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❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s ❡❧❡♠❡♥t❛r❡s ♣❛r❛ ❛❧❣✉♥s ❝❛s♦s
♣❛rt✐❝✉❧❛r❡s ❞♦ Ú❧t✐♠♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✳ P♦r ♠✉✐t❛s ✈❡③❡s ❜✉s❝❛♠♦s ❡♥❝♦♥tr❛r
s♦❧✉çõ❡s ✐♥t❡✐r❛s ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ♣♦❧✐♥♦♠✐❛❧✱ ♦✉ s❡❥❛✱ s♦❧✉❝✐♦♥❛r ✉♠❛ ❡q✉❛çá♦
❞✐♦❢❛♥t✐♥❛✳ ❊st❛ ✐❞❡✐❛ ❢♦✐ ❛ ❜❛s❡ ❞♦ q✉❡ é ❝♦♥s✐❞❡r❛❞♦ ♦ ♣r♦❜❧❡♠❛ ♠❛✐s ❢❛♠♦s♦ ❡
❞✉r❛❞♦✉r♦ ❞❛ ❤✐stór✐❛ ❞❛ ♠❛t❡♠át✐❝❛✱ ♦ Ú❧t✐♠♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✳ ❆ ❜✉s❝❛ ♣♦r
♣r♦✈❛s ♦✉ ❝♦♥tr❛♣r♦✈❛s ❞❡ss❡ r❡s✉❧t❛❞♦ ❢♦✐ ❞❡t❡r♠✐♥❛♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦✲
r✐❛ ❛❧❣é❜r✐❝❛ ❞♦s ♥ú♠❡r♦s✱ ♣❡r♠✐t✐♥❞♦ ❡st❛❜❡❧❡❝❡r✲s❡ ❞✐✈❡rs❛s ❢❡rr❛♠❡♥t❛s ♣♦❞❡r♦s❛s
❡ s♦✜st✐❝❛❞❛s✱ ♠✉✐t♦ ❝♦♥tr✐❜✉t✐✈❛s ♣❛r❛ ❛ ♠❛t❡♠át✐❝❛ ♠♦❞❡r♥❛✳ ❯♠ ❢❛t♦ é q✉❡ ♦
ú❧t✐♠♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t ❢♦✐ ✉♠ ❞♦s ❣r❛♥❞❡s ♠✐stér✐♦s ❞❛ ❤✐stór✐❛ ❞❛ ▼❛t❡♠át✐❝❛
❡ q✉❡ ❞❡s❛✜♦✉ ❛s ♠❡♥t❡s ♠❛✐s ❜r✐❧❤❛♥t❡s ❡ ❞❡t❡r♠✐♥❛❞❛s ❞♦ ♠✉♥❞♦ ❞❛ ♠❛t❡♠át✐❝❛✳
❯♠ t❡♦r❡♠❛ ❞❡ ❢á❝✐❧ ❡♥t❡♥❞✐♠❡♥t♦✱ ♠❛s ❞❡ r❡s♦❧✉çã♦ ❝♦♥s✐❞❡r❛❞❛ ♣♦r ♠✉✐t♦s ❝♦♠♦
✐♠♣♦ssí✈❡❧✳ ❊st❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ❢♦❝♦ ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s ❡❧❡♠❡♥✲
t❛r❡s ♣❛r❛ ♦ Ú❧t✐♠♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t xn + yn = zn ♣❛r❛ ♦s ❝❛s♦s n ∈ {2, 3, 4, 5}✱
♠♦str❛♥❞♦ q✉❡ t❛❧ ❡q✉❛çã♦ ❞❡ ❢❛t♦ ♥ã♦ ♣♦ss✉✐ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛
n > 2✳ P❛r❛ ♦ ❝❛s♦ n = 5 é ❢❡✐t❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❝✐❛❧✱ ♦♥❞❡ ♠♦str❛✲s❡ q✉❡ s❡
5 6 |x, 5 6 |y, 5 6 |z✱ ❝♦♠ x, y, z ✐♥t❡✐r♦s✱ ❡♥tã♦ x5 + y5 6= z5✳
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✈



❆❜str❛❝t

❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts s♦♠❡ ❡❧❡♠❡♥t❛r② ❞❡♠♦♥str❛t✐♦♥s ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s
♦❢ ❋❡r♠❛t✬s ▲❛st ❚❤❡♦r❡♠✳ ❲❡ ♦❢t❡♥ s❡❡❦ t♦ ✜♥❞ ✇❤♦❧❡ s♦❧✉t✐♦♥s ❢♦r ❛ ♣♦❧②♥♦♠✐❛❧
❡q✉❛t✐♦♥✱ t❤❛t ✐s✱ t♦ s♦❧✈❡ ❛ ❞✐♦♣❤❛♥t✐♥❡ ❡q✉❛t✐♦♥✳ ❚❤✐s ✐❞❡❛ ✇❛s t❤❡ ❜❛s✐s ♦❢ ✇❤❛t ✐s
❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ♠♦st ❢❛♠♦✉s ❛♥❞ ❡♥❞✉r✐♥❣ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤✐st♦r② ♦❢ ♠❛t❤❡♠❛✲
t✐❝s✱ ❋❡r♠❛t✬s ▲❛st ❚❤❡♦r❡♠✳ ❚❤❡ s❡❛r❝❤ ❢♦r ❡✈✐❞❡♥❝❡ ♦r ❡✈✐❞❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✇❛s
❝r✉❝✐❛❧ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ t❤❡♦r② ♦❢ ♥✉♠❜❡rs✱ ❛❧❧♦✇✐♥❣ t♦ ❡st❛❜❧✐s❤
s❡✈❡r❛❧ t♦♦❧s✳ ♣♦✇❡r❢✉❧ ❛♥❞ s♦♣❤✐st✐❝❛t❡❞✱ ✈❡r② ❝♦♥tr✐❜✉t♦r② t♦ ♠♦❞❡r♥ ♠❛t❤❡♠❛✲
t✐❝s✳ ❖♥❡ ❢❛❝t ✐s t❤❛t ❋❡r♠❛t✬s ❧❛st ❚❤❡♦r❡♠ ✇❛s ♦♥❡ ♦❢ t❤❡ ❣r❡❛t ♠②st❡r✐❡s ♦❢ t❤❡
❤✐st♦r② ♦❢ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ✐t ❝❤❛❧❧❡♥❣❡s t❤❡ ♠♦st ❜r✐❧❧✐❛♥t ❛♥❞ ❞❡t❡r♠✐♥❡❞ ♠✐♥❞s
✐♥ t❤❡ ✇♦r❧❞ ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ❆♥ ❡❛s②✲t♦✲✉♥❞❡rst❛♥❞ t❤❡♦r❡♠ t❤❛t ♠❛♥② ❝♦♥s✐❞❡r
✐♠♣♦ss✐❜❧❡✳ ❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ♣r❡s❡♥t✐♥❣ s♦♠❡ ❡❧❡♠❡♥t❛r② ❞❡♠♦♥str❛t✐♦♥s ❢♦r
❋❡r♠❛t✬s ▲❛st ❚❤❡♦r❡♠ xn + yn = zn ❢♦r ❝❛s❡s n ∈ 2, 3, 4, 5✱ s❤♦✇✐♥❣ t❤❛t s✉❝❤ ❛♥
❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ♥♦♥✲tr✐✈✐❛❧ ✐♥t❡❣❡r s♦❧✉t✐♦♥s ❢♦r n > 2✳ ❋♦r t❤❡ ❝❛s❡ n = 5 ❛
♣❛rt✐❛❧ ❞❡♠♦♥str❛t✐♦♥ ✐s ♠❛❞❡✱ s❤♦✇✐♥❣ t❤❛t ✐❢ 5 ∤ x, 5 ∤ y, 5 ∤ z✱ ✇✐t❤ x, y, z ✐♥t❡❣❡rs✱
t❤❡♥ x5 + y5 = z5✳

❑❡②✇♦r❞s✿ ❋❡r♠❛t✱ ❊q✉❛t✐♦♥s✱ ❉❡♠♦♥str❛t✐♦♥s✳

✈✐



❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ✐✐✐

❘❡s✉♠♦ ✈

❆❜str❛❝t ✈✐

■♥tr♦❞✉çã♦ ✷

✶ ❈❛s♦ n = 2 ✹

✶✳✶ ❈❛s♦ n = 2, x2 + y2 = z2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷ ❈❛s♦ n = 3 ✽

✷✳✶ ❈❛s♦ n = 3, x3 + y3 = z3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✸ ❈❛s♦ n = 4 ✷✾

✸✳✶ ❈❛s♦ n = 4✱ x4 + y4 = z4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✹ ❈❛s♦ n = 5 ✸✹

✹✳✶ ❈❛s♦ n = 5, x5 + y5 = z5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✸✾

✶



■♥tr♦❞✉çã♦

❈♦♠♦ s❛❜❡♠♦s ♦ ú❧t✐♠♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ❞✐♦❢❛♥✲
t✐♥❛ xn + yn = zn ✳ ❋❡r♠❛t ❛✜r♠❛✈❛ q✉❡ ❡r❛ ✐♠♣♦ssí✈❡❧ s❡♣❛r❛r ✉♠ ❝✉❜♦ ❡♠ ❞♦✐s
❝✉❜♦s✱ ♦✉ ✉♠❛ q✉❛rt❛ ♣♦tê♥❝✐❛ ❡♠ ❞✉❛s q✉❛rt❛s ♣♦tê♥❝✐❛s✱ ❞❡ ❢♦r♠❛ ❣❡r❛❧✱ q✉❛❧q✉❡r
♣♦tê♥❝✐❛ ♠❛✐♦r ❞♦ q✉❡ ❛s ❥á ❝✐t❛❞❛s✱ ❡♠ ❞✉❛s ♣♦tê♥❝✐❛s s❡♠❡❧❤❛♥t❡s✳ ❋❡r♠❛t é ♠❛✐s
❜❡♠ ❧❡♠❜r❛❞♦ q✉❛♥❞♦ ❛ss♦❝✐❛❞♦ ❛ s❡✉ tr❛❜❛❧❤♦ ❡♠ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s✱ ❡♠ ♣❛rt✐❝✉✲
❧❛r ♣❡❧♦ Ú❧t✐♠♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✳ ❊st❡ t❡♦r❡♠❛ ❞✐③ q✉❡✿ ♥ã♦ t❡♠ s♦❧✉çã♦ ✐♥t❡✐r❛
♥ã♦ ♥✉❧❛ ♣❛r❛ x, y ❡ z q✉❛♥❞♦ n > 2✳ ❊ss❡ ♣r♦❜❧❡♠❛ é ❞❡ ♦r✐❣❡♠ ❣r❡❣❛ ❡ ♣❛rt✐✉
❞♦ tã♦ ❝♦♥❤❡❝✐❞♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✳ ❋❡r♠❛t ♦❜s❡r✈♦✉ q✉❡ ❞❡ ❢❛t♦ ❛ ❡q✉❛çã♦
❞❡ P✐tá❣♦r❛s x2 + y2 = z2 é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦s ♦s tr✐â♥❣✉❧♦s r❡tâ♥❣✉❧♦s✱ ♣♦ré♠✱ s❡
❛♦ ✐♥✈és ❞❡ ✉♠ q✉❛❞r❛❞♦✱ t✐✈éss❡♠♦s ✉♠ ❝✉❜♦ ♦✉ ✉♠❛ ♣♦tê♥❝✐❛ ♠❛✐♦r✱ s❡ t♦r♥❛r✐❛
✐♠♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦ ♥✉❧❛s✳
❆♦ ❛✜r♠❛r q✉❡ ❛ ❡q✉❛çã♦ xn+ yn = zn ♥ã♦ ♣♦ss✉✐❛ s♦❧✉çã♦ ♣❛r❛ n > 2✱ ❢❡③ ❝♦♠ q✉❡
❋❡r♠❛t ❝r✐❛ss❡ ❛ss✐♠✱ ♦ ♠❛✐s ❢❛♠♦s♦ ❡ ❞✐❢í❝✐❧ ♣r♦❜❧❡♠❛ ♠❛t❡♠át✐❝♦ q✉❡ ♦ ♠✉♥❞♦ ❥á
t✐♥❤❛ ✈✐st♦✳ ❖ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ é q✉❡ t❛❧ ♣r♦❜❧❡♠❛ ❞✉r♦✉ ♠❛✐s ❞❡ três sé❝✉❧♦s ❡
♠❡✐♦ ❞❡s❛✜❛♥❞♦ ❛s ♠❡♥t❡s ♠❛✐s ❜r✐❧❤❛♥t❡s ❞❛ ▼❛t❡♠át✐❝❛✳
❋❡r♠❛t ❛✜r♠♦✉ q✉❡ t✐♥❤❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♠❛r❛✈✐❧❤♦s❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♣♦r ❡❧❡
♣r♦♣♦st♦✱ ❡♥tr❡t❛♥t♦✱ ❞✐ss❡✱ q✉❡ ❛ ♠❛r❣❡♠ ♦♥❞❡ ❡s❝r❡✈✐❛ ❡r❛ ♠✉✐t♦ ❡str❡✐t❛ ♣❛r❛
❝♦♥tê✲❧❛✳ ■ss♦ ❢♦✐ ♠❛✐s ❞♦ q✉❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❢❛③❡r ❝♦♠ q✉❡ ✈ár✐❛s ❣❡r❛çõ❡s ❞❡ ♠❛✲
t❡♠át✐❝♦s ✜❝❛ss❡♠ ♥❛ ✈♦♥t❛❞❡ ❞❡ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦✉ ❞❡
♣r♦✈❛r q✉❡ ❡❧❡ ❡r❛ ❢❛❧s♦✱ ♠❛s ❛té ❡♥tã♦✱ ✐st♦ ♥ã♦ ❛❝♦♥t❡❝❡✉ ❡✱ ♠✉✐t❛s t❡♥t❛t✐✈❛s ❞❡
s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❢♦r❛♠ ❡①♣❧♦r❛❞❛s s❡♠ ♦ ê①✐t♦ ❡s♣❡r❛❞♦✳

❖ q✉❡ ♠❛✐s ✐♥❞❛❣❛✈❛ ♦s ❡st✉❞✐♦s♦s ♠❛t❡♠át✐❝♦s✱ ❡r❛ s♦❜r❡✱ ❝♦♠♦ ❋❡r♠❛t ❝❤❡❣♦✉
❛ ♣r♦✈❛ ❞♦ ♣r♦❜❧❡♠❛✱ ❞♦ q✉❡ ❡❧❡ s❡ ✉t✐❧✐③♦✉✱ ✈✐st♦ q✉❡ ❡❧❡ ♥ã♦ t✐♥❤❛ ❞❡✐①❛❞♦ ♥❛❞❛
r❡❣✐str❛❞♦ s♦❜r❡ ❡ss❛ ❞❡♠♦♥str❛çã♦✳
❉❡♣♦✐s ❞❡ ♣r♦✈❛s ❡ ♠❛✐s ♣r♦✈❛s s❡♠ ♦ ê①✐t♦ ❡s♣❡r❛❞♦ ♣❡❧♦s ❡st✉❞✐♦s♦s ♠❛t❡♠át✐✲
❝♦s✱ ❆♥❞r❡✇s ❲✐❧❡s✱ ✉♠ ❞❡ss❡s ♠❛t❡♠át✐❝♦s✱ ❝♦♥s❡❣✉✐✉ ❛♣r❡s❡♥t❛r ❛ ♣r♦✈❛ ♣❛r❛ ❡ss❡
♣r♦❜❧❡♠❛✳ ❚❛❧ ♣r♦✈❛ ❢♦✐ ♣✉❜❧✐❝❛❞❛ ♥♦ ❛♥♦ ❞❡ ✶✾✾✺✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❝❤❡❣❛ss❡ ❛♦
✜♠✱ ♦ ♠✐stér✐♦ q✉❡ ❞✉r♦✉ ♠❛✐s ❞❡ três sé❝✉❧♦s ❡ ♠❡✐♦s✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ✈❛♠♦s ❛♣r❡✲

✷



s❡♥t❛r ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s ❡❧❡♠❡♥t❛r❡s ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t✱ ♠♦str❛♥❞♦
q✉❡✱ ❞❡ ❢❛t♦✱ ♥ã♦ ❡①✐st❡♠ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦✲tr✐✈✐❛❧ ♣❛r❛ xn + yn = zn✳ ❈♦♠ ✐ss♦
❡str✉t✉r❛♠♦s ♦ tr❛❜❛❧❤♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞❛ ❛
❞❡♠♦♥str❛çã♦ ❞❛ ❡q✉❛çã♦ x2 + y2 = z2✱ ♦♥❞❡ sã♦ ❝❛r❛❝t❡r✐③❛❞❛s t♦❞❛s ❛s s♦❧✉çõ❡s
♣❛r❛ ❡ss❛ ❡q✉❛çã♦✳ ◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡q✉❛çã♦
x3+y3 = z3✳ ❖♥❞❡ ♠♦str❛♠♦s q✉❡ t❛❧ ❡q✉❛çã♦ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ✐♥t❡✐r❛ ♥ã♦✲tr✐✈✐❛❧
❝♦♠♦ ❋❡r♠❛t ❛✜r♠❛✈❛✱ ♣♦✐s✱ ♥ã♦ s❡ ♣♦❞❡ s❡♣❛r❛r ✉♠ ❝✉❜♦ ❡♠ ❞♦✐s ❝✉❜♦s✳ P❛r❛ t❛❧
❞❡♠♦♥str❛çã♦✱ ✉s❛♠♦s ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ | xyz |✳ ◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞❛
❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡q✉❛çã♦ x4+y4 = z4✳ ◆❡ss❡ ❝❛♣ít✉❧♦ ♠♦str❛♠♦s q✉❡ t❛❧ ❡q✉❛çã♦
♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ✐♥t❡✐r❛ ♥ã♦✲tr✐✈✐❛❧✳ P❛r❛ ❛ ♣r♦✈❛✱ ♣❛rt✐r♠♦s ❞❡ q✉❡ ♥ã♦ s❡ ♣♦❞❡
t❡r ❛ s♦♠❛ ❞❡ ❞✉❛s q✉❛rt❛s ♣♦tê♥❝✐❛s ✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠ ♣♦tê♥❝✐❛ ❞❡ ❣r❛✉ 2✳ ◆♦
q✉❛rt♦ ❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡q✉❛çã♦ x5 + y5 = z5✱
♦♥❞❡ ♠♦str❛♠♦s q✉❡ t❛❧ ❡q✉❛çã♦ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ✐♥t❡✐r❛ ♥ã♦✲tr✐✈✐❛❧✳ P❛r❛ ❝❤❡✲
❣❛r♠♦s ❡♠ t❛❧ r❡s✉❧t❛❞♦✱ ♣❛rt✐♠♦s ❞♦ ❢❛t♦ q✉❡✱ s❡ 5 ♥ã♦ ❞✐✈✐❞❡ ♥❡♥❤✉♠ ❞♦s x, y, z
❡♥tã♦ x5 + y5 + z5 6= 0✳

✸



❈❛♣ít✉❧♦ ✶

❉❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦

x2 + y2 = z2

◆❡ss❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ♣r♦✈❛ ❡❧❡♠❡♥t❛r ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ P✐tà✲
❣♦r❛s✱ ✐st♦ é✱ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t xn + yn = zn ♣❛r❛ n = 2✱
♦♥❞❡ s❡rá ❝❛r❛❝t❡③✐③❛❞❛ t♦❞❛s ❛s s♦❧✉çõ❡s ♣❛r❛ t❛❧ ❡q✉❛çã♦✳

✶✳✶ ❈❛s♦ n = 2, x2 + y2 = z2

❆ ❡q✉❛çã♦

x2 + y2 = z2

➱ ❛ ❡q✉❛çã♦ ❞❡ P✐tá❣♦r❛s ❡ ♣♦ss✉✐ s♦❧✉çõ❡s ✐♥t❡✐r❛s✳ ❱❛♠♦s ❛❣♦r❛ ❝❛r❛❝t❡r✐③❛r t♦❞❛s
❡ss❛s s♦❧✉çõ❡s✳

❚❡♦r❡♠❛ ✶✳✶✳ ❙❡❥❛ ✭x, y, z✮ ∈ N3✱ ✉♠❛ t❡r♥❛ ♣✐t❛❣ór✐❝❛✱ ✐st♦ é✱ ✉♠❛ t❡r♥❛ t❛❧ q✉❡
mdc(x, y, z) = 1 ❡ x2 + y2 = z2 ❡♥tã♦ ✿

✭❛✮ ✉♠ ❞♦s ♥ú♠❡r♦s x, y é ♣❛r ❡ ♦ ♦✉tr♦ é í♠♣❛r✱ ❡ ♦ ♥ú♠❡r♦ z é í♠♣❛r✳
✭❜✮ ❙✉♣♦♥❤❛ q✉❡ x é í♠♣❛r✱ ❡♥tã♦ ❡①✐st❡♠ a, b ∈ N✱ ❝♦♣r✐♠♦s✱ t❛✐s q✉❡ a > b✱a 6≡ b

mod 2✱ ❡

x = a2 − b2, y = 2ab, z = a2 + b2

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❝♦♠❡ç❛r ♠♦str❛♥❞♦ q✉❡ x, y ❡ z sã♦ ❞♦✐s ❛ ❞♦✐s ❝♦♣r✐✲
♠♦s✳ ❉❡ ❢❛t♦ s✉♣♦♥❤❛ q✉❡ p é ♣r✐♠♦ ❡

p | mdc(x, y)

✹



✶✳✶✳ ❈❆❙❖ N = 2, X2 + Y 2 = Z2 ❈❆P❮❚❯▲❖ ✶✳ ❈❆❙❖ N = 2

❡♥tã♦✱ p | x2 + y2 ⇒ p | z2 ⇒ p | z ✳

❆❜s✉r❞♦✦ P♦✐s x ✱ y✱ z sã♦ ❝♦♣r✐♠♦s✳ P♦rt❛♥t♦ x ❡ y sã♦ ❝♦♣r✐♠♦s✳ ❖ ♠❡s♠♦
❛r❣✉♠❡♥t♦ s❡r✈❡ ♣❛r❛ ♠♦str❛r q✉❡ x ❡ z sã♦ ❝♦♣r✐♠♦s ❡ y ❡ z t❛♠❜é♠ sã♦ ❝♦♣r✐♠♦s✳

❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❝♦♠♦ x ❡ y sã♦ ❝♦♣r✐♠♦s✱ ♥ã♦ ♣♦❞❡♠ s❡r ❛♠❜♦s ♣❛r❡s✳ ❱❛✲
♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ t❛♠❜é♠ ♥ã♦ ♣♦❞❡♠ s❡r ❛♠❜♦s í♠♣❛r❡s✳ ❉❡ ❢❛t♦✱ s❡ x ❡ y

❢♦ss❡♠ ❛♠❜♦s í♠♣❛r❡s✱ ❡♥tã♦✿

x ≡ 1 mod 4 ♦✉ x ≡ 3 mod 4,

❞❛í✱

x2 ≡ 1 mod 4

❉❛ ♠❡s♠❛ ❢♦r♠❛

y2 ≡ 1 mod 4.

❙❡♥❞♦ ❛ss✐♠✱

x2 + y2 ≡ 2 mod 4.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡✱ s❡ z é ♣❛r✱ ❡♥tã♦

z2 ≡ 0 mod 4

❙❡ z é í♠♣❛r✱ r❡♣❡t✐♠♦s ♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ♣❛r❛ ♠♦str❛r q✉❡

z2 ≡ 1 mod 4.

❈♦♠♦

x2 + y2 = z2

♦❜t❡♠♦s ✉♠ ❛❜s✉r❞♦✦ ▲♦❣♦✱ x ❡ y ♥ã♦ ♣♦❞❡♠ s❡r ❛♠❜♦s í♠♣❛r❡s✳

❆ss✐♠ t❡♠♦s q✉❡ x é ♣❛r ❡ y é í♠♣❛r ♦✉ x é í♠♣❛r ❡ y ♣❛r✳ ❊♠ ❛♠❜♦s ♦s ❝❛✲
s♦s t❡♠♦s q✉❡ z é í♠♣❛r✳ ■st♦ ♣r♦✈❛ ✭❛✮✳

❱❛♠♦s ♣r♦✈❛r ✭❜✮✳ ❙✉♣♦♥❤❛ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ x é í♠♣❛r ✭r❡♥♦♠❡✲
❛♥❞♦ ❛s ✈❛r✐á✈❡✐s s❡ ♥❡❝❡ssár✐♦✮✳ ❆ss✐♠✱

x2 + y2 = z2,

✺



✶✳✶✳ ❈❆❙❖ N = 2, X2 + Y 2 = Z2 ❈❆P❮❚❯▲❖ ✶✳ ❈❆❙❖ N = 2

❉❛í✱
y2 = z2 − x2 = (z − x)(z + x) ✭✶✳✶✮

❙❡❥❛ d = mdc(z + x, z − x)✳ ❉❛í✱

d | (z + x)− (z − x) ⇒ d | 2x,

❡

d | (z + x) + (z − x) ⇒ d | 2z.

❈♦♠♦ z ❡ x sã♦ ❝♦♣r✐♠♦s✱ s❡❣✉❡ ❡♥tã♦ q✉❡ d | 2✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ x ❡ z sã♦ í♠♣❛r❡s✱
❡♥tã♦

2 | x+ z ❡ 2 | z − x.

P♦rt❛♥t♦✱ s❡❣✉❡ q✉❡ d = 2✳

❉❡st❛ ❢♦r♠❛✱

z + x = 2u ❡ z − x = 2v,

❝♦♠ u ❡ v ❝♦♣r✐♠♦s✳

P♦r ✭❛✮ ✱ ❝♦♠♦ x é í♠♣❛r ❡ y é ♣❛r✱ t❡♠♦s q✉❡ ∃w ∈ N✱ t❛❧ q✉❡ y = 2w✳ ❉❛í
♣♦r ✭✶✳✶✮

4w2 = 4uv ⇒ w2 = uv ✭✶✳✷✮

❙❡❥❛ p ♣r✐♠♦ ❡ q ∈ N t❛❧ q✉❡ pq | u ❡ pq+1 ∤ u✳

❙❡❥❛ ❛✐♥❞❛

q =

{

q + 1, s❡ q é í♠♣❛r
q, s❡ q é ♣❛r

❊♥tã♦✱

pq | u ⇒ pq | w2 ⇒ pq | w2 ⇒ pq | uv

❡ ❝♦♠♦ u ❡ v sã♦ ❝♦♣r✐♠♦s✱ s❡❣✉❡ q✉❡

pq | u

▲♦❣♦✱ q = q ⇒ q é ♣❛r✳ ❙❡♥❞♦ ❛ss✐♠✱ u é ✉♠ q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✳

P♦rt❛♥t♦✱ ❡①✐st❡ a ∈ N✱ t❛❧ q✉❡ u = a2✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♠♦str❛✲s❡ q✉❡ v é

✻



✶✳✶✳ ❈❆❙❖ N = 2, X2 + Y 2 = Z2 ❈❆P❮❚❯▲❖ ✶✳ ❈❆❙❖ N = 2

q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✳ ❆ss✐♠✱ ∃b ∈ N t❛❧ q✉❡ v = b2✳

❙❡♥❞♦ ❛ss✐♠✱ ♣♦r ✭✶✳✷✮ s❡❣✉❡ q✉❡

w2 = a2b2 ⇒ w = ab

♣♦✐s w, a, b ∈ N✱ ❡ ❞❛í

y = 2w = 2ab ⇒ y = 2ab.

❆❧é♠ ❞✐ss♦✱

z + x = 2u = 2a2 ⇒ a2 =
z + x

2

z − x = 2v = 2b2 ⇒ b2 =
z − x

2

❉❛í✱

z =
z + x

2
+

z − x

2
= a2 + b2

❡

x =
z + x

2
− z − x

2
= a2 − b2.

❖ q✉❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛✳

�

✼



❈❛♣ít✉❧♦ ✷

❉❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦

x3 + y3 = z3

◆❡ss❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ♣r♦✈❛ ❡❧❡♠❡♥t❛r ♣❛r❛ ❛ ❡q✉❛çã♦ x3+ y3 =
z3 ✱ ✐st♦ é✱ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t xn+yn = zn ♣❛r❛ n = 3✱ ♦♥❞❡
s❡rá ❛♣r❡s❡♥t❛❞♦ q✉❡ ♥ã♦ ❡①✐st❡♠ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛ ❡st❛ ❡q✉❛çã♦✳

✷✳✶ ❈❛s♦ n = 3, x3 + y3 = z3

❱❛♠♦s ❢♦r♥❡❝❡r ✉♠ ♣r♦✈❛ ❡❧❡♠❡♥t❛r ♣❛r❛ ♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t ❝♦♠ n = 3✳ ❆
❡str❛té❣✐❛ s❡ ❜❛s❡✐❛ ♥♦ ❛rt✐❣♦ ❞♦ ▲✐✉ ✭✷✵✵✵✮✳

❚❡♦r❡♠❛ ✷✳✶✳ ❆ ❡q✉❛çã♦
x3 + y3 = z3 ✭✷✳✶✮

♥ã♦ ♣♦ss✉✐ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦✲tr✐✈✐❛✐s✳

❉❡♠♦♥str❛çã♦✿ ❘❡❛❧✐③❛r❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣♦r ❛❜s✉r❞♦✳ ❆ss✐♠ s✉♣♦♥❤❛
q✉❡ ❛ ❡q✉❛çã♦ ✷✳✶ ❛❞♠✐t❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧✳
❆ss✐♠✱

W =
{

| xyz |∈ N, (x, y, z) ∈ Z, x 6= 0, y 6= 0, z 6= 0 ❡ x3 + y3 = z3
}

é ♥ã♦ ✈❛③✐♦✳ ■st♦ é✱ W 6= ∅,W ⊂ N✳

P♦rt❛♥t♦✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ❜♦❛ ♦r❞❡♥❛çã♦✱ W ♣♦ss✉✐ ✉♠ ♠❡♥♦r ❡❧❡♠❡♥t♦✳ ❖✉
s❡❥❛✱ (x, y, z) ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✮ t❛❧ q✉❡ |xyz| é ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ W ✳

❆✜r♠❛çã♦ ✶ ✿ x, y ❡ z sã♦ ❞♦✐s✲❛✲❞♦✐s ❞✐st✐♥t♦s✳

❉❡ ❢❛t♦✱ s❡ x = y t❡♠♦s

✽



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

2x3 = z3

❙❡❥❛ q ∈ N, 2q | z3✱ ♠❛s 2q+1 ∤ z3✳ ❈♦♠♦ z é ❝✉❜♦ ♣❡r❢❡✐t♦✱ s❡❣✉❡ q✉❡ q = 3k ❝♦♠
k ∈ N✳ ❆ss✐♠ 23k | z3✱ ♠❛s 23k+1 ∤ z3✳ ❙❡❥❛ ❛❣♦r❛ q̃ ∈ N t❛❧ q✉❡ 2q̃ | x3✱ ♠❛s
2q̃+1 ∤ x3✳ ❈♦♠♦ x3 é ❝✉❜♦ ♣❡r❢❡✐t♦✱ ❡♥tã♦ q̃ = 3k̃ ❝♦♠ k̃ ∈ N✳ ❉❛í ❢❛ç❛

x3 = 23k̃x̃3, ❝♦♠ mdc(2, x̃) = 1,

z3 = 23kz̃3, ❝♦♠ mdc(2, z̃) = 1

❉❛í✱

23k̃+1x̃3 = 23kz̃3 ⇒ 23k̃+1 = 23k ⇒ 3k̃ + 1 = 3k

❆❜s✉r❞♦✦ ▲♦❣♦✱ x 6= y✳

❙❡ x = z ⇒ y3 = 0 ⇒ y = 0✳ ❆❜s✉r❞♦✦ P♦✐s✱ ❛ s♦❧✉çã♦ é ♥ã♦✲tr✐✈✐❛❧✳

❙❡ y = z ⇒ x3 = 0 ⇒ x = 0 ✳ ❆❜s✉r❞♦✦

■st♦ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦ ✭✶✮

�

❆✜r♠❛çã♦ ✷ ✿ mdc(x, y) = mdc(x, z) = mdc(y, z) = 1✳ ❆❧é♠ ❞✐ss♦✱ ❡①❛t❛♠❡♥t❡
✉♠ ❞♦s x, y, z é ♣❛r✳

❱❛♠♦s ❝♦♠❡ç❛r ♠♦str❛♥❞♦ q✉❡ mdc(x, y) = 1✳ ❉❡ ❢❛t♦✱ s❡❥❛ d = mdc(x, y)✱ ❡♥✲
tã♦ ∃x̃, ỹ ∈ Z, x = dx̃ ❡ y = dỹ✳ ❆ss✐♠✱ t❡♠♦s q✉❡

d3x̃3 + d3ỹ3 = z3 ⇒ d3(x̃3 + ỹ3) = z3 ⇒ d3 | z3

❆ss✐♠✱ ∃z̃3 ∈ Z, z3 = d3z̃3

P♦rt❛♥t♦✱

x̃3 + ỹ3 = z̃3

❙❡ d > 1✱ ❡♥tã♦ | x̃ỹz̃ |<| xyz |✱ ❝♦♥tr❛r✐❛♥❞♦ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ | xyz |✳ ▲♦❣♦✱ d = 1✳

❙❡❥❛ ❛❣♦r❛ d = mdc(x, z)✳ ❊♥tã♦✱ ∃x̃, z̃ ∈ Z, x = dx̃ ❡ z = dz̃✳ ❉❛í

d3x̃3 + d3(−z̃)3 = (−y)3 ⇒ d3 | y3
⇒ ∃ỹ ∈ Z, t❛❧ q✉❡ y3 = d3(−ỹ)3

⇒ x̃3 + (−z̃)3 = (−ỹ)3

⇒ x̃3 + ỹ3 = z̃3.

✾



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ s❡ d > 1✱ ❡♥tã♦ | x̃ỹz̃ |<| xyz |✱ ♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡
❞❡ | xyz |✳ ▲♦❣♦✱ d = 1✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛ ♠♦str❛✲s❡ q✉❡ mdc(y, z) = 1

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ t❡r❡♠♦s ❡①❛t❛♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ♣❛r ❡♥tr❡ ♦s ♥ú♠❡r♦s
x, y ❡ z✳ ❉❡ ❢❛t♦✱ s❡ ❞♦✐s ❞❡❧❡s ❢♦r❡♠ ♣❛r❡s✱ s❡❣✉❡ q✉❡ 2 é ✉♠ ❞✐✈✐s♦r ❝♦♠✉♠✱ ♦ q✉❡
❝♦♥tr❛r✐❛ ♦ ❢❛t♦ ❞❡ s❡r❡♠ ❞♦✐s✲❛✲❞♦✐s ❝♦♣r✐♠♦s ✭♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❛✜r♠❛çã♦ ✷✮✳

❈♦♠♦ ♥ã♦ ♣♦❞❡♠♦s t❡r ❞♦✐s ♥ú♠❡r♦s ♣❛r❡s ❡♥tr❡ x, y ❡ z✱ s❡❣✉❡ q✉❡ ❞♦✐s ❞❡❧❡s
sã♦ í♠♣❛r❡s✳ ❈♦♠♦ ❞♦✐s ❞❡❧❡s sã♦ í♠♣❛r❡s✱ ♦ t❡r❝❡✐r♦ é ♣❛r✳

❉❡ ❢❛t♦✱ s❡ x ❡ y sã♦ í♠♣❛r❡s✱ ♦❧❤❛♥❞♦ ❛ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ 2

x3 + y3 = z3 ⇒ x3 + y3 ≡ z3 mod 2

⇒ 1 + 1 ≡ z3, mod 2

⇒ z3 ≡ 0 mod 2

⇒ z ≡ 0 mod 2.

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣r♦✈❛♠✲s❡ ♦s ♦✉tr♦s ❝❛s♦s✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ❛✜r♠❛çã♦ ✭✷✮✳

�

❈♦♠♦ t❡♠♦s q✉❡

x3 + y3 = z3 ⇒ x3 + (−z)3 = (−y)3

⇒ x3 + ỹ3 = z̃3,

♦♥❞❡ ỹ = −z ❡ z̃ = −x ❡ t❛♠❜é♠

(−z)3 + y3 = (−x)3 ⇒ ˜̃x+ y3 = ˜̃z3

♦♥❞❡ ˜̃x = −z ❡ ˜̃z = −y ✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✉t✐❧✐③❛♥❞♦ ❛
❛✜r♠❛çã♦ ✷✱ q✉❡

z é ♣❛r ✭✷✳✷✮

❆ss✐♠✱ s❡❣✉❡ ❞❛ ❛✜r♠❛çã♦ ✷ q✉❡

x ❡ y sã♦ í♠♣❛r❡s ✭✷✳✸✮

P♦rt❛♥t♦✱

x+ y ❡ x− y

✶✵
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sã♦ ♣❛r❡s✳ ❉❛í✱ ❡①✐st❡♠ u, w ∈ Z t❛✐s q✉❡

x+ y = 2u ❡ x− y = 2w

❉❛í✱

x = u+ w ❡ y = u− w

❆ss✐♠✱

z3 = x3 + y3 = (u+ w)3 + (u− w)3

= u3 + 3u2w + 3uw3 + w3 − 3u2w + 3uw2 − w3

= 2u3 + 6uw2

= 2u(u2 + 3w2).

❆ss✐♠✱

z3 = 2u(u2 + 3w2).

❆✜r♠❛çã♦ ✸✿ mdc(u, w) = 1 ❡ ❡①❛t❛♠❡♥t❡ ✉♠ ❞❡❧❡s é í♠♣❛r✳

❉❡ ❢❛t♦✱ s❡ d = mdc(u, w)✱ t❡♠♦s q✉❡ d | x ❡ d | y ⇒ d | mdc(x, y) ⇒ d = 1✳

❈♦♠♦ x é í♠♣❛r✱ ♣♦r ✭✷✳✸✮✱ ❡ ❛❧é♠ ❞✐ss♦✱ ❝♦♠♦ x = u + w✱ ❡♥tã♦✱ s❡ u ❡ w ❢♦r❡♠
♣❛r❡s✱ t❡rí❛♠♦s x ♣❛r✱ ❛❜s✉r❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ u ❡ w ❢♦ss❡♠ í♠♣❛r❡s t❡rí❛♠♦s x
♣❛r✱ ❛❜s✉r❞♦✳

P♦rt❛♥t♦✱ ♦✉ u é ♣❛r ❡ w é í♠♣❛r✱ ♦✉ u é í♠♣❛r ❡ w é ♣❛r✳ ■ss♦ ♣r♦✈❛ ❛ ❛✜r✲
♠❛çã♦ ✸✳

�

❱❛♠♦s ❛❣♦r❛ r❡❛❧✐③❛r ❛ ❛♥á❧✐s❡ ❡♠ ❞♦✐s ❝❛s♦s✿

❈❛s♦ ✶✿ u ♥ã♦ é ❞✐✈✐sí✈❡❧ ♣♦r ✸✳
❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ 3 ∤ u ❡ ❝♦♠♦ mdc(u, w) = 1✱ s❡❣✉❡ q✉❡ mdc(u, 3w) = 1✳
❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ t❡♠♦s q✉❡ u é ♣❛r ❡ w é í♠♣❛r ♦✉ u é í♠♣❛r ❡ w é ♣❛r✱ s❡❣✉❡ q✉❡
❡♠ ❛♠❜♦s ♦s ❝❛s♦s

u2 + 3w2 ≡ 1 mod 2

⇒ 2 ∤ u2 + 3w2

✶✶
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❆ss✐♠✱ ❢❛③❡♥❞♦

d = mdc(2u, u2 + 3w2)

t❡♠♦s q✉❡

d = mdc(2u, u2 + 3w2) = mdc(u, u2 + 3w2)

❆ss✐♠✱

d | u ❡ d | u2 + 3w2 − u2 ⇒ d | 3w2

❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ ✭❝❛s♦ ✶✮ q✉❡ 3 ∤ u✱ s❡❣✉❡ q✉❡

d | w2.

❙❡ d > 1✱ t♦♠❡ p ❢❛t♦r ♣r✐♠♦ ❞❡ d✱ ❡♥tã♦

p | u ❡ p | w2 ⇒ p | w ⇒ p | mdc(u, w).

P♦ré♠✱ mdc(u, w) = 1✳ ❆❜s✉r❞♦✦ P♦rt❛♥t♦ d = 1✱ ♦✉ s❡❥❛

mdc(2u, u2 + 3w2) = 1.

❈♦♠♦ t❡♠♦s q✉❡

z3 = 2u(u2 + 3w2),

t❡♠♦s q✉❡ ❡①✐st❡♠ r, s ∈ Z t❛✐s q✉❡

2u = r3 ❡ u2 + 3w2 = s3. ✭✷✳✹✮

❈❛s♦ ✷✿ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ u é ❞✐✈✐sí✈❡❧ ♣♦r 3✳

❆ss✐♠✱ ❡①✐st❡ v ∈ Z t❛❧ q✉❡ u = 3v✳ ❆ss✐♠✱

z3 = 2u(u2 + 3w2)

= 6v(9v2 + 3w2)

= 18v(3v2 + w2)

z3 = 18v(3v2 + w2).

❖❜s❡r✈❡ q✉❡ ❝♦♠♦ mdc(u, w) = 1✱ t❡♠♦s q✉❡

mdc(3v, w) = 1

✶✷
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♣♦✐s✱ u = 3v✳

◆♦t❡ q✉❡ mdc(3v, w) = 1 ⇒ 3 ∤ w✳ ❆❧é♠ ❞✐ss♦✱ u é ♣❛r ❡ w é í♠♣❛r✱ ♦✉ u é
í♠♣❛r ❡ w é ♣❛r✱ t❡♠♦s q✉❡ v é ♣❛r ❡ w é í♠♣❛r ♦✉ v é í♠♣❛r ❡ w é ♣❛r✳ ❊♠
q✉❛❧q✉❡r ✉♠ ❞♦s ❝❛s♦s✱ t❡♠✲s❡ q✉❡

3v2 + w2 ≡ 1 mod 2 ⇒ mdc(18v, 3v2 + w2) = mdc(9v, 3v2 + w2)

❙❡ 3 | mdc(9v, 3v2 + w2)✱ ❡♥tã♦

3 | 3v2 + w2 ⇒ 3 | w2 ⇒ 3 | w.

❆❜s✉r❞♦✦ P♦✐s✱ 3 ∤ w✳ ▲♦❣♦✱ 3 ∤ mdc(9v, 3v2 + w2)✳ P♦r ♦✉tr♦ ❧❛❞♦✱

mdc(v, 3v2 + w2) = mdc(v, w2)

♠❛s✱ ❝♦♠♦ mdc(3v, w) = 1✱ s❡❣✉❡ q✉❡ mdc(v, w2) = 1✳

❆ss✐♠✱

mdc(18v, 3v2 + w2) = mdc(9v, 3v2 + w2)

= mdc(v, 3v2 + w2)

= mdc(v, w2)

= 1

⇒ mdc(18v, 3v2 + w2) = 1.

❈♦♠♦ t❡♠♦s q✉❡

z3 = 18v(3v2 + w2),

s❡❣✉❡ q✉❡ ❡①✐st❡♠ r, s ∈ Z✱ t❛✐s q✉❡

18v = r3 ❡ 3v2 + w2 = s3. ✭✷✳✺✮

◆♦t❡ q✉❡ ❛ ❡q✉❛çã♦ ❉✐♦❢❛♥t✐♥❛

a2 + 3b2 = s3,

♦♥❞❡ mdc(a, 3b) = 1 ❡ a + b ≡ 1 mod 2✱ ❛♣❛r❡❝❡✉ t❛♥t♦ ♥♦ ❝❛s♦ ✶ q✉❛♥t♦ ♥♦ ❝❛s♦
✷✳

❱❛♠♦s ❡♥tã♦✱ r❡s♦❧✈❡r ❡ss❛ ❡q✉❛çã♦ ❉✐♦❢❛♥t✐♥❛✳ ❱❛♠♦s ❝♦♠❡ç❛r ❝♦♠ ♦ ❝❛s♦ ❡♠
q✉❡ s é ♣r✐♠♦✳

✶✸
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❆✜r♠❛çã♦ ✹✿ ❙❡ s é ♣r✐♠♦✱ a, b ∈ Z, mdc(a, 3b) = 1, a+ b ≡ 1 mod 2 ❡

a2 + 3b2 = s3

❡♥tã♦ s > 3✱ ❡ ✱ ❛❧é♠ ❞✐ss♦✱ s ∤ a ❡ s ∤ b✳

❉❡ ❢❛t♦✱ ♦❧❤❛♥❞♦ ♠ó❞✉❧♦ 2✿

s3 ≡ a2 + 3b2 mod 2

≡ a2 + b2 mod 2

≡ a+ b mod 2

≡ 1 mod 2

⇒ 2 ∤ s ⇒ s > 2.

❖❧❤❛♥❞♦ ♠ó❞✉❧♦ 3✿

s3 ≡ a2 + 3b2 mod 3

≡ a2 mod 3

6≡ 0 mod 3

♣♦✐s✱ ♦ mdc(a, 3b) = 1 ⇒ 3 ∤ a✳ ▲♦❣♦✱ ❝♦♠♦ s3 6≡ 0 mod 3✱ s❡❣✉❡ q✉❡ s 6= 3 ⇒ s > 3✳
■st♦ ♣r♦✈❛ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❆✜r♠❛çã♦ ✹✳

P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡ s✉♣♦♥❤❛ q✉❡ s | a✳ ❋❛③❡♥❞♦ ❛ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ s✿

s3 ≡ a2 + 3b2 mod s

⇒ 0 ≡ 0 + 3b2 mod s

⇒ 3b2 ≡ 0 mod s

❈♦♠♦ 3 ∤ s✱ s❡❣✉❡ q✉❡✿

b2 ≡ 0 mod s.

❈♦♠♦ s é ♣r✐♠♦✱ s❡❣✉❡ q✉❡

b ≡ 0 mod s.

❉❛í✱ s | mdc(a, b) ⇒ s | mdc(a, 3b) = 1✳ ❆❜s✉r❞♦✳ P♦rt❛♥t♦ s ∤ a✳

❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠♦s q✉❡ s ∤ b✳ ■st♦✱ ❝♦♥❝❧✉✐ ❛ ❛✜r♠❛çã♦ ✹✳

✶✹
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�

❈♦♠♦ s ∤ b✱ s❡❣✉❡ ❞♦ P❡q✉❡♥♦ ❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t q✉❡

bs−1 ≡ 1 mod s

❉❛í✱ bs−2 é ❛ ✐♥✈❡rs❛ ❞❡ b ♠ó❞✉❧♦ s✱ ♦♥❞❡ s− 2 > 0✱ ♣♦✐s ♣❡❧❛ ❛✜r♠❛çã♦ ✹✱ s > 3

❆ss✐♠✱ s❡❥❛

g = abs−2

❈♦♠♦

a2 + 3b2 ≡ 0 mod s,

t❡♠♦s q✉❡

a2b2(s−2) + 3b2+2s−4 ≡ 0 mod s

⇒ (abs−2)2 + 3(bs−1)2 ≡ 0 mod s

⇒ g2 + 3 ≡ 0 mod s.

❆ss✐♠

g2 + 3 ≡ 0 mod s

❆❣♦r❛✱ ❢❛ç❛ q = ⌊√s⌋✳ ❈♦♠♦ s é ♣r✐♠♦✱ ❡♥tã♦

q <
√
s < q + 1 ✭✷✳✻✮

❆✜r♠❛çã♦ ✺✿ ❊①✐st❡♠ i′, j′, i”, j” ✐♥t❡✐r♦s✱ t❛✐s q✉❡ i′, j′, i”, j” ∈ {0, 1, ..., q}✱ ❝♦♠
i′ 6= i” ♦✉ j′ 6= j” t❛✐s q✉❡

g · (i′ − i”) ≡ j′ − j” mod s.

❈♦♠❡❝❡ ♥♦t❛♥❞♦ q✉❡ ❝♦♠♦

g2 ≡ −3 mod s

s❡❣✉❡ q✉❡ s ∤ g ✱ ❥á q✉❡ 3 ∤ s✳ P♦r ✷✳✻✱ t❡♠♦s q✉❡

q + 1 >
√
s ⇒ (q + 1)2 > s.

❈♦♥s✐❞❡r❡ ❛ ❡①♣r❡ssã♦

gi− j ❝♦♠ i, j ∈ {0, 1, ..., q}

✶✺
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❚❡♠♦s (q + 1)2 > s ❡①♣r❡ssõ❡s ❞✐❢❡r❡♥t❡s ❡ ❛♣❡♥❛s s r❡st♦s ♣♦ssí✈❡✐s✱ ♥❛ ❞✐✈✐sã♦ ♣♦r
s✳ ❆ss✐♠✱ ❡①✐st❡♠ ❞♦✐s ♣❛r❡s ❞✐❢❡r❡♥t❡s (i′, j′) ❡ (i”, j”) t❛✐s q✉❡

(i′, j′) 6= (i”, j”),

✐st♦ é✱

i′ 6= i” ♦✉ j′ 6= j” ❡

gi′ − j′ ≡ gi” − j” mod s

⇒ g(i′ − i”)− (j′ − j”) ≡ 0 mod s.

❆ss✐♠✱

g(i′ − i”) ≡ j′ − j” mod s.

■st♦ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦ ✺✳

�

❖❜s❡r✈❡ q✉❡ ❝♦♠♦ i′, j′, i”, j” ∈ {0, 1, ..., q} t❡♠♦s q✉❡

i′ − i” ∈ {−q, ..., q} ❡ j′ − j” ∈ {−q, ..., q} ✭✷✳✼✮

❉❡✜♥❛

i =| i′ − i” | ❡ j =| j′ − j” | .

❆ss✐♠✱ s❡❣✉❡ ❞❛ ❛✜r♠❛çã♦ ✺ q✉❡

gi ≡ j mod s ♦✉ gi ≡ −j mod s.

❆ss✐♠✱

gi+ j ≡ 0 mod s ♦✉ gi− j ≡ 0 mod s.

❉❛í✱ ❡♠ q✉❛❧q✉❡r ✉♠ ❞♦s ❝❛s♦s ❛❝✐♠❛ t❡♠♦s q✉❡

(gi+ j)(gi− j) ≡ 0 mod s ⇒ g2i2 − j2 ≡ 0 mod s ✭✷✳✽✮

P♦r ✭✷✳✻✮ ❡ ✭✷✳✼✮ t❡♠♦s q✉❡

i <
√
s ❡ j <

√
s.

❆❧é♠ ❞✐ss♦✱ s❡

j = 0 ⇒ g2i2 ≡ 0 mod s

✶✻
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❡ ❝♦♠♦ s ∤ g ✱ s❡❣✉❡ q✉❡

i2 ≡ 0 mod s.

❈♦♠♦ 0 ≤ i <
√
s✱ s❡❣✉❡ q✉❡

i = 0.

❆❜s✉r❞♦✦✱ ♣♦✐s t❡rí❛♠♦s

i = j = 0 ⇒ i′ = i” ❡ j′ = j”,

❝♦♥tr❛r✐❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✺ ✳

▲♦❣♦✱ j 6= 0✳ ❆♥❛❧♦❣❛♠❡♥t❡ t❡♠♦s q✉❡ i 6= 0✳ P♦rt❛♥t♦

0 < i <
√
s ❡ 0 < j <

√
s ✭✷✳✾✮

❆ss✐♠✱ ❝♦♠♦

g2 + 3 ≡ 0 mod s

❡ ♣♦r ✭✷✳✽✮

g2i2 ≡ j2 mod s.

t❡♠♦s q✉❡

g2i2 ≡ −3i2 mod s

⇒ j2 ≡ −3i2 mod s

⇒ j2 + 3i2 ≡ 0 mod s

❉❛í✱ ∃h ∈ Z t❛❧ q✉❡ 3i2 + j2 = hs✳

❈♦♠♦ 3i2 + j2 > ✵ ⇒ h > ✵✳

P♦r ✭✷✳✾✮✱ i2 < s ❡ j2 < s✱ ❞❛í

3i2 + j2 < 4s.

❆ss✐♠✱ h ≤ 3 ❡ h > 0✳ ▲♦❣♦✱ h = 1, h = 2 ♦✉ h = 3✳

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ h 6= 2✳

✶✼
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❉❡ ❢❛t♦✱ s❡ h = 2✱ t❡♠♦s q✉❡

3i2 + j2 = 2s

⇒ 3i2 + j2 ≡ 0 mod 2

⇒ i2 + j2 ≡ 0 mod 2

⇒ i+ j ≡ 0 mod 2.

❆ss✐♠ i ❡ j sã♦ ♣❛r❡s ♦✉ i ❡ j sã♦ í♠♣❛r❡s✳

❙❡ i ❡ j ❢♦r❡♠ ♣❛r❡s✱ t❡♠♦s q✉❡

3i2 + j2 ≡ 0 mod 4

⇒ 2s ≡ 0 mod 4

⇒ s ≡ 0 mod 2.

❆❜s✉r❞♦✦

❙❡ i ❡ j ❢♦r❡♠ í♠♣❛r❡s✱ s❡❣✉❡ q✉❡

i2 ≡ 1 mod 4 ❡ j2 ≡ 1 mod 4.

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡

i í♠♣❛r ⇒ i2 ≡ 1 mod 4

✭✈❡r ❝❛s♦ n = 2✮ ❢❡✐t♦ ♥♦ ❝❛♣ít✉❧♦ ✶✳

P♦rt❛♥t♦✱

3i2 + j2 ≡ 3 + 1 mod 4

⇒ 2s ≡ 0 mod 4

⇒ s ≡ 0 mod 2.

❉❡st❛ ❢♦r♠❛✱ ❝❤❡❣❛♠♦s ❛ ♦✉tr♦ ❛❜s✉r❞♦✦ P♦rt❛♥t♦✱ h 6= 2✳

▲♦❣♦✱ t❡♠♦s h = 1 ♦✉ h = 3

❙❡ h = 1 t❡♠♦s q✉❡ 3i2 + j2 = s

❙❡ h = 3✱ ❡♥tã♦

3i2 + j2 = 3s ⇒ j2 = 3(s− i2) ⇒ 3 | j2 ⇒ 3 | j.

✶✽
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❉❛í✱ j = 3k✱ ♦♥❞❡ k ∈ Z✳ ❆ss✐♠✱

3i2 + 9k2 = 3s ⇒ i2 + 3k2 = s

❆ss✐♠ ✱ ♣❛r❛ q✉❛❧q✉❡r ❝❛s♦ ❛❝✐♠❛✱ h = 1 ♦✉ h = 3✱ t❡♠♦s q✉❡

s = m2 + 3n2 ✭✷✳✶✵✮

♦♥❞❡ m,n ∈ Z✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ t❡♠♦s ✭✷✳✶✵✮✱ ✈❛♠♦s ♠♦str❛r q✉❡ mdc(m, 3n) = 1✳

❙❡ 3 | m✱ ❡♥tã♦ t❡♠♦s q✉❡

s ≡ m2 + 3n2 mod 3

≡ 0 mod 3

❆❜s✉r❞♦✳ ▲♦❣♦ 3 ∤ m ❡ mdc(m, 3n) = mdc(m,n)✳

❙❡ d | m ❡ d | n✱ s❡❣✉❡ q✉❡ d | s✳ P♦ré♠ s é ♣r✐♠♦✱ ❧♦❣♦ d = 1 ♦✉ d = s✳
❈♦♠♦ m < s ❡ d | m ⇒ d < s ⇒ d = 1✳ ❆ss✐♠✱ mdc(m,n) = 1 ❡ mdc(m, 3n) = 1✳

❆❧é♠ ❞✐ss♦✱

s ≡ m2 + 3n2 mod 2

⇒ 1 ≡ m2 + n2 mod 2

⇒ 1 ≡ m+ n mod 2.

❆ss✐♠✱ mdc(m, 3n) = 1 ❡ m+ n ≡ 1 mod 2

P♦r ✭✷✳✶✵✮ t❡♠♦s q✉❡

s = m2 + 3n2

❡ t❡♠♦s q✉❡

s3 = a2 + 3b2

❆ss✐♠✱

a2 + 3b2 = (m2 + 3n2)3 = m6 + 9m4n2 + 27m2n4 + 27n6.

❚♦♠❡ ❛❣♦r❛

ã = m3 − Amn2 ❡ b̃ = Bm2n− 3n3

✶✾
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❆ss✐♠✱

ã2 + 3b̃2 = m6 + (3B2 − 2A)m4n2 + (A2 − 18B)m2n4 + 27n6

❉❛í✱
{

3B2 − 2A = 9,
A2 − 18B = 27

✭✷✳✶✶✮

❆ss✐♠ t❡♠♦s q✉❡

A =
3B2 − 9

2

⇒
(

3B2 − 9

2

)2

− 18B = 27

⇒ B4 − 6B2 − 8B − 3 = 0

❱❡♠♦s q✉❡ B = −1 ✭❛♣ós t❡st❛r ♦s ✈❛❧♦r❡s ❝❧áss✐❝♦s B = ±1 ❡ B = 0✮ é r❛✐③ ❞♦
♣♦❧✐♥ô♠✐♦ ❛❝✐♠❛✳ ❘❡❛❧✐③❛♥❞♦ ❛ ❞✐✈✐sã♦ ♣♦❧✐♥♦♠✐❛❧ ♦❜t❡♠♦s

B4 − 6B2 − 8B − 3

B + 1
= B3 − B2 − 5B − 3.

❱❡♠♦s q✉❡✱ ♥♦✈❛♠❡♥t❡ −1 é r❛✐③ ❞❡ B3 − B2 − 5B − 3✳ ❆ss✐♠✱

B3 − B2 − 5B − 3

B + 1
= B2 − 2B − 3

❚❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ B2 − 2B − 3 = (B − 3)(B − 1)✱ ❛ss✐♠

B4 − 6B2 − 8B − 3 = (B − 3)(B + 1)3

P♦rt❛♥t♦✱ B = 3 ♦✉ B = −1✱ ❡ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s A = 9 ♦✉ A = −3✳ ❆ss✐♠✱
❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✭✷✳✶✶✮ sã♦ ✿ A = 9 ❡ B = 3 ♦✉ A = −3 ❡ B = −1

❈♦♠♦ t❡♠♦s✱ ♣♦rt❛♥t♦✱ ❞✉❛s s♦❧✉çõ❡s ♣♦ssí✈❡✐s✱ ❛ s❛❜❡r✱
{

˜̃a = m3 + 3mn2,
˜̃
b = −m2n− 3n3

❡
{

ã = m3 − 9mn2,

b̃ = 3m2n− 3n3

❊♠ r❡s✉♠♦✱ ♠♦str❛♠♦s q✉❡ s❡ s é ♣r✐♠♦ ❡ a2 + 3b2 = s3✱ ❝♦♠ mdc(a, 3b) = 1 ❡
a+ b ≡ 1 mod 2✱ ❡♥tã♦✿
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✐✮ s > 3, a ∤ s, b ∤ s

✐✐✮ ❊①✐st❡♠ ã ❡ b̃ ∈ Z t❛✐s q✉❡ ã2 + 3b̃2 = s3 ❡ ã = m3 − 9mn2 ❡ b̃ = 3m2n −
3n3, m, n ∈ Z✱ ♦♥❞❡ mdc(m, 3n) = 1 ❡ m+ n ≡ 1 mod 2✳

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ ❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r ❝♦♥t✐♥✉❛ ✈❛❧❡♥❞♦ ♠❡s♠♦ ♥♦ ❝❛s♦ ❡♠
q✉❡ s ♥ã♦ é ♣r✐♠♦✳ ❆ss✐♠ ✈❛♠♦s ♠♦str❛r q✉❡✿

Pr♦♣♦s✐çã♦ ✷✳✷✳ ✿ ❙❡ a2+3b2 = s3✱ ❝♦♠ mdc(a, 3b) = 1 ❡ a+ b ≡ 1 mod 2✱ ❡♥tã♦✱
❡①✐st❡ ✉♠❛ s♦❧✉çã♦ s = m2+3n2, ã = m3+9mn2 ❡ b̃ = 3m2n−3n3✱ ❝♦♠ m,n ∈ Z✱
mdc(m, 3n) = 1 ❡ m+ n ≡ 1 mod 2✱ ♦♥❞❡ s é ♥❛t✉r❛❧ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣r✐♠♦✱
❡ ã2 + 3b̃2 = s3✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ s❡rá ♣♦r ✐♥❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦r❡s ♣r✐♠♦s ❞❡ s✳
❈♦♠❡❝❡ ♦❜s❡r✈❛♥❞♦ q✉❡ ♣r♦✈❛♠♦s ✭❛ ♣❛rt✐r ❞❛ ❢ór♠✉❧❛ ✸✮ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✳
❆✜r♠❛çã♦ ✻✿ ❙❡ s é ♣r✐♠♦ ❡ a2 + 3b2 ≡ 0 mod s✱ ❡♥tã♦ ❡①✐st❡♠ c, d ∈ Z✱ t❛✐s
q✉❡ s3 = c2 + 3d2✱ ❝♦♠ s = m2

1 + 3n2
1✱ c = m3

1 − 9m1n
2
1✱ d = 3m2

1n1 − 3n3
1✱ ♦♥❞❡

m1, n1 ∈ Z✱ mdc(m1, 3n1) = 1✱ m1 + n1 ≡ 1 mod 2✳

❱♦❧t❡♠♦s ❛❣♦r❛ ❛♦ ❝❛s♦ ❡♠ q✉❡ s é ♥❛t✉r❛❧ ♥ã♦✲♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣r✐♠♦✳ ❋❛r❡♠♦s
❛ ✐♥❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦r❡s ♣r✐♠♦s ❞❡ s✳ ❈❤❛♠❡♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦r❡s ♣r✐♠♦s
❞❡ s ❞❡ l✳

❙❡ l = 0✱ ❡♥tã♦ s = 1✱ t❡♠♦s m = ±1✱ n = 0✳ ❙❡❣✉❡ q✉❡ mdc(m, 3n) = 1 ❡
m+ n ≡ 1 mod 2✳ ■st♦ ♣r♦✈❛ ❛ ❜❛s❡ ❞❛ ✐♥❞✉çã♦✳
❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈❡r❞❛❞❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ s ❝♦♠ l ❢❛t♦r❡s ♣r✐♠♦s✳
❆ss✐♠✱ s❡❥❛ s ∈ N ❝♦♠ l + 1 ❢❛t♦r❡s ♣r✐♠♦s ❡ s❡❥❛ p ∈ N ✉♠ ❢❛t♦r ♣r✐♠♦ ❞❡ s✳ ❊♥✲
tã♦ s = p · t✱ t ∈ N✱ t ♣♦ss✉✐♥❞♦ l ❢❛t♦r❡s ♣r✐♠♦s✳ ◆♦t❡ q✉❡ t ♣♦❞❡ s❡r ❞✐✈✐sí✈❡❧ ♣♦r p✳

❈♦♠♦ p | s ❡ a2 + 3b2 = s3✱t❡♠♦s q✉❡

a2 + 3b2 ≡ 0 mod p

P❡❧❛ ❆✜r♠❛çã♦ ✻ s❡❣✉❡ q✉❡ ❡①✐st❡♠ c, d ∈ Z t❛✐s q✉❡

p3 = c2 + 3d2 ✭✷✳✶✷✮

❝♦♠ p = m2
1+3n2

1, c = m3
1−9m1n

2
1, d = 3m2

1n1−3n3
1, m1, n1 ∈ Z, mdc(m1, 3n1) =

1, m1 + n1 ≡ 1 mod 2✳
❉❡st❛ ❢♦r♠❛✱ ♣♦r ✉♠ ❧❛❞♦✱ p3 · s3 = (t · p)3 · p3 = t3p6✳ P♦r ♦✉tr♦ ❧❛❞♦✱ p3 · s3 =
(c2 + 3d2)(a2 + 3b2)✳

✷✶
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❆ss✐♠✱

t3p6 = (c2 + 3d2)(a2 + 3b2)

= (ac+ 3bd)2 + 3(ad− bc)2

= (ac− 3bd)2 + 3(ad+ bc)2.

❛❧é♠ ❞✐ss♦✱

(ad− bc)(ad+ bc) = a2d2 − b2c2

= a2d2 + 3b2d2 − 3b2d2 − b2c2

= d2(a2 + 3b2)− b2(c2 + 3d2)

= d2s3 − b2p3

= d2t3p3 − b2p3

= p3(d2t3 − b2) ✭✷✳✶✸✮

❏✉♥t❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✻ ❝♦♠ ❛ ❆✜r♠❛çã♦ ✹✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ p > 3✱ ❡♠ ♣❛r✲
t✐❝✉❧❛r p é ♣r✐♠♦✳
❙❡ p | ad + bc ❡ p | ad − bc✱ ❡♥tã♦ p | (ad + bc) + (ad − bc) ⇒ p | 2ad✳ ❈♦♠♦ p é
í♠♣❛r✱ t❡♠♦s q✉❡ p | ad✳ ❆♥❛❧♦❣❛♠❡♥t❡ p | (ad + bc)− (ad− bc) ⇒ p | 2bc✱ ❡ ❝♦♠♦
p é í♠♣❛r✱ ❡♥tã♦ p | bc✳ ▲♦❣♦ p | ad ❡ p | bc✳
P♦ré♠✱ p3 = c2+3d2✳ ❉❛í✱ s❡ p | d✱ ❡♥tã♦ p | p3−3d2 ⇒ p | c2 ⇒ p | c ⇒ p | mdc(c, d)✳
❈♦♠♦ mdc(c, d) = mdc(c, 3d) = 1✱ t❡♠♦s q✉❡ p = 1✱ ❛❜s✉r❞♦✦✳ P♦rt❛♥t♦ p ∤ d✳ ❖
♠❡s♠♦ ❛r❣✉♠❡♥t♦ ♠♦str❛ q✉❡ p ∤ c✳
❈♦♠♦ p | ad ❡ p | bc✱ t❡♠♦s q✉❡ p ∤ d ⇒ p | a ❡ p ∤ c ⇒ p | b✱ ♣♦ré♠✱
mdc(a, b) = mdc(a, 3b) = 1✳ ❉❛í✱ p = 1✱ ❛❜s✉r❞♦✦
❆ss✐♠ ♥ã♦ ♣♦❞❡♠♦s t❡r p | ad+ bc ❡ p | ad− bc

❈♦♠♦ ♣♦r ✭✭✷✳✶✸✮✮ p3 | p3(t3d2 − b2) ⇒ p3 | (ad + bc)(ad− bc)✱ s❡❣✉❡ ❞❛q✉✐ q✉❡✱ ♦✉
p3 | ad + bc ♦✉ p3 | ad − bc✳ ❱❛♠♦s s✉♣♦r q✉❡ p3 | ad − bc ❡ p ∤ ad + bc✱ ✭♦ ♦✉tr♦
❝❛s♦ s❡ r❡s♦❧✈❡ ❛♥❛❧♦❣❛♠❡♥t❡✮✳ ✭❘❡❧❡♠❜r❡ q✉❡ ♠♦str❛♠♦s q✉❡ s❡ p | ad− bc✱ ❡♥tã♦
p ∤ ad+ bc ❡ ✈✐❝❡✲✈❡rs❛✮✳

❈♦♠♦ t❡♠♦s q✉❡
t3p6 = (ac+ 3bd)2 + 3(ad− bc)2 ✭✷✳✶✹✮

❡ p3 | ad− bc✱ s❡❣✉❡ p6 | (ad− bc)2 ❡ p6 | (ac+ 3bd)2 ⇒ p3 | ac+ 3bd
P♦rt❛♥t♦✱

ad− bc

p3
∈ Z ❡

ac+ 3bd

p3
∈ Z,

✷✷
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❞❛í s❡❥❛♠

e =
ad− bc

p3
❡ f =

ac+ 3bd

p3
✭✷✳✶✺✮

❝♦♠ e, f ∈ Z✳ ◆♦t❡ q✉❡ ✷✳✶✹ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

t3
(

ac+ 3bd

p3

)

+ 3

(

ad− bc

p3

)2

⇒ t3 = f 2 + 3e2.

❚❡♠♦s ❛✐♥❞❛ q✉❡ p3 = c2 + 3d2✱ ❞❛í ✷✳✶✺ ♥♦s ❞á







ad− bc = ep3 ⇒ a = ep3+bc

d

ac+ 3bd = fp3 ⇒ fp3 = ep3c+bc2+3bd2

d

⇒ fp3d = ep3c+ b(c2 + 3d2) ⇒ fdp3 = ecp3 + bp3

❞❛í t❡♠♦s q✉❡
b = fd− ec ✭✷✳✶✻✮

s✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ b ❝❤❡❣❛♠♦s ❡♠

a = cf + 3de ✭✷✳✶✼✮

▲♦❣♦✱

t3 = f 2 + 3e2

❝♦♠ a = cf+3de, b = fd−ec✳ ❈♦♠♦ s❛❜❡♠♦s q✉❡ mdc(a, 3b) = 1✱ s❡ d = mdc(e, f)
s❡❣✉❡ q✉❡ d | a ❡ d | b ⇒ d | mdc(a, b) ⇒ d = 1✳ ❉❛í✱ mdc(e, f) = 1✳ ❆❧é♠ ❞✐ss♦✱ s❡
3 | f ✱ ❡♥tã♦ 3 | cf + 3de ⇒ 3 | a✳ P♦ré♠✱ mdc(a, 3b) = 1✱ ❞❛í 3 ∤ a✳ P♦rt❛♥t♦ 3 ∤ f ❡
s❡❣✉❡ q✉❡ mdc(f, 3e) = 1✳ P♦r ✜♠✱ ❝♦♠♦ a+ b ≡ 1 mod b✱ s❡❣✉❡ q✉❡

s3 ≡ a2 + 3b2 mod 2

⇒ s3 ≡ a2 + b2 mod 2

⇒ s3 ≡ a+ b mod 2

⇒ s3 ≡ 1 mod 2

⇒ s ≡ 1 mod 2.

❈♦♠♦ s = p·t✱ s❡❣✉❡ q✉❡ t ≡ 1 mod 2✳ ❉❛í✱ t3 ≡ 1 mod 2 ⇒ f 2+3e2 ≡ 1 mod 2 ⇒
f + e ≡ 1 mod 2✳

❊♠ r❡s✉♠♦ t❡♠♦s q✉❡

t3 = f 2 + 3e2

✷✸



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

♦♥❞❡ mdc(f, 3e) = 1 ❡ f + e ≡ 1 mod 2✳ ❈♦♠♦ t ♣♦ss✉✐ l ❢❛t♦r❡s ♣r✐♠♦s✱ s❡❣✉❡ ❞❛
❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ q✉❡ ∃m2✱ n2 ∈ Z t❛✐s q✉❡mdc(m2, 3n2) = 1✱ m2+n2 ≡ 1 mod 2✱

t = m2
2 + 3n2

2, ❝♦♠ f = m3
2 − 9m2n

2
2 ❡ e = 3m2

2n2 − 3n3
2.

❘❡❧❡♠❜r❡ ❛ ❞❡✜♥✐çã♦ ❞❡ m1, n1 ∈ Z ❞❡✜♥✐❞♦s ❛❜❛✐①♦ ❞❛ ❡q✉❛çã♦ ✳ ❉❡✜♥❛

m = m1m2 + 3n1n2 ❡ n = m2n1 − n2m1

❆✜r♠❛çã♦ ✼✿ ❚❡♠♦s q✉❡ mdc(m, 3n) = 1, m+n ≡ 1 mod 2, s = m2+3n2, a =
m2 − 9mn2 ❡ b = 3m2n− 3n3✳

■♥✐❝✐❛❧♠❡♥t❡ ✱ t❡♠♦s q✉❡ ✿

p = m2
1 + 3n2

1 ❡ t = m2
2 + 3n2

2

❉❛í✱

s = t · p = (m2
2 + 3n2

2)(m
2
1 + 3n2

1)

= m2
1m

2
2 + 3m2

2n
2
1 + 3n2

2m
2
1 + 9n2

1n
2
2

= m2
1m

2
2 + 6m1m2n1n2 + 9n2

1n
2
2 + 3m2

2n
2
1 − 6m1m2n1n2 + 3n2

2m
2
1

= (m1m2 + 3n1n2)
2 + 3(m2n1 − n2m1)

2

= m2 + 3n2

⇒ s = m2 + 3n2

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛s ❢ór♠✉❧❛s ✭✷✳✶✻✮ ❡ ✭✷✳✶✼✮✱ t❡♠♦s

a = cf + 3de ❡ b = fd− ec.

❉❛í✱ ❞❡❧❛ ❞❡✜♥✐çã♦ ❞❡ m1 ❡ n1

c = (m3
1 − 9m1n

2
1) ❡ d = 3m2

1n1 − 3n3
1

❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ m2 ❡ n2

f = m3
2 − 9m2n

2
2 ❡ e = 3m2

2n2 − 3n3
2

P♦rt❛♥t♦✱

a = (m3
1 − 9m1n

2
1)(m

3
2 − 9m2n

2
2) + 3(3m2

1n1 − 3n3
1) + 3(3m2

2n2 − 3n3
2)

= m3
1m

3
2 − 9m3

1n
2
1n

2
2 − 9m1m

3
2n

2
1 + 81m1m2n

2
1n

2
2 + 27m2

1m
2
2n1n2 −

27m2
1n1n

3
2 − 27m2

2n2n
3
1 + 27n3

1n
3
2

= m3
1m

3
2 + 9m2

1m
2
2n1n2 + 27m1m2n

2
1n

2
2 + 27n3

1n
3
2 + 54m1m2n

2
1n

2
2 +

18m2
1m

2
2n1n2 − 9m3

1m
2
2n

2
2 − 27m2

1n1n
3
2 − 9m3

2m1n
2
1 − 27m2

2n
3
1n2

= (m1m2 + 3n1n2)
3 − 9(m1m2 + 3n1n2)(m2n1 −m1n2)

2

= m3 − 9mn2

⇒ a = m3 − 9mn2

✷✹



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

❚❡♠♦s q✉❡ b = 3m2n− 3n3✳ ❙❛❜❡♠♦s q✉❡ ❝♦♠♦ a+ b ≡ 1 mod 2✱ ❡♥tã♦

s3 ≡ a2 + 3b2 mod 2

≡ a2 + b2 mod 2

≡ a+ b mod 2

≡ 1 mod 2

s3 ≡ 1 mod 2

⇒ s ≡ 1 mod 2

❉❛í✱

1 ≡ m2 + 3n2 mod 2

⇒ 1 ≡ m2 + 3n2 mod 2

⇒ 1 ≡ m2 + n2 mod 2

⇒ 1 ≡ m+ n mod 2.

♦✉ s❡❥❛✱ m + n ≡ 1 mod 2✳ P♦r ✜♠✱ ❝♦♠♦ mdc(a, b) = 1✱ ♣♦✐s✱ mdc(a, 3b) = 1
❡ a = m3 − 9mn2✱ b = 3m2n − 3n3✱ t❡♠♦s q✉❡ d = mdc(m,n) é t❛❧ q✉❡ d | a ❡
d | b ⇒ d | mdc(a, b) ⇒ d = 1 ⇒ mdc(m,n) = 1✳
❆❧é♠ ❞✐ss♦ 3 | m✱ ❡♥tã♦

a ≡ m3 − 9mn2 mod 3

⇒ a ≡ 0 mod 3

⇒ 3 | a.

P♦ré♠✱ ♠❞❝ (a, 3b) = 1 ⇒ 3 ∤ a✳ ❊st❛ ❝♦♥tr❛❞✐çã♦ ♠♦str❛ q✉❡ 3 ∤ m✳ P♦rt❛♥t♦
mdc(m, 3n) = 1
❊♠ r❡s✉♠♦✱ t❡♠♦s q✉❡

s = m2 + 3n2, m+ n ≡ 1 mod 2 ,mdc(m, 3n) = 1, a = m3 − 9mn2 ❡ b = 3m2n− 3n3.

■st♦ ♣r♦✈❛ ♦ ♣❛ss♦ ❞❛ ✐♥❞✉çã♦ ❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦✳

❱❛♠♦s ❛❣♦r❛ ❝♦♠♣❧❡t❛r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t ♣❛r❛ n = 3✳ ❱❛✲
♠♦s ♣r✐♠❡✐r♦ ♣r♦✈❛r ♣❛r❛ ♦ ✭❝❛s♦ ✶✮✳ ❘❡❧❡♠❜r❡ q✉❡ ♥♦ ❝❛s♦ ✶ t❡♠♦s✿ x + y = 2u✱
x− y = 2w✱ ❞❛í✱ x = u+ w✱ y = u− w✳ ❆❧é♠ ❞✐ss♦✱ z3 = 2u(u2 + 3w2) ❡ ❡①✐st❡♠
r, s ∈ Z✱ s > 0✱ t❛❧ q✉❡ 2u = r3 ❡ u2 + 3w2 = s3✳

❙❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ q✉❡ ❛ ❡q✉❛çã♦ u2+3w2 = s3 t❡♠ ✉♠❛ s♦❧✉çã♦ t❛❧ q✉❡ u = m3−
9mn2✱ ♣❛r❛✱ m,n ∈ Z ❝♦♠mdc(m, 3n) = 1✱ ❞❛í✱ mdc(m,n) = 1 ❡m+n ≡ 1 mod 2✳

✷✺



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

P♦rt❛♥t♦✱

r3 = 2u

= 2(m3 − 9mn2)

= 2m(m2 − 9n2)

= 2m(m− 3n)(m+ 3n)

⇒ r3 = 2m(m− 3n)(m+ 3n).

❈♦♠♦ m+ n ≡ 1 mod 2 ⇒ m− 3n ≡ 1 mod 2 ❡ m+ 3n ≡ 1 mod 2 ⇒ 2 ∤ m− 3n
❡ 2 ∤ m+ 3n

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ mdc(m,n) = 1✱ s❡❣✉❡ q✉❡ mdc(m,m − 3n) = 1 ❡ mdc(m,m +
3n) = 1✳ ▲♦❣♦✱ mdc(2m,m − 3n) = 1 ❡ mdc(2m,m + 3n) = 1✳ P♦r ✜♠✱ s❡❥❛
d = mdc(m− 3n,m+ 3n)✱ ❡♥tã♦ d | 2m✳ ❈♦♠♦ m− 3n ❡ m+ 3n sã♦ í♠♣❛r❡s ❡♥tã♦
2 ∤ d ⇒ d | m✳ ❈♦♠♦ mdc(m, 3n) = 1 ⇒ 3 ∤ m ⇒ 3 ∤ d ⇒ mdc(3, d) = 1✳ ❈♦♠♦
d | m − 3n ❡ d | m + 3n✱ t❡♠♦s q✉❡ d | 6n✳ ❈♦♠♦ mdc(2, d) = mdc(3, d) = 1✱
s❡❣✉❡ q✉❡ d | n✳ ❉❛í✱ d | mdc(m,n) ⇒ d | 1 ⇒ d = 1✳ ❆ss✐♠✱ mdc(2m,m + 3) =
mdc(2m,m− 3n) = mdc(m− 3n,m+ 3n) = 1✳

❈♦♠♦ r3 = 2m(m − 3n)(m + 3n)✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ α, β, δ ∈ Z t❛✐s q✉❡ 2m =
α3, m− 3n = β3 ❡ m+ 3n = δ3✳
▲♦❣♦✱ α3 = 2m = m − 3n +m + 3n = β3 + δ3 ⇒ α3 = β3 + δ3✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡
q✉❡

| r |3 =| 2m || m+ 3n || m− 3n |
=| α |3| β |3| δ |3

⇒| αβδ |3 =| r |3

t❡♠♦s t❛♠❜é♠ q✉❡ r3 = 2u ❡ 2u = x+ y✱ ❧♦❣♦

| αβδ |3 =| r |3=| 2u |=| x+ y |
⇒| αβδ |3 =| x+ y |≤| xyz |<| xyz |3,

❖❜s❡r✈❡ q✉❡ ❝♦♠♦ z > 2✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ | x + y |≤| xyz | s❡❣✉❡ ❞♦ ❛r❣✉♠❡♥t♦
❛❜❛✐①♦✿

| zxy |>| 2xy |=| xy | + | xy |≥| x | + | y |≥| x+ y |

❆ss✐♠✱

| αβδ |<| xyz |,

✷✻



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ | xyz |✳ ❆❜s✉r❞♦✦ ❖ ❆❜s✉r❞♦ ❢♦✐ s✉♣♦r q✉❡ ❡①✐st❡
❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t ❝♦♠ n = 3 ❡ q✉❡ u ♥ã♦ é ❞✐✈✐sí✈❡❧ ♣♦r 3✳
❱❛♠♦s ♠♦str❛r q✉❡ t❛♠❜é♠ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r ♦ ✭❝❛s♦ ✷✮✳
❱❛♠♦s r❡❧❡♠❜r❛r ❛❣♦r❛ ♦ ❝❛s♦ ✷✳ ❚❡♠♦s q✉❡ x + y = 2u✱ x − y = 2w✱ u = 3v✱ ❞❛í
x + y = 6v✳ ❆❧é♠ ❞✐ss♦ t❡♠♦s q✉❡ z3 = 18v(3v2 + w2) ❡ ❡①✐st❡♠ r, s ∈ Z t❛✐s q✉❡
18v = r3 ❡ 3v2 + w2 = s3✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✭✷✳✷✮ s❡❣✉❡ q✉❡ ❛ ❡q✉❛çã♦ 3v2 + w2 = s3 t❡♠ ✉♠❛ s♦❧✉çã♦ t❛❧ q✉❡
v = 3m2n− 3n3✱ ❝♦♠ mdc(m,n) = 1 ❡ m+ n ≡ 1 mod2 ✳ ❉❡st❛ ❢♦r♠❛✱

r3 = 18v = 18(3m2n− 3n3)

= 18n(3m2 − 3n2)Q

= 33.2n(m2 − n2)

= 33.(2n)(m− n)(m+ n)

❈♦♠♦ mdc(m − n) = 1 ❡ m + n ≡ 1 mod 2✱ s❡❣✉❡ q✉❡ m − n ≡ 1 mod 2 ❡
m+ n ≡ 1 mod 2 ⇒ mdc(2,m− n) = mdc(2,m+ n) = 1✳ ❆❧é♠ ❞✐ss♦✱ mdc(n,m+
n) = mdc(n,m) = 1,mdc(n,m− n) = mdc(n,m) = 1✳ ❉❛í

mdc(2n,m− n) = mdc(2n,m+ n) = 1.

P♦r ✜♠✱ s❡ d = mdc(m − n,m + n)✱ t❡♠♦s q✉❡ d | 2m ❡ d | 2n✱ ❈♦♠♦ 2 ∤ m − n ❡
2 ∤ m+ n✱ s❡❣✉❡ q✉❡ d | m ❡ d | n ⇒ d | mdc(m,n) = 1 ⇒ d = 1 ✳
❆ss✐♠✱

mdc(2n,m+ n) = mdc(2n,m− n) = mdc(m− n,m+ n) = 1.

❈♦♠♦ r3 = 33 · (2n)(m− n)(m+ n)✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ α, β, δ ∈ Z t❛✐s q✉❡

2n = α3,m− n = β3 ❡ m+ n = δ3.

❉❛í

δ3 = m+ n = m− n+ 2n = β3 + α3

⇒ δ3 = β3 + α3.

P♦ré♠✱

| αβδ |3 =| 2n || m+ n || m− n |= | r3 |
33

=
| 18v |
33

=
2

3
| v |= 2

3
· | u |
| 3 | =

2

9
| u |

⇒| αβδ |3= | 2u |
9

=
| x+ y |

9
6= 0.

✷✼



✷✳✶✳ ❈❆❙❖ N = 3, X3 + Y 3 = Z3 ❈❆P❮❚❯▲❖ ✷✳ ❈❆❙❖ N = 3

❆❧é♠ ❞✐ss♦✱

| αβδ |3 = 1

9
| x+ y |≤ | x | + | y |

9
≤ | xy | + | xy |

9

=
| 2xy |

9
≤ | xyz |

9
<| xyz |≤| xyz |3

⇒| αβδ |<| xyz |

■ss♦ ❝♦♥tr❛❞✐③ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ | xyz |✳ ❆ ❝♦♥tr❛❞✐çã♦ ♦❝♦rr❡✉ ❡♠ s✉♣♦r q✉❡ ❛
❡q✉❛çã♦ ❞❡ ❋❡r♠❛t ❝♦♠ n = 3 ❛❞♠✐t✐❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡ q✉❡ u ❡r❛ ❞✐✈✐sí✈❡❧ ♣♦r
3✳ ■st♦ ♠♦str❛ q✉❡ ❛ s♦❧✉çã♦ t❛♠❜é♠ ♥ã♦ ❡①✐st❡ ♥❡ss❡ ❝❛s♦✳

P♦rt❛♥t♦✱ ❥✉♥t❛♥❞♦ ♦s ❞♦✐s ❝❛s♦s✱ t❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t ❝♦♠ n = 3 ♥ã♦
❛❞♠✐t❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧✳
■st♦ ❝♦♥❝❧✉í ❛ ❞❡♠♦♥str❛çã♦✳

�

✷✽



❈❛♣ít✉❧♦ ✸

❉❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦

x4 + y4 = z4

◆❡ss❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ♣r♦✈❛ ❡❧❡♠❡♥t❛r ♣❛r❛ ❛ ❡q✉❛çã♦ x4+ y4 =
z4 ✱ ✐st♦ é✱ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t xn+yn = zn ♣❛r❛ n = 4✱ ♦♥❞❡
s❡rá ❛♣r❡s❡♥t❛❞♦ q✉❡ ♥ã♦ ❡①✐st❡♠ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛ ❡st❛ ❡q✉❛çã♦✳

✸✳✶ ❈❛s♦ n = 4✱ x4 + y4 = z4

❱❛♠♦s ❞❡♠♦♥str❛r ❛❣♦r❛ q✉❡ ❛ ❡q✉❛çã♦

x4 + y4 = z4

♥ã♦ ♣♦ss✉✐ s♦❧✉çõ❡s ✐♥t❡✐r❛s✳

❆ ❛✜r♠❛çã♦ ❛❝✐♠❛ ❞❡❝♦rr❡ ❢❛❝✐❧♠❡♥t❡ ❞♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✶✳ ❆ ❡q✉❛çã♦

x4 + y4 = w2

♥ã♦ ♣♦ss✉✐ s♦❧✉çõ❡s ✐♥t❡✐r❛s✳

❉❡♠♦♥str❛çã♦ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦ q✉❡ ❡①✐st❡♠ s♦❧✉çõ❡s ♥ã♦✲tr✐✈✐❛✐s✳
❉❡✜♥❛ ✿

W = {w ∈ N, w > 0 ❡ ❡①✐st❡♠ x, y ∈ Z t❛✐s q✉❡ x4 + y4 = w2}

P♦r ❤✐♣ót❡s❡ ✭❞❡ q✉❡ ❡①✐st❡♠ s♦❧✉çõ❡s ♥ã♦✲tr✐✈✐❛✐s✮ W 6= ∅ ❡ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛

✷✾



✸✳✶✳ ❈❆❙❖ N = 4✱ X4 + Y 4 = Z4 ❈❆P❮❚❯▲❖ ✸✳ ❈❆❙❖ N = 4

❜♦❛ ♦r❞❡♥❛çã♦ ❞♦s ♥❛t✉r❛✐s✱ W ♣♦ss✉✐ ✉♠ ♠❡♥♦r ❡❧❡♠❡♥t♦✱ ❞✐❣❛♠♦s ŵ

❆ss✐♠✱ t♦♠❡ x, y ∈ Z t❛✐s q✉❡

x4 + y4 = ŵ2✳

❚❡♠♦s q✉❡ x é í♠♣❛r ♦✉ y é í♠♣❛r✳ ❉❡ ❢❛t♦✱ s❡ x ❡ y sã♦ ♣❛r❡s✱ ❡①✐st❡♠ x̃ ❡ ỹ ∈ Z
t❛✐s q✉❡

x = 2x̃ ❡ y = 2ỹ

❉❛í✱

x4 + y4 = ŵ2 ⇒ 24x̃4 + 24ỹ4 = ŵ2

❆ss✐♠✱

24 | ŵ2 ⇒ 22 | ŵ

▲♦❣♦ ❡①✐st❡✱ w̃ ∈ N t❛❧ q✉❡ ŵ = 22w̃✳

❆ss✐♠✱ ❞✐✈✐❞✐♥❞♦ ❛ ❡q✉❛çã♦ 24x̃4 + 24ỹ4 = ŵ2 ♣♦r 24 ✱ ♦❜t❡♠♦s

x̃4 + ỹ4 = w̃2

❉❛í✱ w̃ ∈ W ❡ w̃ < ŵ✳ ❆❜s✉r❞♦✦ P♦✐s✱ ŵ é ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ W ✳ ▲♦❣♦✱ x é í♠♣❛r
♦✉ y é í♠♣❛r✳

❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ✭r❡♥♦♠❡❛♥❞♦ ❛s ✈❛r✐á✈❡✐s s❡ ♥❡❝❡ssár✐♦✮ q✉❡
x é í♠♣❛r✳
❆ss✐♠✱ t❡♠♦s q✉❡

x4 + y4 = ŵ2

♦♥❞❡ (x, y, ŵ) sã♦ ❝♦♣r✐♠♦s✳ ❉❡ ❢❛t♦✱ s❡❥❛ d = mdc(x, y, ŵ)✱ ❡♥tã♦✱ x = dx̃, y =
dỹ, ŵ = dw̃✱ ♦♥❞❡ x̃, ỹ ∈ Z ❡ w̃ ∈ N✳ ❆ss✐♠✱

x4 + y4 = ŵ2 ⇒ d4x̃4 + d4ỹ4 = d2w̃2 ⇒ d2(x̃4 + ỹ4) = w̃2 ⇒ d2 | w̃2✳

❆ss✐♠✱ ∃ ˜̃w ∈ N t❛❧ q✉❡ w̃2 = d2 ˜̃w2 ❡ ❛ss✐♠ x̃4 + ỹ4 = ˜̃w2✱ ❧♦❣♦ ˜̃w ∈ W ✳

❙❡ d > 1✱ t❡♠♦s q✉❡ ˜̃w < ŵ ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ ŵ s❡r ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡
W ✳ ▲♦❣♦ d = 1✳
P♦rt❛♥t♦✱

mdc(x, y, ŵ) = 1 ⇒ mdc(x2, y2, ŵ) = 1
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❡

x4 + y4 = ŵ2 ⇒ (x2)2 + (y2)2 = ŵ2

❉❡st❛ ❢♦r♠❛✱ (x2, y2, ŵ) é ✉♠❛ t❡r♥❛ ♣✐t❛❣ór✐❝❛✳ P♦rt❛♥t♦✱ ❡①✐st❡ a, b ∈ N✱ ❝♦♠ a ❡
b ❝♦♣r✐♠♦s✱ ♦♥❞❡ a é ♣❛r ❡ b é í♠♣❛r✱ ♦✉ a é í♠♣❛r ❡ b é ♣❛r✱ t❛✐s q✉❡✱ ♣❡❧♦ t❡♦r❡♠❛
❞♦ ❝❛s♦ n = 2✱

x2 = a2 − b2, y2 = 2ab ❡ a2 + b2 = ŵ ✭✸✳✶✮

❖❜s❡r✈❡ q✉❡ a é í♠♣❛r ❡ b é ♣❛r✳ ❉❡ ❢❛t♦✱ s❡ a ❢♦ss❡ ♣❛r ❡ b í♠♣❛r✱ t❡rí❛♠♦s✱ ❥á q✉❡
x é í♠♣❛r ✱ q✉❡

1 ≡ x2 mod 4 ≡ a2 − b2 mod 4 ≡ −1 mod 4

✈❡❥❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❝❛s♦ n = 2✱ ♣❛r❛ ❛ ❥✉st✐✜❝❛t✐✈❛ q✉❡ x í♠♣❛r⇒ x2 ≡ 1 mod 4✳
❆ss✐♠✱ s❡❣✉❡ q✉❡

1 ≡ −1 mod 4

❆❜s✉r❞♦✦ ▲♦❣♦✱ a é í♠♣❛r ❡ b é ♣❛r✳
❚❡♠♦s ❡♥tã♦✱ q✉❡

a2 = x2 + b2

❝♦♠ a ❡ x í♠♣❛r❡s ❡ b ♣❛r✳

❆✜r♠❛♠♦s q✉❡ mdc(x, b, a) = 1✳ ❉❡ ❢❛t♦✱ s❡❥❛ d = mdc(x, b, a) ⇒ d | a ❡ d | b✳
❈♦♠♦ a ❡ b sã♦ ❝♦♣r✐♠♦s✱ s❡❣✉❡ q✉❡ d = 1✳
❉❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ (x, b, a) é ✉♠❛ t❡r♥❛ ♣✐t❛❣ór✐❝❛✳ ❉❛í✱ ❡①✐st❡♠ c ❡ d ∈ N✱
❝♦♣r✐♠♦s✱ ❝♦♠ c í♠♣❛r ❡ d ♣❛r ✱ ♦✉ c ♣❛r ❡ d í♠♣❛r✱ t❛✐s q✉❡✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ❝❛s♦
n = 2✳

x = c2 − d2, b = 2cd ❡ a = c2 + d2

❆✜r♠❛♠♦s ❛❣♦r❛ q✉❡ a é q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ p ❢❛t♦r ♣r✐♠♦ ❞❡ a✳ ❈♦♠♦
a é í♠♣❛r ❡♥tã♦ p > 2✳

❙❡❥❛ q ∈ N✱ t❛❧ q✉❡ pq | a ❡ pq+1 ∤ a✳
❆❧é♠ ❞✐ss♦✱ s❡❥❛

q =

{

q + 1, s❡ q é í♠♣❛r
q, s❡ q é ♣❛r

▲♦❣♦✱ ♣♦r ✭✸✳✶✮✱ t❡♠♦s q✉❡

y2 = 2ab✱
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❡ ❝♦♠♦ pq | a ✱ t❡♠♦s q✉❡

pq | 2ab ⇒ pq | y2 ⇒ pq | y2 ⇒ pq | 2ab

❈♦♠♦ p > 2✱ s❡❣✉❡ q✉❡✱

pq | ab

❈♦♠♦ ♦ mdc(a, b) = 1 ✱ t❡♠♦s q✉❡

pq | a

❉❛í✱ q = q ⇒ q é ♣❛r✳ P♦rt❛♥t♦✱ a é q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✳ ❆ss✐♠✱ ❡①✐st❡ t ∈ N t❛❧ q✉❡
a = t2✳
❆❧é♠ ❞✐ss♦✱ b é ♣❛r ⇒ b = 2k✱ ♦♥❞❡ k ∈ N✳

❙❡❥❛ p ❢❛t♦r ♣r✐♠♦ ❞❡ k✱ ❝♦♠ pq | k✱ ♠❛s pq+1 ∤ k✳ ❉❡✜♥❛

q =

{

q + 1, s❡ q é í♠♣❛r
q, s❡ q é ♣❛r

❙❡ p > 2 ✱ t❡♠♦s q✉❡

pq | k ⇒ pq | 4ak ⇒ pq | y2 ⇒ pq | y2 ⇒ pq | 4ak

❈♦♠♦ a ❡ k sã♦ ❝♦♣r✐♠♦s✱ ❥á q✉❡ a ❡ b sã♦ ❝♦♣r✐♠♦s✱ s❡❣✉❡ q✉❡

pq | 4k

❡ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ p > 2✱ t❡♠♦s q✉❡

pq | k ⇒ q = q ⇒ q é ♣❛r✳

❙❡ p = 2 ✱ t❡♠♦s q✉❡ 2q | k ⇒ ∃k′ ∈ N t❛❧ q✉❡ k = 2qk′✳ ❆ss✐♠✱ y2 = 2q+2ak′✳ ❉❛í

22+q | y2 ⇒ 22+q | y2 ⇒ 22+q̄ | 22+qak′ ⇒ 2q−q | ak′✳

❈♦♠♦ a ❡ k′ sã♦ ❝♦♣r✐♠♦s✱ ❥á q✉❡ a ❡ b sã♦ ❝♦♣r✐♠♦s ✱ t❡♠♦s q✉❡

2q−q | k′✳

❉❛í✱ q̄ = q ✱ ♣♦✐s✱ 2 ∤ k′✳ ▲♦❣♦ q é ♣❛r✳

P♦rt❛♥t♦✱ k é q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦✱ ♦✉ s❡❥❛✱ ∃g ∈ N✱ t❛❧ q✉❡ k = g2 ⇒ b = 2g2✳
❉❛í✱ ❝♦♠♦ b = 2cd✱ t❡♠♦s q✉❡

g2 = cd
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❈♦♠♦ c ❡ d sã♦ ❝♦♣r✐♠♦s✱ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛ ♠♦str❛ q✉❡ c ❡ d sã♦ q✉❛❞r❛❞♦s
♣❡r❢❡✐t♦s✱ ❞✐❣❛♠♦s

c = r2 ❡ d = s2

♣❛r❛ r ❡ s ∈ N✳

▲♦❣♦✱ ❝♦♠♦

a = c2 + d2

s❡❣✉❡ q✉❡

t2 = r4 + s4

❙❡❣✉❡ q✉❡ t ∈ W ✳ P♦ré♠✱

t ≤ t4 = a2 = ŵ − b2 < ŵ

♦ q✉❡ é ❛❜s✉r❞♦✱ ♣♦✐s✱ w é ♦ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ W ✳

�
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❈❛♣ít✉❧♦ ✹

❉❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦

x5 + y5 = z5

◆❡ss❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ♣r♦✈❛ ❡❧❡♠❡♥t❛r ♣❛r❛ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛
❡q✉❛çã♦ x5+y5 = z5 ✱ ✐st♦ é✱ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❋❡r♠❛t xn+yn = zn

♣❛r❛ n = 5✱ ♦♥❞❡ s❡rá ❛♣r❡s❡♥t❛❞♦ q✉❡ s❡ ✺ ♥ã♦ ❞✐✈✐❞✐r ♥❡♥❤✉♠ ❞♦s x, y, z✱ ❡♥tã♦✱
♥ã♦ ❡①✐st❡♠ s♦❧✉çõ❡s ✐♥t❡✐r❛s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛ ❡st❛ ❡q✉❛çã♦✳

✹✳✶ ❈❛s♦ n = 5, x5 + y5 = z5

Pr♦♣♦s✐çã♦ ✹✳✶✳ ❙❡ p ∈ Z é ♣r✐♠♦ ❡ í♠♣❛r ❡ a ∈ Z é t❛❧ q✉❡ p ∤ a✱ ❡♥tã♦

a
p−1

2 ≡ ±1 mod p

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ p ∤ a s❡❣✉❡ ❞♦ ♣❡q✉❡♥♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t q✉❡

ap−1 ≡ 1 mod p

❈♦♠♦ p é ♣r✐♠♦ í♠♣❛r✱ p− 1 é ♣❛r✱ ❞❛í p−1
2

∈ Z✳ ▲♦❣♦✱

(

a
p−1

2

)

2 ≡ 1 mod p ⇒
(

a
p−1

2 + 1

)(

a
p−1

2 − 1

)

≡ 0 mod p

❈♦♠♦ p é ♣r✐♠♦✱ s❡❣✉❡ q✉❡

a
p−1

2 ≡ 1 mod p ♦✉ a
p−1

2 ≡ −1 mod p
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❋❛r❡♠♦s ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r s✐♠♣❧❡s ♣❛r❛ ♦ ❝❛s♦ n = 5✳ ❉❡ ❢❛t♦✱ ♣r♦✈❛r❡♠♦s q✉❡
s❡

x, y ❡ z ∈ Z ❡ 5 ∤ x, 5 ∤ y, 5 ∤ z

❡♥tã♦

z5 6= x5 + y5

❆ ❛✜r♠❛çã♦ ❛❝✐♠❛ s❛✐ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ s✐♠♣❧❡s ❞♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✹✳✷✳ ❙❡❥❛♠ x, y ❡ z ∈ Z ❝♦♠ 5 ∤ x, 5 ∤ y, 5 ∤ z✱ ❡♥tã♦

x5 + y5 + z5 6= 0

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x, y ❡ z ∈ Z ❝♦♠ 5 ∤ x, 5 ∤ y, 5 ∤ z

❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡

x5 + y5 + z5 = 0

❆♣ós ❢❛t♦r❛r✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡mdc(x, y, z) =
1

❚❡♠♦s q✉❡

−z5 = x5 + y5 = (x+ y)(x4 − x3y + x2y2 − xy3 + y4)

❆✜r♠❛♠♦s q✉❡

mdc(x+ y, x4 − x3y + x2y2 − xy3 + y4) = 1

❙❡❥❛ d = mdc(x+ y, x4 − x3y + x2y2 − xy3 + y4)
❚❡♠♦s q✉❡ ❝♦♠♦

d | x+ y ❡ d | x4 − x3y + x2y2 − xy3 + y4

❡♥tã♦✱

d | x4 − x3y + x2y2 − xy3 + y4 − (x3 − 2x2y + 3xy2 − 4y3)(x+ y) ⇒ d | 5y4

❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦✱ q✉❡ d 6= 1 ❡ s❡❥❛✱ p ✉♠ ❢❛t♦r ♣r✐♠♦ ❞❡ d✱ ❞❛í

p | 5y4 ✭✹✳✶✮
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❙❡ p = 5✱ ❡♥tã♦

5 | (x+ y)(x4 − x3y + x2y2 − xy3 + y4) ⇒ 5 | x5 + y5 ⇒ 5 | −z5 ⇒ 5 | z

❆❜s✉r❞♦✦ P♦✐s✱ 5 ∤ ③✳

❆ss✐♠✱ p 6= 5✳ ❈♦♠♦ p | 5y4 ✱ s❡❣✉❡ q✉❡

p | y4 ⇒ p | y

❈♦♠♦ p | x+ y ❡ p | y ⇒ p | x✳ ❆❧é♠ ❞✐ss♦✱

p | x5 + y5 = z5 ⇒ p | z

❆ss✐♠✱ p | x✱ p | y ❡ p | z✳ ❆❜s✉r❞♦✦ P♦✐s mdc(x, y, z) = 1

P♦rt❛♥t♦✱

mdc(x+ y, x4 − x3y + x2y2 − xy3 + y4) = 1

❉❡st❛ ❢♦r♠❛✱ ❝♦♠♦

−z5 = (x+ y)(x4 − x3y + x2y2 − xy3 + y4)

❡

mdc(x+ y, x4 − x3y + x2y2 − xy3 + y4) = 1

s❡❣✉❡ q✉❡ ❡①✐st❡♠ A, T ∈ Z t❛✐s q✉❡

x+ y = A5

❡

x4 − x3y + x2y2 − xy3 + y4 = T 5

❚r♦❝❛♥❞♦ ♦s ♣❛♣é✐s ❞❡ x, y ❡ z ♥♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡♠
B ❡ C ∈ Z t❛✐s q✉❡

x+ z = B5

❡

y + z = C5

✸✻



✹✳✶✳ ❈❆❙❖ N = 5, X5 + Y 5 = Z5 ❈❆P❮❚❯▲❖ ✹✳ ❈❆❙❖ N = 5

❙✉♣♦♥❤❛ ❛❣♦r❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ 11 ∤ x✱ 11 ∤ y ❡ 11 ∤ z✳ ❙❡❣✉❡ ❡♥tã♦ ❞❛ Pr♦♣♦s✐çã♦
✭✹✳✶✮ q✉❡

x5 ≡ ±1 mod 11, z5 ≡ ±1 mod 11, z5 ≡ ±1 mod 11 ⇒ x5 + y5 + z5 6≡ 0 mod 11

❆❜s✉r❞♦✱ ♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡ x5+y5+z5 = 0✳ ▲♦❣♦✱ ❛❧❣✉♠ ❞♦s x, y, z é ♠ú❧t✐♣❧♦ ❞❡ 11✳

❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✭ ♣♦✐s ♣♦❞❡♠♦s r❡♥♦♠❡❛r ❛s ✈❛r✐á✈❡✐s s❡ ♥❡✲
❝❡ssár✐♦✮ q✉❡ 11 | z✳
❉❡st❛ ❢♦r♠❛✱ ❝♦♠♦

−A5 +B5 + C5 = −x− y + x+ z + y + z = 2z

t❡♠♦s q✉❡

−A5 +B5 + C5 ≡ 0 mod 11

❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ 11 ∤ A✱ 11 ∤ B 11 ∤ C✳ ❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✭✹✳✶✮✱
t❡♠♦s q✉❡

A5 ≡ ±1 mod 11, B5 ≡ ±1 mod 11 ❡ C5 ≡ ±1 mod 11

▲♦❣♦✱

−A5 +B5 + C5 6≡ 0 mod 11

❆❜s✉r❞♦✦ P♦rt❛♥t♦✱

11 | A ♦✉ 11 | B ♦✉ 11 | C.

❙❡ 11 | B✱ ❝♦♠♦ x+ z = B5 ❡ 11 | z✱ s❡❣✉❡ q✉❡ 11 | x✳ ❈♦♠♦

x5 + y5 + z5 = 0

s❡❣✉❡ q✉❡ 11 | y ⇒ 11 | mdc(x, y, z)✳ ❆❜s✉r❞♦✦ ▲♦❣♦ 11 ∤ B✳

❆♥❛❧♦❣❛♠❡♥t❡ ✱ t❡♠♦s q✉❡ 11 ∤ C✳ P♦rt❛♥t♦ 11 | A✳

❈♦♠♦ A5 = x+ y✱ t❡♠♦s q✉❡

x ≡ −y mod 11 ✭✹✳✷✮

❞❛í✱ ❝♦♠♦

x4 − x3y + x2y2 − xy3 + y4 = T 5
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✹✳✶✳ ❈❆❙❖ N = 5, X5 + Y 5 = Z5 ❈❆P❮❚❯▲❖ ✹✳ ❈❆❙❖ N = 5

s❡❣✉❡ q✉❡

x4 − x3y + x2y2 − xy3 + y4 = T 5 ≡ 5y4 mod 11

P♦rt❛♥t♦✱

T 5 ≡ 5y4 mod 11

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

z + y = C5 ❡ 11 | z

s❡❣✉❡ q✉❡

y ≡ C5 mod 11

❈♦♠♦ 11 ∤ C✱ s❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ✭✹✳✶✮ q✉❡

C5 ≡ ±1 mod 11 ⇒ y ≡ ±1 mod 11

P♦rt❛♥t♦✱

T 5 ≡ 5 mod 11 ⇒ 11 ∤ T.

P❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✶ ✱ ❝♦♠♦ 11 ∤ T ✱ t❡♠♦s q✉❡

T 5 ≡ ±1 mod 11

❆❜s✉r❞♦✦ ❊st❛ ❝♦♥tr❛❞✐çã♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

�
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❬✶❪ ❙■◆●❍✱ ❙✐♠♦♥✱ ❋❡r♠❛t✬s ❊♥✐❣♠❛✿ ❚❤❡ ❊♣✐❝ ◗✉❡st t♦ ❙♦❧✈❡ t❤❡ ❲♦r❧❞✬s ●r❡✲
❛t❡st ▼❛t❤❡♠❛t✐❝❛❧✳ ◆❡✇ ❨♦r❦✿ ❆♥❝❤♦r ❇♦♦❦s✱ ✭✶✾✾✼✮✳

❬✷❪ ❏❖▼❖❖◆✱ ❏♦♠✐♥✱ ❇♦♦❦ ❇♦♦❦ ❇♦♦❦ ▼❛t❤❡♠❛t✐❝❛❧✳ ◆❡✇ ❨♦r❦✿ ❆♥❝❤♦r ❇♦♦❦s✱
✷✵✵✽✳

❬✸❪ ❘■❇❊◆❇❖■▼✱ P❛✉❧♦✱ ✶✸ ❧❡❝t✉r❡s ♦♥ ❋❡r♠❛t✬s ❧❛st t❤❡♦r❡♠✳ ◆❡✇ ❨♦r❦✿
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✼✾✳

❬✹❪ ▲■❯✱ ❆♥❞②✱ ❆♥♦t❤❡r ❉♦✲■t✲❨♦✉rs❡❧❢ Pr♦♦❢ ♦❢ t❤❡ ♥ ❂ ✸ ❝❛s❡ ♦❢ ❋❡r♠❛t✬s ▲❛st
❚❤❡♦r❡♠✳ ❆❧❜❡rt❛✿ ❊❞♠♦♥t♦♥✱ ✷✵✵✵✱ ♣✳ ✹✷✷✲✹✷✺✳
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