p()_c, ¥) + €79+ [9D, (%, 5) - §|‘q) . (2.30)
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From (2.29) and the estimate

max{|D.¢(X, )|, [Dye(x, )|} < 2L,

there holds

Therefore, from estimate (2.30), we can further estimate

A 1 —
L<n—K+—(1+u)y?<C,
n—K+ 1+ <
for C = C(n, A, A). The conclusion is that if L > C, then M < 0, which is equivalent to the

thesis of the Lemma. O

It is worthwhile to mention, although not important to the subsequent analysis, that the
previous Lipschitz estimates do not depend upon the parameter u € (0, 1). The one obtained in

Lemma 2.5, however, not only depended on u, but was blowing up as g — oo.

Following the program developed before, we need to prove some sort of regularity
estimates near and far from the free boundary. It is important to observe that, at this point, there
is no free boundary as in (0.4). A preliminary analysis unveils that the free boundary, in the
limiting problem, will be as if k = 1 in (0.4). That explains, in some sense, why we are proving

Theorem 2.7 that way.

The first step of the dichotomy to be obtained further is to prove a version of Proposition
2.4, which reflects the estimates near the free boundary. We recall that, given a vector e € dBj,
we define
We = (Bt — (1 + ). and  wy = (|Dul = (1 + p))s.

Proposition 2.6. Assume u solves
|Dul?F(D*u)=f in B,

and let u,n be positive constants. For some integer k > 0, we assume that the following holds

sup |(x € By [ we > (1— n)||wM||Lm(Bz_2i)}‘ < (1-1)|By-cn
e6631

foralli=1,--- k. Then, there exists constants C > 0 and a € (0, 1), depending only on u, n,
I fllLips 7, A, A, such that

”WM”Loo(BZ_zi) < max(||Du||Lw(Bl/4),6) 2—2(1’—1)(1,

foralli=1,...,k+1.
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The proof of this proposition is exactly as the proof of Proposition 2.4 with k = 1. The
only difference is the equation we apply weak-harnack to, which comes from a version of Lemma
2.6, which is when we make x = 0 and change u by 1 + u. We remark that it will be independent
of the parameter g because

q

m—)() as g — 0.

Now we proceed to obtain regularity estimates far from the free boundary. In what follows, for a
given u € (0, 1), we denote
9, =
S Tok
where C > 0 is the universal constant given by Lemma 2.10.
Lemma 2.11. Let u be a solution of

& + 9Du|'F(D%u) = f, (2.31)

under the conditions
# € (0,9,), and €] >1+2pu.

Given € > (0, there exists ¢ > 0 depending on &, u such that, if
max ([[ulles 1/ llo) < 1.
then, there exists a viscosity solution to
F(D*h) =0 in By, (2.32)
with F satisfying (1.1), such that

lu = hllL=B,,,) < &.

Proof. The proof is essentially the same as the proof of Lemma 2.8, except that the parameter ¢
needs to vary. Let us assume, seeking a contradiction, that the thesis of Lemma fails. That is, for

some & > 0, there exists a sequence

(ﬁka Sk Qk, é‘:k9 Uk, fk’ Fk)keN H
where uy is a normalized solution of (2.31), with the corresponding parameters given above and
sk =0(1),

as k — oo; however,
|uk - hl > &0 in Bl/2= (233)

for all A satisfying (2.32). From Lemma 2.10, we have

|DukllL~(5,,) < C.
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From this, and the fact that 9y < ¥, and |£x| > 1 + 2y, one has
|Fe(D*ui)| < Il filloo 1€k + O Duage] ™% < gpe(1 + p) 7%

Now both Fj and uy are uniformly bounded and equicontinuous, hence, up to a subsequence,

Fr — Fy and uy — u locally uniformly. By stability u., solves
Fo(D?us) =0 in By,
in the viscosity sense. This leads to a contradiction on (2.33) for k > 1 large enough. O

As before, by employing iteration arguments, we have the following result.

Proposition 2.7. Let u be a viscosity solution of
|Dul'F(D*u)=f in B.

There exists constants po,y € (0, 1) depending on n, A, A, and small positive constants g, T

depending only on u, n, A, A, such that, if
Ifllo <50, and |u(x)-(&-x+b)[ <7 in By,

for some & € R", such that
1+3u < ¢l

then, for each positive integer k, there exists an affine function
b = &k - x + by,

SuCh that
;'_‘ é‘_‘ k-1 4 k=1(1

and

(k=1)(1+y)

lu —t| < 10p,

n Bpg—l,

for some C > 1 depending on n, A, A.

The proof is equal to the one we did before, with the obvious modifications. As
consequence, Corollary 2.1 also holds. Notice that they are independent of the parameter ¢
due to the approximation lemma. Moreover, as a consequence of the results independent of the
parameter g, we can prove Theorem 2.7 by the very same proof of Proposition 2.3 as if « = 0 and

exchanging u by 1 + u.
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Limiting equation

Now, let us briefly explain how we draw the limiting problem and how the regularity
estimates independent of ¢ are useful. Consider {u,},>0 to be a family of normalized viscosity
solutions to (2.28). First, let us assume f > ¢ > 0, for some constant c. By Corollary 2.2, up to
a subsequence, it holds that #;, — u, for some Lipschitz function u.,. We will show that us
solves,

min (lDuoo| -1, F(Dzuoo)) )

in the viscosity sense. Indeed, let ¢ € C? touching u., from above at x(. By uniform convergence,

a vertical translation of ¢ touches u, from above at x,, and so

|D(x,)|F(D*p(x,)) = f(x,) = 0.
Observe that
F(D?*¢(xg)) = 0

for every ¢, and so, by continuity,
F(D?¢(xp)) > 0.

Moreover, we must have |D¢(xg)| > 1. Indeed, if |[Dp(x)| < 1, then by continuity we would

have |[Dp(x,)| < 1 for large g. Since,
1D (x)|7F(D*(xy)) > f(xg) = ¢ >0,
passing to the limit as ¢ — oo, we obtain
0>c,

a contradiction. This proves that u, is a subsolution. Let us now prove the supersolution side.

Let ¢ € C? touching u., from below at xo. We need to show that
min (lDuoo(xo)| - l,F(ngo(xo))) <0.

Since it is a minimum, we may assume |Dg(xo)| > 1, otherwise the inequality would be

automatically true. By continuity, [D¢(x,)| > 1 for large ¢ and so,
ID(x)|TF (D (xy)) < f(xg) < I lleos
and so, passing to the limit as ¢ — oo, it holds that
F(D?¢(xp)) < 0.

When the RHS has no sign assumption, the only information we can obtain for the

limiting problem is that u, satisfies:
F(D*us) =0, in{|Duc| > 1},

that is, u« is a 1-grad F-harmonic function. Due to our Lipschitz regularity results, u., € C%!.

As a further consequence, by considering another subsequence if necessary, from Theorem
2.7, that the limiting solution u., has a continuous gradient up to the free boundary. Moreover,

the set {|Du| > 1} in an open set and u, is an effective viscosity solution.
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On free boundary problems shaped by oscil-

latory singularities

In this chapter, we delve into the geometric characteristics of minimizers associated with
the functional (1.5). Our exploration embarks on a thorough investigation into the existence of
minimizers under the broadest possible conditions, alongside an analysis of non-degeneracy and
gradient estimates within this environment. We dedicate the first four sections of this chapter to
meticulously unfold these implications and the program will develop as further structure on the

oscillatory singularities are in force.

Commencing with an environment where the oscillatory singularities satisfies a weak
Dini continuity assumption, we achieve precise gradient regularity and establish positive density
estimates for the free boundary in Section 3.5. These findings lay the groundwork for advancing

our understanding of the functional’s behavior under finely tuned conditions.

Transitioning to Section 3.6, we tackle the ambitious goal of deriving Hausdorff measure
estimates, a task demanding exceptional regularity in the underlying parameters due to the
necessity of differentiating the equation twice. This section underscores the intricate balance
required in handling an array of parameters, highlighting the complexity and depth of our

analytical approach.

Our journey reaches a pivotal moment in Section 3.7, where, under the assumption
that the oscillatory parameters exhibit a Sobolev regularity, we introduce a novel Weiss-type
monotonicity formula. This innovative analytical tool not only enables the classification of
blow-ups but also sets the stage for addressing the classification of minimal cones in lower
dimensions. Leveraging Federer’s reduction argument, we culminate our analysis in Section 3.8

by establishing the regularity of the free boundary.

This chapter represents a comprehensive endeavor to dissect and understand the intricate
geometric properties of minimizers, navigating through the complexities of non-degeneracy,

gradient estimates, and the free boundary’s geometric and regularity properties. Through
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meticulous analysis and innovative methodologies, we contribute significantly to the ongoing

dialogue in the field, paving the way for further research and exploration.

3.1 Existence of minimizers

We start by proving the existence of non-negative minimizers of functional (1.5) and

deriving global L*-bounds.

Proposition 3.1. Under the conditions above, namely (1.4), there exists a minimizer u € A of

the energy-functional (1.5). Furthermore, u is non-negative in Q and |[u||~q) < ||¢|l1~(q)-

Proof. Let
- §
m = inf v, Q
vEA % ( )
and choose a minimizing sequence uy € A such that, as k — oo,
j;‘s(uk, Q) — m.

Then, for k > 1, we have

”D”k”%%m = zjy(s(uk,ﬂ)—2/6(x)(u;;)7(x)dx
Q

IA

20m+ 1)+ 28] (e (190 + el 1 s )

20m+ 1)+ 216 (s (1920 + VIQT el 20 )

IA

From Poincaré inequality, we also have

lurllze < lluk — @ll2@) + lell 2
< C||Dux — Dol 120 + ¢l 120
< ClDurllrz + ClIDell 2 ) + llell2(q) »

and so

luell2) < C*(4e) ™" +e ”DukHiz(Q) +ClIDell2q) + el 2) »

with € > 0O to be chosen. We thus obtain

”Duk”iZ(Q) <Ci+2e ||6||L°°(Q) \} Q| ||Duk”iz(g) >
with
C1 = C1 (m 18]l (0 - 191, €. €, el ey ) -

Choosing
1

€= ,
4116l L) VIL|

3.1



Chapter 3. On free boundary problems shaped by oscillatory singularities 59

we conclude

”Duk”iqg) < 2C
and thus, using again (3.1), that {u; }, is bounded in H' (). Consequently, for a subsequence

(relabeled for convenience) and a function u € H'(Q), we have

U — i,
weakly in H'(Q), strongly in L?(€) and pointwise for a.e. x € Q. Using Mazur’s theorem, it is
standard to conclude that u € A.

The weak lower semi-continuity of the norm gives

1 1
/—|Du|2dx Sliminf/—lDuklzdx
Q 2 k— o0 Q 2

and the pointwise convergence and Lebesgue’s dominated convergence give

/6(x)(uZ)Y(x)dx—>/6(x)(u+)7(x)dx.
Q Q

We conclude that
I (u,Q) < 1ilfninfg;5(uk,g) =m
and so u is a minimizer.

We now turn to the bounds on the minimizer. That « is non-negative for a non-negative
boundary datum is trivial since (u*)* = 1™, and testing the functional against u* € ‘A immediately
gives the result. For the upper bound, test the functional with v = min {u, llel| Lm(g)} € A to get,

by the minimality of u,

0S/|D(u—v)|2dx / |Du|? dx
Q QN {u>|l@ll L)}

/lDu|2 — |Dv|? dx
Q

< 2 / 5(x) [(W)W — W]
Q
< 0.
We conclude that v = u in Q and thus |[u||; .~ @) < ||¢]lL>(0)- |

Remark 3.1. If the boundary datum ¢ changes sign, the existence theorem above still applies,

but the minimizer is no longer non-negative. Uniqueness may, in general, fail, even in the case of
y=y <l
3.2 Local C'%—regularity estimates

Our first main regularity result yields local C!?—regularity estimates for minimizers of

the energy-functional (1.5), under no further assumption on y(x) other than (1.4).
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Theorem 3.1. Let u be a minimizer of the energy-functional (1.5) under assumption (1.4). For
each subdomain Q' € Q, there exists a constant C > 0, depending only on n, ||6]|c, Yx(£'),
dist(€, 0Q) and ||u|c, such that

lullcra@) < C,
¥ ()

For the proof of Theorem 3.1, we will argue along the lines of [45,55], but several
adjustments are needed, and we will mainly comment on those. We start by noting that, without

loss of generality, one can assume that the minimizer satisfies the bound
lullLo(@) < 1. (3.2)

Indeed, u minimizes (1.5) if, and only if, the auxiliary function

minimizes the functional |
V- / 3 IDV|? +5(x) (v*)?™ dx,
Q

where
5(x) = MY725(x).

Taking M = max{l, [[u||.~(q)}, places the new function % under condition (3.2); any regularity

estimate proven for u automatically translates to u.

Next, we gather some useful estimates, which can be found in [55, Lemma 2.4 and
Lemma 4.1, respectively]. We adjust the statements of the lemmata to fit the setup treated here.
Given a ball Bg(xg) € Q, we denote the harmonic replacement (or lifting) of u in Bg(xg) by h,

i.e., h is the solution of the boundary value problem
Ah=0 in Br(xo) and h—u € Hy(Br(xo)).
By the maximum principle, we have 2 > 0 and
A1l (Br(x0)) < Nl Lo (Br(xo))- (3.3)

Lemma 3.1. Let € H'(Bg) and h be the harmonic replacement of ¥ in Bg. There exists c,
depending only on n, such that

c/|D¢—Dh|2dxs/|D¢|2—|Dh|2dx. (3.4)
BR BR
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Lemma 3.2. Let y € H' (Bg) and h be the harmonic replacement of  in Bg. Given 8 € (0, 1),
there exists C, depending only on n and (3, such that

n+2(
[1pw-wnpax < c(5)™ [ Do~ @l as

B, Br

C/ |Dy — Dh|? dx,

Bgr

foreach 0 <r < R.
We are ready to prove the local regularity result.

Proof of Theorem 3.1. We prove the result for the case of balls Br(xg) € Q. Without loss of
generality, assume xo = 0 and denote By := Bg(0). Since u is a local minimizer, by testing (1.5)

against its harmonic replacement, we obtain the inequality

/ \Dul? = | D dx < 2 / 5(x) (h(x)ﬂx) u(x)ﬂx)) (3.5)

Br

Next, with the aid of [55, Lemma 2.5], one obtains
7)Y~ u ()" < Ju(x) = b)Y,
and, using (1.4), together with (3.2) and (3.3), we get
lu(x) = h(xX)|"™ < |u(x) — h(x)[*OB ] ae.in Bg. (3.6)

This readily leads to

Br

/5()6) (h(x)V(x) _ u(x)y(x)) dx < ||5||L°°(Q)/ lu(x) — h(x)|"*OR gy,
Br

In addition, by combining Holder and Sobolev inequalities, we obtain

/ lu — hP’*(O’R) dx
Br

¥x(0.R)

*( ) *
C|Bg|! =5 /lu—h|2 dx

IA

% (0.R)
2

IA

C|Bg|!- " /lDu—Dhlzdx 3.7)

2n
n—-2
Therefore, using Lemma 3.1, together with (3.5), (3.6) and (3.7), we get

for 2* =

«(0,R)

2(2% —y4 (0,
/ |Du — Dh|* dx < C|Bg| ™ y*(OR» = CR"2 55,08 (3.8)
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Finally, by taking
Y x (0’ R)

F=3 508

€ (0,1),

in Lemma 3.2, we conclude

/|Du—(Du) ? dx

22y;(<§1)<> 422 OR)
< C * / |Du — (Du)g|? dx + CR"7- Y*<0R>
for each 0 < r < R. Campanato’s embeddlng theorem completes the proof. O

Hereafter, in this paper, we assume Q = By C R" and, according to what was argued
around (3.2), fix a normalized, non-negative minimizer, 0 < u < 1, of the energy-functional
(1.5).

Remark 3.2. It is worth noting that the proof of Theorem 3.1 does not rely on the non-negativity
property of u. Therefore, the same conclusion applies to the two-phase problem, and the proof

remains unchanged.

3.3 Non-degeneracy

We now turn our attention to local non-degeneracy estimates. We will assume 6(x) is

bounded below away from zero, namely that it satisfies the condition

ess inf §(x) =: 69 > O. (3.9

xeB;

Theorem 3.2. Assume (3.9) is in force. For any y € {u > 0} and 0 < r < 1, we have

2
sup u > crxrion, (3.10)
0B, (y)

where ¢ > 0 depends only on n, 5y and y4(0, 1).

Proof. Withy € {u > 0} and 0 < r < 1 fixed, define the auxiliary function ¢ by
(x) = u(x)* 7O el —yP,
for ¢ > 0 to be chosen later. Note that in {# > 0} N B,(y), we have
Ap = 2= (1= e O DUl + " 0 A - 2ne

= =70 (1= 0D OV IDu + 6y (eyur 70
—2nc

(2= y* (7 r)S (x)y ()00 — e

\%
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Hence, choosing ¢ > 0 small enough such that

o) 0,1
O<c§min{1,M},

2n

we obtain Ag > 0in {u > 0} N B,(y). In addition, since ¢(y) > 0, by the Maximum Principle,
0({u>0}NB.(y)N{p>0}+0.

. 1
Consequently, since o S 1

1 2 2
sup u > c2 Vo) P2y o) > cp2-vr o),

0B, (y)

and the proof is complete for y € {u > 0}; the general case follows by continuity. O

3.4 Gradient estimates near the free boundary

In this section, we study gradient oscillation estimates for minimizers of (1.5) in regions

relatively close to the free boundary. We first show that pointwise flatness implies an L® —estimate.
Lemma 3.3. Let u be a local minimizer of the energy-functional (1.5) in By. Assume that
7*(0’ 1) > 0
There exists a constant C > 1, depending only on y4(0, 1) and universal parameters, such that, if
1 2
u(x) < o r2ra ) | (3.11)

forx € Byjp andr < 1/4, then

2
sup u < Cr2-m0ar)
By (x)

Proof. We suppose the thesis of the lemma fails. Then, for each integer k > 0, there exist a
minimizer u; of (1.5)in By, x; € By, and 0 < r¢ < 1/4, such that

2

| —
up(xg) < %r; 7,

but
2

2
kr, K< osup uy =:sp <1,
Brk(xk)

where Y := yx(x, rr). Note that from the last two estimates,

u(x)<1r2_27"< 1s
r(Xk) <+ — Sk,
k k k2
and
2
Z—yk
"

(3.12)
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In the sequel, define
up(xp +rrx)
Yi(x) ;= ——— in By.
Sk
Hence, .
suppr =1, and ¢r(0) < — (3.13)

B k2

In addition, note that ¢; minimizers

1
Vi — |DV|? + 65 (x)v" X gy,
B 2

for 5
e

2—y(xp+rgx)
Sk

Or(x) :=6(xp + rix) and 7y (x) :=y(xp + rex).

From (3.12), we obtain

_ 2=y
yOuArx) =22y (trex) =2 Sk \ 2 — JYOrHTex) =y l 1
s ry < s — =y <

k k k k k k

for each x € Bj. The last estimate is guaranteed since, for each &,

ye = _inf y(y) = inf y(xx +rex) <y (e +rgx).
yeBy, (x1) x<B)

Hence,

16cl ) < 116k~

Next, we apply Theorem 3.1 for the lower bound

inf yi(y) = inf y(xg +rry) = inf  y(x) = ye(xp,rx) = vx(0,1) =: 0,
YEB YEB;

X€ rie Xk

6

and observe that the sequence {¢; }x is C!*=@ —equicontinuous. Therefore, up to a subsequence,

¢ converges uniformly to ¢ in By, as k — co. Taking into account the estimates above, we

conclude that ¢, minimizers the functional

In particular, ¢ is harmonic in By, and ¢ (0) = 0. Therefore, by the strong maximum principle,

one has ¢ = 0in B. But this contradicts
SUp Yoo = 1,
B

and the proof of the lemma is complete.

Next, we prove a pointwise gradient estimate.
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Lemma 3.4. Let u be a local minimizer of energy-functional (1.5) in By. Assume vy is lower
semi-continuous in Q and that
7*(09 1) > 0

There exists a small universal parameter T > 0 and a constant C, depending only on y,(0, 1)

and universal parameters, such that if
O0<u<rt in Bj, (3.14)

then
|Du(x)|> < C [u(x)]*OD, (3.15)

for each x € By ;.

Proof. The case x € d{u > 0} N By, follows from Theorem 3.1. In fact, since solutions are
locally C12, for some 8 > 0, the fact that u attains at each x € d{u > 0} its minimum value
implies that |Du(x)| = 0.

We now consider x € {u > 0} N Bj, and choose
2
1 (1)>>70D
ree (4) ,

2
lim s2-»&s) =0,

s—0t

for C as in Lemma 3.3. Note that

for each x € By 5. From this and the fact that vy, (x, -) is continuous, we select » > 0 such that

2 1\ 750D
r2=v&n = Cu(x) < (—) ,
4
the inequality following from (3.14). This implies, in particular, that
2=y (xr)

1\ 2-v*©.1) 1
r<|- < -,
S

since the exponent in the above expression is greater than 1. We can now apply Lemma 3.3 since
condition (3.11) holds trivially, obtaining

2
sup u < Cr2mor,
By (x)

Define

2
v(y) :=u(x+ry)r =& in By,

and observe that it satisfies the uniform bound

supv < C.
By
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Additionally, by the scaling properties of section 2, v is a minimizer of a scaled functional as
(1.5) in By, and so, by Theorem 3.1,

|Dv(0)| < L,

for some L, depending only on y, (0, 1) and universal parameters. This translates into

(x,r)
IDu(x)] < LrEwen
Yo () | 2oys Ger)

L (Cu(x)) TG0
LNC [u(x)] ™77,

IA

recalling that C > 1. Since y4(x,7) > y4(0,1) and 0 < u < 1, the proof follows with C = L2C,

which depends only on 7y, (0, 1) and universal parameters. O

Remark 3.3. We have proved Lemma 3.4 under the assumption that (3.14) holds. Observe,
however, that the conclusion is trivial otherwise. Indeed, if u(x) > t, then by Lipschitz regularity

we have

7*(071)
< oD [u(x)] .

Du(x)? < 12 =17 (5

-
Remark 3.4. It is worthwhile mentioning that the lower semi-continuity assumption on y(x) in
Lemma 3.4 can be removed. To do so, one has to prove a weaker version of Lemma 3.3, with

2/(2 = v.(0,1)) replacing 2/(2 — y.(x,r)). The reasoning follows seamlessly.

3.5 Weak Dini-continuous exponents and sharp estimates

The local regularity result in Theorem 3.1 yields a (1 +a)—growth control for a minimizer
u near its free boundary. More precisely, if zg is a free boundary point then u(zgp) = Du(zp) = 0.

Consequently, with r = |y — zg|, we have, by continuity,

u(y) < sup |u(x) —u(zo) — Du(zo) - (x — z0)|
x€B;(20)
< crite

2
C|y — Z0|27y*(10’r) .

However, such an estimate is suboptimal and a key challenge is to understand how the oscillation
of y(x) impacts the prospective (point-by-point) C'** regularity of minimizers along the free

boundary.

In this section, we assume y is continuous at a free boundary point zy, with a modulus of
continuity w satisfying

w(1) +}irréa)(t) In (;) <C, (3.16)
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for a constant C > 0. Such a condition often appears in models involving variable exponent
PDEs as a critical (minimal) assumption for the theory; see, for instance, [1] for functionals with

p(x)-growth and [17] for the non-variational theory.

Note that assumption (3.16) is weaker than the classical notion of Dini continuity. In fact,

if (3.16) is violated then, for a constant M > 0 and 0 < 7y < 1, we have

w(t)In (%) > M, Vte(0,ty)

+00 d
/ © @ 4y s / dt—M/ D=
0 t 0 l‘ln Intg

so 7 is not Dini continuous.

and then

We are ready to state a sharp pointwise regularity estimate for local minimizers of (1.5)
under (3.16). We define the subsets

Qu) = {x € By | u(x) > O} and  F(u) :=0Q(u),
corresponding to the non-coincidence set and the free boundary of the problem, respectively.

Theorem 3.3. Let u be a local minimizer of (1.5) in By and zo € F(u) N By 5. Assume 7y satisfies

(3.16) at zg. Then, there exist universal constants ro > 0 and C’ > 1 such that
u(y) < C'ly - 27 | (3.17)
forally € B, (z0).
Proof. Since (3.16) is in force, let o < 1 be such that, for r < r,
w(r) ln(%) <2[C-w()]=C (3.18)

Fix y € B,,(z0) and let

= |y = 20| < ro.

Apply Theorem 3.1 to u over B,(zp), to get

2
sup u(x) < Crrrtor),
x€B,(z0)

In particular, by continuity, it follows that

2
u(y) < Crrvian (3.19)

In view of (3.16), we can estimate

¥(20) — ¥«(20,7) < w(r),
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and, since the function g: [0, 1] — [0, 1] given by

8(0) = 5

satisfies % <g'(t) <2,forallt € [0, 1], we have

IA

2 (y(z0) — v«(20,7))
2w(r).

g (v(z0)) — & (y«(z0,7))

IA

Combining (3.19) with this inequality, and taking (3.18) into account, we reach

C r~ 18008 (20 375000

IA

u(y)
Cr200) =5t

IA

; 2
C Xy

IA

2
C'ly - 20/,

as desired. O

We also obtain a sharp strong non-degeneracy result.

Theorem 3.4. Let u be a local minimizer of (1.5) in By and zo € F(u) N By . Assume (3.9) and

that (3.16) is in force at zg. Then, there exist universal constants ro > 0 and c¢* > 0 such that

2
sup u > ¢ r2G,
9B, (z0)

forevery O <r < ro.

Proof. As before, let ro < 1 be such that (3.18) holds and fix r < rg. From Theorem 3.2, we
know

2
sup u > cri@n,
9B, (z0)

with ¢ > 0 depending only on n, §p and y. (0, 1).
Now, observe that

2 __ 2 2
2—-y*(z0,r) 2-v(z0) 2-7v*(z0,r) 2-7v(20)

and
2 2 _ 2(y*(z0,7) — v(20))
2—y*(z0,7) 2-1y(z0) (2 =y*(z0,7)) (2 = ¥(20))
< 2(y*(z0,7) —v(20))

IA

2w(r).
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Thus,

2 2
r2—y*(z0,r) > rzw(r)rZ—y(zo)

2
_ eZw(r) Inr FI 1 (&@)

o2
e—ZC r2—y(zo)’

\%

due to (3.18), and the result follows with ¢* := ¢ e72¢".
With sharp regularity and non-degeneracy estimates at hand, we can now prove the

positive density of the non-coincidence set.

Theorem 3.5. Let u be a local minimizer of (1.5) in By and zo € F(u) N By ). Assume (3.9) and
that (3.16) is in force at zg. There exists a constant o > 0, depending on n, 6o, vx(0, 1) and the

constant from (3.16), such that
1B, (z0) N Q)] _

> o,
1B, (zo0)|
for every 0 < r < ro. In particular, F(u) is porous and there exists an € > 0 such that
H"(F(u) N By)p) =0.

Proof. Fixr < ro, with r¢y as in Theorem 3.3. It follows from the non-degeneracy (Theorem 3.4)
that there exists y € dB,(z¢) such that

u(y) > o
Now, let z € F(u) be such that
|z — y| = dist(y, F(u)) =: d.
Then, we have

2 2
c'r>@ <u(y) < sup u < Cd>@,
Ba(2)

Furthermore, observe that
lz—zol < lz—yl+[y—zol <d+r,

and so, since d < r, we have |z — zg9| < 2r. Therefore, one can proceed as in Theorem 3.3 to
obtain

2 2
c'r@ <u(y) < Cd*r@.

This implies that

2-v(zq)

2
r< (g) dSmaX{l,%}d.
c
So for k = min {1, ¢*/C}, we have

B (y) € Ba(y) € Q(u).
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Since also B,,(y) C Ba,(z0), we conclude

B2 (20) 0 Q)] > (5) a(m (@)

-

where a(n) is the volume of the unit ball in R”, and the result follows with g = (g)" O

Next we establish an optimized version of Lemma 3.4, assuming that y(x) satisfies
condition (3.16). First, observe that if x € Q(u) N By, is such that

I 2
u(x) < ErZ-W),
for r < 1/4, then (3.11) also holds at x. Therefore, Lemma 3.3 applies and we also have
sup u < Crwzwr).
B, (x)
Condition (3.16) comes into play, and proceeding as in the proof of Theorem 3.4, for a larger

constant C;, we have

sup u < C1r2-v2<x>, (3.20)
B, (x)

for r universally small. This remark leads to the following result.

Lemma 3.5. Let u be a local minimizer of the energy-functional (1.5) in By. Assume (3.9) and
(3.16) are in force. There exists a constant C, depending on y4(0, 1) and universal parameters,
such that

IDu(x)[* < € [u(x)]"™,

for each x € By;.

Proof. The proof is essentially the same as the proof of Lemma 3.4, except for the steps we
highlight below. By Remark 3.3, it is enough to prove the result at points such that 0 < u(x) < 7.
First, we choose r so that

2
r2=r® = Cu(x),

which can be taken small enough depending on 7. As a consequence, (3.20) implies that the
function, defined in B by

2
v(y) =ulx+ry)r 2r®,

is uniformly bounded. What remains to be shown is that the parameters in the functional that v

minimizes are also controlled. Due to the scaling properties from section 1.3, we have
~ 2 _
||5||L°°(Bl) < rz,ymy*(x,r) 27’2||5||L°°(Bl) < ry*(x’r)_)/(x)||5||L°°(B1)-
Condition (3.16) comes into play once more so that the power

F () =y (x)

can be uniformly bounded. Consequently, Lipschitz estimates are also available for v, and the

lemma follows. O
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Example 3.1. We conclude this section with an insightful observation leading to a class of
intriguing free boundary problems. Initially, it is worth noting that the proof of the existence of a

minimizer can be readily adapted for more general energy functionals of the form
1
J(v) = / 5|Dv|2 +6(x) (vH)YE ) gy, (3.21)

provided y: Q xR — R is a Carathéodory function. We further emphasize that our local C'®

regularity result, Theorem 3.1, also applies to this class of functionals.

To illustrate the applicability of these results, let us consider the following toy model,
where the oscillatory singularity y(v) is given only globally measurable and bounded, such that

y(v) = 1/6, and
1 3

2 T2

see figure 2. One easily checks that 'y is Dini continuous along the surface

for 0<v<l, (3.22)

{r(x,u) =0} C F(u),

for any minimizer u of the corresponding functional J in (3.21). Since

1
7*(0’ 1) = 8’

the local regularity estimate obtained in Theorem 3.1, gives that minimizers are locally of class

C'2/'1 In contrast, observe that
at F(u),

| =

Y=

and so, Theorem 3.3 asserts that local minimizers are precisely of class C*/? at free boundary
points. A wide range of meaningful examples can be constructed out of functions obtained
in [4, Section 2].

Applying similar reasoning, we can provide examples of energy functionals for which
minimizers are locally of class CV¢, for 0 < € < 1, whereas along the free boundary, they are

Cl1=¢—regular. We anticipate revisiting the analysis of such models in future investigations.
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u =0

Figure 2 — The graph above illustrates a power singularity y(x, u), characterized by pronounced
measurement imprecision arising from inherent randomness in the microstructure
composition of the material. Despite this inherent uncertainty, our regularity results,
applicable both locally and at free boundary points, offer universal and accurate esti-
mates. Remarkably, these estimates remain independent of the substantial oscillations
observed in the function y(x, u).

3.6 Hausdorff measure estimates

In this section, we prove Hausdorff measure estimates for the free boundary under the

stronger regularity assumptions on the data
§(x) € W»*(By) and y(x) € W>°(B)). (3.23)

Differentiability of the free boundary will be obtained in Section 3.8, assuming only ¢,y €
Wb4(B;), for some g > n.

Furthermore, we shall also assume

y*(0,1) :== y*(B1(0)) < 1. (3.24)

We will need a few preliminary results, as in [3]. We begin with a slightly different

pointwise gradient estimate with respect to Lemma 3.5.
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Lemma 3.6. Let u be a local minimizer of the energy-functional (1.5) in By. Assume (3.9), (3.16),
(3.24) and (3.23) are in force and let xo € F(u) N By p. There exists a constant c1, depending
only on n, 89, Yx(0,1), IDS|leos |D?*8|lcor [|DV o and ||D?y||eo, such that

IDu()* < 26(x) [u(x)]"™ + cru(x),

for each x € By3(xo).

Proof. Consider {: [0,37] — R, defined by

0 if 1el0,7]

{(t) =
Ki(t-71)3 if te]r,37],

and define, for 7 = 1/8 and K > 0 a large constant to be chosen later,

w(y) = [Du(y)? = 26(0) (] = Ku(y) = £ (ly = xoD [u(»)]"",

for y € Q(u) N B3(xp). By Lemma 3.5, we can suitably choose K; > 0 so that w < 0 on
0B3:(xp), and sow < 0 on 0[Q(u) N B3 (xp)]. We will show that w < 0 in Q(u) N B3 (xg). To
do so, we assume, to the contrary, that w attains a positive maximum at p € Q(u) N B3 (xo).
Since w is smooth within Q(u) and p is a point of maximum for w, we have Aw(p) < 0. To

reach a contradiction, we will show that Aw(p) > 0, for 7 small and K large.

We will omit the point p whenever possible to ease the notation. We also rotate the

coordinate system so that e is in the direction of Du(p). We then have

0 = ow(p)
= 2Du-Doju —20,6u” — 26 (yuy_]alu + Oyyu” ln(u)) — Kou

—01lu’ - ¢ (yu”_lalu +01yu” ln(u))

Y
= 6114 [261114 - ;—(2815 + 014) - My_l’y(25 + {) - K]
1u

+61 u

u
——01yIn(u)(26 + &)
3114

Since du(p) > 0, we obtain

Y Y
200U = 2— (2016 +010) 1y (26 + &) + K + —— 1y In(u) (26 + 0).
Ou o1u

Moreover, since w(p) > 0, it also holds that d u(p) > \/25(p)u(p)@, and so

IR

u” u 1
<

— < < u
diu V25 V26

R

This implies that

201u > 26y + K+ fyu? 7 - Clu% - Czu%l In(u)|,
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for constants C; = C1 (6o, ||D6]|c, K1) and Cy = C3(80, ||D7y||co» K1). For a small * > 0 so that
v/2 —n* > 0 and a larger constant C3, we then have

201 > 26y + K+ fyu? 7 — Cauz™".
Writing K = nK + (1 —n)K, for p € (0, 1), we obtain, for large K,
2011u > 25)/u7_1 +nK + {yu”_l,
and as a consequence, squaring and dropping positive terms,
2 1) 1 1\?
2 (A1) =2 ((my— ) +25ynKu?"! +26¢ (wﬂ_ ) . (3.25)
Now, we calculate Aw at the point p. By direct computations, we obtain

Aw = 2 Z(@k, ju)? +2Du - D(Au) - 2u”AS — 4D6 - D(u”)
kJ
26 A(u”) — KAu —uAl —=2D¢ - D(u”) — LA(u”).

Moreover,

D(u”) u” In(u)Dy +yu?’ "' Du,

A(u”)

u” In(u)Ay + u? (In(u))?|Dy|* + 2yu? " In(u) Dy - Du
+2u”'Dy - Du+y(y = Du’ 2| Dul* + yu”’ ' Au.

Observe that, by Lemma 3.5 and since y < 1,
ID(u")| < Cayu™™

We also have

1) |Dul?
AW?) < Csu”™' + 6y*u®~ 2[()/ ) 1Dyl +1],

92 uY

for a constant Cs = C5(||Dy|lcos [|D?*¥|lco» ¥+ (0, 1)). One can now further estimate Aw from

below to obtain

Aw

\%

2(011u)? = Cou” ' + 26y (y — Du” 2| Dul?

— 1) |Dul?
vo u”
2
~5Ly uPr [(y D [Du] +1]
vo uY

= 2(311u)2— y2u272 Ceu?!

1) |Dul?
(y = 1) |Dul +1].
vo uY

—Ksyu’ ' = §¢y2u?r? [
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By (3.25), it follows that

2
Aw 26ynKu”~' +26¢ (7u7_1) — Ceu”!

[w ) |Duf? +1]

\%

—KSyu" ' = 50y u?
Yo uY

2
= w7 [26ynK — Cs — KSy] +26¢ (tu_l)

2
Sy 2[(7 1) |Dul +1]'
Vo uY

Since v < 1, we conclude
Aw > u" " [26ynK — Cs — K&v] .
Now we fix any 1/2 < n < 1 and choose K so large that the above expression is positive. This
leads to a contradiction, as discussed before. Since ¢ vanishes on B (x(), the result is proved. O
The second preliminary result concerns the integrability of a negative power of the
minimizer.

Lemma 3.7. Let u be a local minimizer of the energy-functional (1.5) in By. Assume (3.9), (3.16),
(3.23) and (3.24) are in force. If 0 € F(u), then

u(x)5 € LN(Q(u) N By ).

Proof. Observe that it is enough to show that
u(x)" 5 € LY(Q(u) N BL(2)), (3.26)

for some small 7 > 0 and every z € F(u). Indeed, once this is proved, we can cover F'(u) N By,

with finitely many balls with radius 7 > 0, say {B.(z;)}. Then,

< Z / 0]

Q(u)N(UB<(zi)) " Qu)NB(z)

Also, by continuity of u, we have
u>c in  (Qu)NBip)\ Ui B(z),
from which the statement in the lemma follows.
To prove (3.26), we follow closely the argument in [59, Lemma 2.5]. Set
w = uz_%ym.
First, take p € C*(R"), satisfying p’ > 0, p = 01in [0,1/2] and p(¢t) =t in [1, o). For 6 > 0,

let ps(t) = 6p(67'1). If 6 < €, then

1 1
—/ Dw - Du p§(u) = —/ Dw - Dps(min(u, €)) =: A. (3.27)
{0<u<e}NB.(z:) € JB.(z)
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Integrating by parts, we obtain

1 in(u,
A= ——/ ps(min(u, €))Aw +/ po(min(u, €)) 5
€ J{0<u}NB(zi) 0B+ (z) €
Now we choose ¢ = €/2, observing that ps(u#) = 0 in the set {0 < u < €/4}. Therefore,
1 2
A = ——/ p(—u)Aw—/ Aw
2 Jieja<useynBe(z) \€ {e<u}NBy (2:)
o i),
B (z:) €

By Lemma 3.5, we have
IDw(x)| < 2IDy(x)ux)> 3 In(u(x))

2= 3700w D)
< CUDYWI+ 1),

for some universal constant C > 0, and so

] 2
A<Cr - —/ Je (—u) Aw —/ Aw. (3.28)
2 Jieja<uzeynBo(z) \€ {e<u}NB- (z;)

By direct computations, it follows that
3 3 3
Aw(@) = a0+ (2 - 57()6)) ((1 - Ey(x)) u(x)H O |Du(x)?
+u(x)1_%7(x)Au(x)),

where

%a(x) = —w(x) In(u(x))Ay(x) — In(u(x))Dy(x) - Du(x)
—2u(x)1_%7(x)Dy(x) - Du(x)

- (2 - %7(@) In(u(x))u(x)' 7 Dy (x) - Du(x).

By Lemma 3.6, there exists a universal constant ¢ > 0 such that

((1 - %7()6)) w9 Du(x) [ + u(xﬂ-%ﬂ%u(x))

) |Du(x)|?
(( ()) ()y(x)m(x)y(x)) >
u(x) 7T 6(x) Q1= y() +e(l=gWu() >

50M(X) Ea (2(1 -¥*(0,1)) — 17 7<Zz>),

where, for the last inequality, we used Theorem 3.3. Since y*(0, 1) < 1, we can choose 7 > 0

small enough, such that

2
2(1 = y*(0,1)) — ;7% > (1-9%(0,1)),
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and so
Aw(x) > a(x) + czu(x)_@.

Furthermore, notice that
la(x)| < C(IDy(x)| + [D*y(x)| + 1),

for some positive universal constant C > 0. Therefore, by (3.28), we have

1 2 x
A < ——/ p(—u) (a(x)+czu(x)_¥)
2 {e/4<u<e}nB(z;) €
—/ (a(x)+czu(x)_@)
{e<u}nB-(z)
_ _yx)
c(1D¥ls 111 ) ~< [ u(e) %,

{e/4<u}nB(zi)

IA

Now, we estimate the left-hand side of (3.27). By Lemma 3.5 and since y*(0, 1) < 1, we obtain

Dw-Du 2 —2u(x)*2"™)|In(u(x))||Dy(x)| |Du(x)]

> —Cu(x)>7"In(u(x))||Dy(x)]
> —Cu(x)* OV In(u(x))||Dy(x)|
> —Cru(x) [Dy(x)],

for some universal constant Cy. Thus, from (3.27), we have

1
o [ w(0) Dy ()] p)(a0)
€ J{0<u<e}nB.(z:)
_ _y(x)
< (Il I0*) -7 [ u(e)
{e/4<u}nB+(z;)

Since p; < 1, we obtain

_rx) —
/ w0 < C (7. CLIDYILL 1D ).
{e/4<u}nB,(z;)

We get the result by passing to the limit as € — 0. O

We are now ready to state and prove the main result of this section.

Theorem 3.6. Let u be a local minimizer of the energy-functional (1.5) in By. Assume (3.9),
(3.16), (3.23) and (3.24) are in force. Then, there exists a universal constant C > 0, depending
only on n, 89, Yx(0,1), IDS|leos ID?*8|lcor [|DV o and ||D?yl|eo, such that

H" Y (F(u) N Byjp) < C.
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Proof. Assume 0 € F(u). It is enough to prove that for some small r,
H" Y (F(u) N B,) < .

Given a small parameter € > 0, we cover F'(u) N B, with finitely many balls {B¢(x;) }icr, With

Z Xp.(x) <€,

ieF,

finite overlap, that is,

for a constant ¢ > 0 that depends only on the dimension 7. It then follows that
H" Y (F(u) N B,) < ¢lim inf " 1H#(F,).
Since x; € F(u), by Theorem 3.3, we have
Q(u) N Be(x;) C {O <uc< Meﬂi} N Be(x;),
where B8; = 2/(2 — y(x;)). By assumption (3.16), it follows that
Q(u) N B.(x;) C {o <u< Mleﬁ*“f’f)} A B(x)),
for a universal constant M| > M. Let us assume, to simplify, that M, = 1. Now, observe that

U (Be(xi) N {O <u(x) < eﬁ*(xi’e)}) C By N {0 < u(x)fﬁ < 6} :
iceFe
Since the covering {Bc(x;) }icr, has finite overlap, it then follows that

2,19 N Be(x)| < ¢

ieFe

B> N {O < u(x)/#x) < e}

By Theorem 3.5, this implies that
() N Be(xi)| = poe”,

and so 1
c )Bzr N {O <u(x)f® < E}

e"H#H(F) < — ,
Ho €

which readily leads to

1
-, |32,m{0<u(x)m <e}(
— liminf
Ho

H" N (F(u) N B,) <
e—0 €

We will show below that the right-hand side of the inequality above can be bounded above
uniformly in €. To do so, let

v(x) = u(x)/ﬁ.

Observe that

/ |Dv|2:/D(min(v,e))-Dv = 1.

By, n{0<v<e} By,
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Integrating by parts, we get
/ min(v, €)Av + / min(v, €)d,v,

0By,

and so,
/ |Dv|? + vAv = —€ / Av + / min(v, €)dyv. (3.29)
By,N{0<v<e} By N{v>e} 0By,
By direct computations, we readily obtain
1
Dv(x) =g(x)D ( ) —u(x)ﬂm Du(x)
Bx)]  Bx)

and

6(x) y(x)

Av(x) = A(x) + B(x) + u(x) FO,

B(x)
where g(x) = v(x) In(u(x)), with

1 1
00 = 55 35) 0 g5 -0

+u(x) B! D( (1 )) Du(x),

and
B(x) = mD (uf“x) ) - Du(x).
Let us first bound (3.29) from below. To do so, we estimate
2 1
IDv|> +vAv = g(x)*|D (ﬁ(lx)) + ﬁ(i)zu(x)z(m_l) |Dul?
1 1
+2—— D
Bt P (/3( )) o

HAR) + B 4 LY

B(x)
 Hu ﬁ(i)zu(x>2(ﬁ+xrl)|pu|2
I 1
ng(X) (,3( )) Du(x)
AU () + w

By Lemma 3.5, we have

B ()™ + —— (0?5 | pup?

1
B(x)?

%

1 2 1
B @)D (ﬁ( >)

—u(x) P In(u(x))| Dy (x)]
—u | Dy(x)],

Du(x)

\%

\%
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which implies
DV +vAy > —cuﬁmy(xn

B WP (B( )) Dutx)

/3( )
+HA)u(x)P + MT(OD

for some universal constant C. Using Lemma 3.5 once more, we can show that

‘ By sWP (ﬁ( )) Dutx)

|A)| < CL(IDY ()] + D>y (x)| + Dy ()] In(u(x)))),

< Cru(x)7 Dy (x)|

and

for some universal constant C;, and so

1 1
DV +vAv > —Cou®@ |Dy(x)| — CuF®

50 7’*(0a 1)
+ 5 .

(1IDy ()1 + 1D (1)

for a universal constant C>. We can now estimate the left-hand side of (3.29) as

IDV> +vAv > —Col|Dy|lw€?[Bar N {0 < v < €}
By N{0<v<e}
~C1e(IDY L1,y + 1D*Yll11(5,,)
S0 v(0, 1
+%)|Bz, N{0<v<el
S0 7x(0,1
> %wy N{0 < v < €}| — Cse,

for € small enough and depending only on universal constants. By Lemma 3.5, there exists a
constant C4 > 0 such that |Dv| < Cy4, and so (3.29) implies

) 0,1
M|Bzrﬂ{0<v§6}|—czes—e / Av + Cye,
Born{v>e}
and so
50 Yx(0,1) [B2 N {0 < v < €}
4 €

<Cr+Cy— / Av.
ByN{v>e}

The proof will then be complete as long as this remaining integral is uniformly bounded in € > 0.
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Recalling the expression for Av, we have

6(x) y(x)
B(x)
Ci(IDY(0)] + [D*y ()| + Dy (x) || In(u(x)])

+u(x)_@ %ln(u(x))Dy(x) - Du(x) + wL|Du(x)|2

2 u(x)
_0W v
B)
C5(IDY(0)| +1D*Y()]) + Col Dy ()| In(u(x)] + Cou(x) ™"+

r(x)

< Cs(IDy(0)]+D*y(0)]) + Cs|Dyloou(x)™ 7,

~Av < JA@)|+B(0) + u(x) 7O

IA

u()c)_fﬁ

IA

where we used Lemma 3.6 and the fact that | In(x(x))| can be bounded above by u(x)_¥. This
implies that

y(x)

/ Av < Cs(IDyll + 1Dyl ) + Cs| DYl + / w5,

By n{v>e} By n{v>e}

from which the conclusion of the theorem follows because of Lemma 3.7. m]

3.7 Monotonicity formula and classification of blow-ups

In this section, we obtain a monotonicity formula valid for local minimizers of the

energy-functional (1.5). Given zo € By, let

Y = ¥(20) and = T
—-y

Now, for a Lipschitz function v and zg € F(v), define

1
W) = 20 [ iDuR a0,

By (z0)
_pr((n=1)+2p) / 2
0B (z0)

- [ [ 0 =980 W

0 B:(z0)

,

- [P [0y - - 20) 60y xiemo

0 B (z0)
- / PR / (DS(x) - (x = 200" x(us0)- (3.30)

0 B:(z0)

For our formula to hold, we will further need to assume that, for some 0 < ro < 1,

t—>t_”/B( )|D5(x)|dx€Ll(O,ro) (3.31)
t(20
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and
t—t" lnt/ |Dy(x)|dx € L'(0, ro). (3.32)
B (20
We remark that sufficient conditions for these to hold are |DS| € L9(By) and |Dy| € LY(By), for

q > n. Indeed, we readily have

T lnt/ o) |D)/(x)|dx < C(”l’ Q)HDVHLq(BrO(ZO)) t 4Int,
B, (z0

and
ro n
/t_alntdt<oo — g>n.
0

Remark 3.5. If we assume y € W4, for g > n, then vy is Holder continuous and therefore
condition (3.16) is automatically satisfied. We also point out that these integrability conditions
are important to assure that W, ,,(r) < oo, for every 0 < r and zo € F(u) such that B,(z0) € By,

for u a local minimizer of (1.5).

We are now ready to state and prove the monotonicity formula for local minimizers of

our oscillatory exponent functional.

Theorem 3.7. Let u be a local minimizer of (1.5) and assume (3.31) and (3.32) are in force. If
20 € F(u), then

d

EW%ZO (7’) > 0.

Proof. Without loss of generality, we consider zg = 0. Let

— 1
W) = 20 [ a4 500 Wy oo,
B,

_pr((n=1)+2p) / 2,
0B,

u(rrﬁx) and 7y,(x) = y(rx).

and define

ur(x) =

By scaling,
_ 1 B
W(r) = / S1Du, P+ 8(0) POl O, oy - B / uy,
B] aBI
where we used that, by definition of the parameter 8, we have

2(-1)=pBy.

Differentiating W,, with respect to r leads to

d — d d )
—Wu(r) = /B Duy-D (d—) # = (800 PO I

d
- 2Uu,—U,.
9B, di"
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Integrating by parts, we obtain

4G () = (A) + (B) + (C) + (D) + (E),

dr
for
d
A = -A r 5 Up,
(4) /B -
d
(B) = 2 (Oyuy — Bu,)—uy,,
OB dl"
d (B (x)-y) 7 ()
©) = | S (PO ()l a0,
B, ar
D) = By (x)=) d (5
() = [ r 6(rx) == () xu -0
1
(E) = [ (D(rx)-x) rPO OO0y sy

B

In order to simplify the notation, we write vy, = y,(x) and notice that

_ -1d d
/ PO Y5 (rx) (y,u;” "+ ulr ln(ur)a')/r X{u,>0}
B

dr
(D.1)+(D.2).

(D)

Since u is a minimizer to (1.5), it follows that (D.1) + (A) = 0, and so

CWr) = (B)+(C)+ (D) + (B).

By direct computations, it follows that

d
d—ur(x) =rP (Du(rx) X —,Brﬁ_lur(x)) .
-
Since v is the normal vector at d By, we obtain

Aty (x) = r'Po,u(rx) = r' PDu(rx) - x,

which implies that

d 1
—u, = — (0yu, — Bu,) .
dr r
Hence,
2
(B) = _/ |6vur _ﬁ”rlz-
r JoB;
Moreover,

©) = /B By =PI DS () 1 a0y
1

d
+/ rﬁ()’r‘?’)ﬂ ln(r)(‘j(rx) u;” (d—yr))({u,.>0}’
B d
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and
d
(0.2 = [ #0 ) nutra)) o) (o) i

Therefore,
(C)+(D2) = pmred /B BOY(x) = M) xpso)
B+ / 509 (™ (Dy (x) - ) xpuso).
B,

This implies that

2

d_
I = 2 / Oytty — 2
dr r Jos,

+,,—(n+ﬁ7+1)/ ﬁ(y(x)—y)é(x)ﬂ(x))({u>0}
B,

By / 8(0) In(u)u”™ (Dy (x) - 2) x>0y
B

r

+r—(n+ﬁ7+l)/ (D(S(x)-x)uy(x))({uw}-

r

Now, recalling the definition of W, o(r), we have

d d— .
W) = ) =D [ () = o g

_r—(n+ﬁ7+1)/ 8(x) In(u)u”™ (Dy (x) - X) Y >0}
B,
B,

which implies, by our previous computations, that

d
dr u0

2
(=2 / 101ty — By > 0.
r JoB,

O

As a consequence of the monotonicity formula, we obtain the homogeneity of blow-ups.

Definition 3.1 (Blow-up). Given a point zo € F(u), we say that ug is a blow-up of u at z if the
family {u,},~o, defined by

u(zo +rx) 2

ur(x) = B(z0) . Wwith ﬁ(ZO) = m,

converges, through a subsequence, to ug, when r — Q.

We say ug is 5(z0)-homogeneous if

up(Ax) = AP0 y0(x), VA >0, Vx € R™.
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Unlike in the constant case y(x) = vy, the homogeneity property of blow-ups will vary
depending on the free boundary point we are considering. This is the object of the following

result.

Corollary 3.1. Let u be a local minimizer of (1.5) and assume (3.31) and (3.32) are in force. If

uo is a blow-up of u at a point zo € F(u) N By, then ug is B(zo)-homogeneous.

Proof. Without loss of generality, we assume zo = 0. Recall

2
B = —— where vy :=7y(0).
2~y

In order to ease the notation, for each j € N, we will write y; instead of y(4,x), and define

. _ _ 1 . )
Wi = R [y s s

pr-((=D+28) / 2
9B,

.
- /0 ﬁf_("wyﬂ)/]g (v, —)’)/lf(y’ VSV xus0)
.
- / ¢~ (B +1) / (Dy(4,x) - x) Af(”_””é(ﬂjx)v” ln(ﬂfV)X{M}
0 B,
_ " t—(n+ﬁy+1) (Dé(ﬂ .x) . x) ﬂ'B(Yj_y)Hvyj
0 5 J i X{v>0}

and

We(r) o= pm #2061 /

1 —((n-
Ele|2+6(O)v7(O)X{V>0} — prn 1)+2ﬁ)/ V2,
B,

0B,
We now show that

W, (r) = lim W,{j(r) aslongas lim /1'?(71‘7) 51
J_>00 j—)OO

Indeed,
w/ _ = (n+2(B-1)) lD 12 /1/3(7]'—7)6/1, i
Mj(r) = r 4 2| “]| + j (]x)”j X{u;>0}
_pr((n=1+2p) / 2
4B,
,
—/0 ﬁf_("wyﬂ)/]g (7 —7)/1?(” 7)6(/ljx)u3‘lj)({uj>0}
P
— . 1 .
_'/O. t (n+ﬁ)’+1)'/B (D)/(/ljx) -X) /17(71 )+ 5(/1]')6)143-/1 ln(u(/l]-x)))({uj>0}

,
— A 1 /
_ / (1) / (DS(A;x) - x) 57y s
0 B;
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and scaling back to u, we obtain

; _ _ 1
W) = @) [ Dup sy
/ljr

_B(Ar) (1428 / 2

aBAJ-r

B / ﬁt_(n+ﬁy+])/lf(n+ﬁ)’) / (y(x) - y)é(x)[,ﬂ’(x))({u>0}
O Y B/ljt
~ / gy e / (Dy(x) - x) 6(x)u”™ In (u(x)) X (us0)
0 Baji
_ / f~(By+1) g~ () / (DS (x) - x) ™ x50y
0 ! Baji
Changing variables in the last three integrals, we reach

. o 1
W) = @ 2 [ D DuP 4 5w xgen

B/ljr

_B(Ar) (2P / 2

aB/ljl‘

/ljr
- / pi-rBrD) / (y(x) = )5 x sy
0 B;
/ljr
- / By ) / (Dy(x) - x) 6™ In(u) 1oy
0 B;

/ljr
_/ t—(n+ﬁ7+1)/ (D6(x) - x) My(x))({u>0}’
0 B

and so
W (r) = W, (7).

Therefore
Wio(r) = lim Wy (r) = lim W, (1) = W, (0"),
]—)OO ]—)OO

where the last inequality is guaranteed by the monotonicity of the functional at the minimizer u.

We conclude that W is constant. We note that u is a minimizer to the functional

1
/ 1DV + 60O (10, (3.33)
Bgr

for every R > 0, and thus entitled to the regularity results from [3]. In particular, it follows,

from [3, Lemma 7.1], that ug is 8(0)-homogeneous. O

Remark 3.6. To assure the existence of blow-ups, one needs to guarantee that the family (u,),o,

defined as

u(zo + rx) 3 2
— s Jor Blo) =5

r(x) = ¥ (z0)
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is locally bounded in C"PZ0)=1_Indeed, by Theorem 3.3, there exists a constant C' > 1 such that
lurllL=s,) < C'.

Moreover, by applying Theorem 3.1 to u over B,(zo), we obtain

v (2(,27)
— | inf |Du|| < Cr2-»G2,
)

B, (ZO

0SCg, (zo)|Dul| == | sup [Dul|
Br(ZO)

Proceeding as at the end of the proof of Theorem 3.3, we use condition (3.16) to obtain

v#(20,2r) _ v(zp)
Cr2 () < Crz—}/(Z())’

which implies
_ v(zg)
0SCB, (z9) < Cr27),

As a consequence, the family {u, }-o is locally bounded in C'-£Z0)=1,

Given the above, blow-up limits of minimizers of the variable singularity functional (1.5)
are global minimizers of an energy-functional with constant singularity, namely y(zo). Corollary

3.1 further yields that blow-ups are 3(zo)-homogeneous.

The pivotal insight here is that the blow-up limits of minimizers of the variable singularity
functional are entitled to the same theoretical framework applicable to the constant coefficient case.
In particular, in dimension n = 2, blow-up profiles are thoroughly classified due to [3, Theorem
8.2]. More precisely, if ug is the blow-up of u at zg € F'(u), for u a local minimizer of (1.5) and

0 < y(zo) < 1, then ug verifies

V2

1
(x)P@) =6(z0)((x —x0) - v)4 for xeR",

for some v € 0B;.

Classifying minimal cones in lower dimensions is crucial, chiefly because of Federer’s

dimension reduction argument that we will utilize in our upcoming session.

3.8 Free boundary regularity

In this final section, we investigate the regularity of the free boundary. For models with
constant exponent vy, differentiability of the free boundary was obtained in [3], following the
developments of [2]. Although it may seem plausible, the task of amending the arguments
from [2, 3] to the case of oscillatory exponents — the object of study of this paper — proved
quite intricate. More recently, similar free boundary regularity estimates have been obtained
via a linearization argument in [35] (see also [33]). Here, we will adopt the latter strategy, i.e.,
and proceed through an approximation technique, where the tangent models are the ones with

constant .
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More precisely, given a point zg € F'(u) N By, let us define

((z0) = Dar(zo) |77
¥(20)6(20)

co(z0) =

and

1
_ Ta,,l/a
W—CO u

2

for a := a(z9) =2/(2 —y(z0)). We note that since the equation holds within the set where u is

positive, we have
8(x) y (w7 = coaw ™ [wAw + (@ = 1)[Dw/?]
and so
whw = 50 L 202, 000042 _ (4 _ 1) Dwl2.
@
Since
a(y(x) —1)+2-a=a(y(x) -vy(z0)),

we can rewrite the equation as
_ h(x,w,Dw)

w

where h: By X R* x R" — R is defined as

h(x, s, £) = a<x>@cg“‘>‘2sa<ﬂx>—ﬂm> ~ (- D¢
a

The crucial insight here is that given appropriate continuity conditions on y(x), we
can achieve a uniform approximation of the classical Alt-Philips problem. To put it differently,
the oscillatory exponent model will be uniformly close to the classical Alt-Philips functional.
Since minimizers of the latter have smooth free boundaries, one should be able to infer the free
boundary regularity of the former via compactness methods. To put this strategy into practice,

though, we must first introduce and discuss some necessary tools.

We first remark that defining w, as

wr(x) = M, (3.35)

r

direct calculations yield
hr(xa Wy, Dwr)

Wy

Aw, =
where

')’(ZO + I”X) Cg(z()+rx)—2 (rs)cy(y(zg+rx)—y(20))

0(zo +rx)

—(a - DIEP.

he(y,s,&)

We can now pass to the limit as r — 0, and in view of the choice of c(, we reach

e (y,5,€) = h(z0,),
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where h(z, €) is given by
h(x0,€) = (a(z0) = D(1 = |£).

The second key remark is that if the exponent function y(x) is assumed to be Holder
continuous, say, of order u € (0, 1), then for a fixed s > 0, the above convergence does not

depend on the free boundary point, zo € F'(u) N By ;. Indeed, we can estimate

la(20) (¥ (z0 + 7x) = y(20)) In(rs)| < Cr#|(In(r) +In(s)|
C([y]cous | In(s))r?,

IA

which implies that
lim(rs)oz(zo)(y(zo+rx)—7(zo)) =1,
r—0

uniformly in zo € F(u) N B} />. Arguing similarly, one also obtains that

+ _
}i_r)r(l) 6(zo + rx)Mcg(mw) 2 - a(zo) — 1,

uniformly in zo € F'(u) N By/,. Here, we only need the uniform continuity of the ingredients

involved.

The insights above are critical to ensure the linearized problem is uniformly close to
the one with constant exponent as treated in [35]. To be more precise, we borrow the following

improvement of flatness result, [35, Proposition 6.1], available for the constant exponent case.

Lemma 3.8. Let w be a viscosity solution to

3 h(zg, DW)
- w

Aw in {w> 0}, (3.36)

with 0 € FViS (W) and zo € By 2. There exist €p,17 > 0 such that if € < €y and
(xpn—€)y <W< (xy,+€); in By,

then

(x-v—gn)+SWS (x-v+§n)+ in By,

with |v| =1 and |v — e,| < C¢, for C > 0 universal.

It’s important to note that in [35], and thus in Lemma 3.8, being a free boundary point
conveys additional information. This is encoded in the free boundary condition held in the
viscosity sense, as defined in [35, Definition 1.1]. We display the precise definition below for the

readers’ convenience.

Definition 3.2. We say that xo € FViS(W) in the viscosity sense if xo € F(Ww), and if ¢ € C2 is
such that y* touches w from below (resp., from above) at xq, with |Dy(xo)| # 0, then

DY (x0)| <1 (resp., |Dyr(xo)| = 1).
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Next, we will argue that, as the solutions we address in this paper arise from a variational
problem, we can still employ the flatness improvement technique outlined in Lemma 3.8. The

rationale behind this is explained in the sequel.

Let u be a minimizer to the functional (1.5) and zg € F(u). The distorted solution w,
as defined before, solves (3.34). By optimal regularity, Theorem 3.3, Lipschitz rescalings of w
defined as in (3.35) converge to a viscosity solution to (3.36), say w. The rescalings are related to

a sequence of the form

u(zo +rx) for o= 2
’ 2-(z0)°

which is a minimizer to a scaled functional that converges to the one with constant y(x) = y(zo).

up(x) = I

Thus, we get
w = CO

]|~

1
@ u R
for a minimizer u of the functional with constant exponent.

What is left to show is that w satisfies the free boundary condition as in Definition 3.2.
However, as pointed out in [33], see also [36], this is a consequence of a one-dimensional analysis.

For a free boundary point xo € F(u), there holds
u(xo +1tv) =~ cot?,

where ¢ > 0 small and v is the unit normal pointing towards {u > 0}.

With this well understood, we proceed with the discussion of another delicate issue in the
program, namely the necessity to control the dependence of the constant C, appearing in Lemma
3.8, as the free boundary point zq varies. The results in [35] guarantee that this dependence will
be contingent on the dimension and the C'—norm of % (zo, &) within a neighborhood of dB;.
Importantly, this norm remains uniformly bounded due to our assumptions regarding the range

of the function y(x).

The discussions presented above bring us to the next crucial tool required in the proof of
the free boundary regularity.

Lemma 3.9. Let w be a solution to (3.34), 0 € F(w) and r,e > 0 be two positive small
parameters such that

(x,—€r)s <w< (x,+e€r)y in B,.

Then, there exists n > 0 small enough such that
(x-v-ner)y <w < (x-v+ner)y in By
Proof. By considering w,(x) = r~'w(rx), the flatness assumption reads as

(x,—€)s <w, <(x,+€); in Bj.
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We will prove that there exist €y, 7 > 0 such that
(x-v-ne)y <w, < (x-v+ne)y in By,

for r > 0 small enough. By Theorem 3.3, it follows that w, is bounded and Lipschitz continuous.

Thus, w, — w, for some sequence r — 0. By Lemma 3.8, there exist €y, 7 > 0 such that

( e) <_<( +€) in B
X-v—— w X-V+—= i .
2)7+_ - 2+ g

Observe that since we can restrict to the set where w is positive, for r small enough, we obtain
(x-v—ens<w, < (x-v+en), in B,
as desired. O

Notice that, by taking w), = 17~ 'w(nx), the conclusion of Lemma 3.9 says that w, satisfies
(x-v—er); <w, < (x-v+er)y in B,

By further composing with an orthogonal linear transformation, Lemma 3.9 leads to the existence
of v/ € dBj such that |v' — v| < Ce/2 and

(x-vV —ner)y <w, < (x-v +ner); in  By,.

Therefore,

(x-v —n*er)y <w < (x -V +75%er), in B,
By induction, one gets a sequence (vi)xen C 0B such that

Vi — vie1] < C27%e

and

(x-vi—n%er)y <w < (x - vy +nfer), in B,
As a consequence, F(w) is C19 at0.

We conclude by commenting on Federer’s classical dimension reduction argument, [42],

and how one can adapt it to the free boundary problem investigated in this paper.

We start by arguing, as explored above, that when y(x) is a continuous function, blow-ups
converge to minimizers of the functional with constant exponent y(zp). Now, at least in dimension
n = 2, it is possible to classify them using ODE techniques, see [3]. Hence, a successful
implementation of Federer’s reduction argument will imply that the singular part of the free

boundary, Sing(F (u)), satisfies

H" 25 (Sing(F(u))) =0 forevery s> 0.
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This, in particular, will allow us to conclude the portion of the free boundary to which Lemma

3.9 can be applied has total measure.
Here are the ingredients needed. Let zg € F(u) and define

u(zo +rx) . 3 2
W, Wlth IB(ZO) = m

Such a family converges, up to a subsequence, to some function uq that is a minimizer to the

ur(x) =

Alt-Philips functional with constant exponent y(zg). The first step is to establish the convergence
of the singular sets of the family {u, } as r — 0. This is a consequence of the sharp non-degeneracy,
Theorem 3.2, and that the set of regular points is locally an open set because of our Lemma 3.9.
Next, as a consequence of optimal regularity estimates and monotonicity formula, Corollary 3.1,
blow-up limits of the family {u, }, are homogeneous of degree 3(zp). The final step of Federer’s
routine is to prove a dimension reduction result to the singular set of a global 5(zp)-homogeneous
minimizer of the Alt-Philips functional with constant parameters. To do so, one must prove a sort
of translation invariance of global minimizers. This part follows using similar arguments found

in [36], and thus we omit it here.

The comprehensive discussion above leads to the regularity of the free boundary, which
can be briefly summarized in the following theorem. We say a function belongs to W' if it

belongs to W4, for some q > n.

Theorem 3.8. Let u be a local minimizer of (1.5) and assume
v(x) € wh,

Then, the free boundary F (u) is locally a C'0 surface, up to a negligible singular set of Hausdorff

dimension less or equal to n — 2.

Proof. With all the ingredients from the preceding discussion available, the proof is standard,

and we only highlight the main steps.

We start by decomposing the free boundary as the disjoint union of its regular points and
its singular points, that is,
F(u) = Reg(u) U Sing(u).

The set Reg(u) stands for the points where blow-ups can be classified. More precisely, zo € Reg(u),

if for a sequence of radii r, converging to zero and a unitary vector v, there holds

u(zo + rpx)
U, (x) = —2" — co(x - v)
2-y(zp)
rn

2
2_7(20)
+ .

The set Sing(u) is simply the complement of Reg(u). That is

Sing(u) := F(u)\Reg(u).
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The dimension reduction argument mentioned earlier assures that
H""**(Sing(u)) =0,
for all s > 0. Thus, one can estimate the Hausdorfl dimension of the singular set as
dimgy (Sing(u)) = inf{d : H*(Sing(u)) =0} < n—2+s,

for every s > 0, and so
dimg, (Sing(u)) < n-2.

In particular, we conclude that Sing(u) is a negligible set with respect to the Hausdorff measure
H e,
H""! (F(u) \ Reg(u)) = 0.

Now, we show that Reg(u) is locally C!%, for some § > 0 universal. Consider zo € Reg(u)
and let uo be a blow-up limit of u at zp. In other words, for a sequence r = 0(1), and up to a

change of coordinates, there holds

u(zo +rx) =
U (x) = ———= — co(xn), ",
rZ—V(Z())

v(zg)

in the C 10’5_7(10) (R™) topology. By such a convergence, one deduces that

2 2
coxn— €)% <up(x) < colxn+€).7 in By.
As a consequence, we obtain
2 2
(xp —er); " < cylu(zo+x) < (x,+ er); "™ in By,

Next, we define

L 1
w(x) = ¢, "V ulzo +x) 70, for a(z0) = 2/(2 - y(z0)),

which is a function satisfying the assumptions of Lemma 3.9. Hence, scaling back to u the thesis
of Lemma 3.9 and repeating the process inductively, keeping in mind the remarks previously
noted, we conclude that F'(u) is C 1.0 at 7.

By Holder continuity of y(x) and the computations made at the beginning of the section,
the proximity condition in Lemma 3.9 is uniform in zo € F(u) N B;/;. By the boundedness
assumption on y(x), the constant C in Lemma 3.8 is universally bounded, and therefore F(u) is

locally C 1.6 with universal estimates. m]
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