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Resumo

Na presente dissertagao apresentamos uma revisao do formalismo envolvido no estudo
de flutuagoes de cone de luz, seguido por novos resultados e discussoes realizados ao longo
do mestrado.

Em um primeiro momento, fizemos uma revisao da Teoria Linearizada da Gravidade
no regime classico. Comeg¢amos tomando o limite de campo gravitacional fraco de modo a
permitir que este varie no tempo. Como resultado, fomos capazes de expandir a métrica do
nosso espago-tempo em torno de um espaco-tempo de fundo e considerar apenas o termo
linear na perturbacao. Em seguida, buscamos descobrir como essa expansao modifica os
elementos da Relatividade Geral, encontrar as equagoes de campo para a perturbagao e
discutir a liberdade de calibre associada a perturbagao. Em seguida, passamos a trabalhar
sob a hipotese de que a perturbacao é quantizada e apresentamos uma revisao dos efeitos
de flutuagao do cone de luz. Tais flutuacoes levam a remocao de divergéncias associadas
ao cone de luz classico; em particular, mostramos explicitamente como a quantizacao da
perturbagao remove algumas dessas divergéncias e discutimos a possibilidade de observar
o efeito de tais flutuacoes sobre o tempo de deslocamento de fétons.

Seguindo o caminho trilhado pela anélise da perturbacao quantizada, revisamos o
procedimento para escrever (o?) em termos da fungio de Hadamard para o graviton
em (d + 1) dimensoes. No tultimo capitulo, apresentamos novos resultados obtidos ao
longo da pesquisa. Inspirados pelo trabalho dos autores na Ref. [1], buscamos ampliar
a descricao de uma possivel dimensao espacial extra, tornando-a compacta por meio da
condicao de contorno quasiperidodica. Realizamos uma discussao sobre a transi¢ao para
modelos com dimensoes extras e calculamos as quantidades associadas ao desvio no tempo
de propagacao de um féton como consequéncia da topologia do espago compactificado.
Discutimos também qual deveria ser o tamanho da dimensao extra para que seja possivel

detectar tais desvios, utilizando como base o Near Infrared Spectrograph (NIRSpec) a

8



bordo do telescopio James Webb. Para isto, dividimos nossa analise em duas partes:
uma para o caso periddico e outra para casos nos quais o regulador de fase da condicao
quasiperiddica é diferente de zero. Como consequéncia, mostramos que o reflexo de cada

caso no tempo de propagacao de um foton difere fundamentalmente um do outro.

Palavras-chave: Flutuacao de Cone de Luz, Teoria Quéntica de Campos, Teoria

Linearizada da Gravidade, Kaluza-Klein.



Abstract

In this dissertation, we present a review of the formalism involved in the study of light
cone fluctuations accompanied by new results and discussions conducted throughout this
master’s program.

We initially conducted a review of the Linearized Theory of Gravity in the classical
regime. We began by considering the weak gravitational field limit while allowing it to
vary with time we sought to determine the modification caused by this expansion on
the elements of General Relativity (GR), derived the field equations for the perturbation
and discussed the gauge freedom associated to the latter. Following this first contact with
linearized gravity, we worked under the assumption that the perturbation is quantized and
provided a review of lightcone fluctuation effects which leads to the removal of divergences
associated with the classical lightcone and discussed the possibility of observing the effects
of such fluctuations upon photon propagation. Continuing our analysis, we reviewed
the procedure to express (07) in terms of the Hadamard function for the graviton in
(d 4+ 1) dimensions. Finally, we presented the new results obtained during this research.
Inspired by the work in Ref. [1], we sought to expand the description of a possible extra
spatial dimension by making it compact through a quasiperiodic boundary condition.
We discussed the transition to models with extra dimensions and calculated quantities
associated with the deviation in the photon propagation time as a consequence of the
compactified space’s topology. We also discussed the requirements for the size of the
extra dimension in order to obtain detectable changes on a photon flight time using the
Near Infrared Spectrograph (NIRSpec) aboard the James Webb Telescope as a model for
detections. For this purpose, we divided our analysis into two parts: one for the periodic
case and another for cases where the phase regulator of the quasiperiodic condition is

nonzero. Consequently, we found that the resulting effects of each scenario upon photon
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propagation fundamentally differs from one another other.

Palavras-chave: Lightcone Fluctuations, Quantum Field Theory, Linerized Gravity,

Kaluza-Klein models.
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Introduction

If there exists a quantized theory of gravity, divergences that commonly appear in
Quantum Field Theory, such as lightcone divergences, are expected to be smoothed out.
This was first conjectured by Pauli, in 1956 [3], and discussed in the following years by
Deser, Isham, and others [4-6]. One approach for understanding possible implications of
a full-fledged quantum theory of gravity lies in the quantization of the Linearized Theory
of Gravity. The latter is obtained when one considers a perturbative approach for the
weak field limit while still allowing it to vary over time. As the name suggests, in this
scenario, only linear terms on the perturbation will be considered on the spacetime metric,
which is now written as a background spacetime plus a symmetric perturbation f,,,. This
perturbation can be considered to be quantized [7-9]. In particular, it has been shown
that, in the context of a linearized quantum theory of gravity, some lightcone divergences
are in fact smeared out due to nonzero metric fluctuations [9,10]. The lightcone fluctu-
ations effects are analogous to the Casimir effect [11-16] in the sense that the presence
of boundary conditions, nontrivial topology and spacetime dimensionality can introduce
perturbations to the usual quantities, causing some of the vacuum expectation values to
fluctuate [1,17-19].

On the other hand, there are more than one scenario through which metric fluctuations
can arise. The subject of this dissertation are the fluctuations caused by the quantum
nature of the gravitational field. By allowing the gravitational field to change over time,
its own dynamical degrees of freedom will lead to spacetime fluctuations. These are called
“active” fluctuations (see Refs. [9,10,19,20]). However, it follows directly from Einstein’s
field equation that even a classical gravitational field coupled to a quantized matter field
can undergo fluctuations, called “passive” fluctuations (See Ref. [10]).

Furthermore, from its symmetry properties under spatial rotations, we can see that

upon quantization, a spin-2 particle is expected to arise from excited modes of the per-
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turbation’s freely propagating degrees of freedom, the graviton. The introduction of a
perturbation to the background spacetime cause modifications to the two-point function
of the graviton, and its effects upon photon propagation could, in principle, be observed.
The smeared lightcone can be interpreted as a change in the speed of massless particles
traveling through this perturbation, thereby also modifying its typical flight time [9,10,20].
If we consider a light pulse as it travels through the perturbation, it is natural to expect
that the modification on the classical flight time can varies slightly from a photon to
another, however, the observed spectral lines of a light pulse will exhibit a characteristic
mean deviation from the original configuration and are related to the typical change in the
photons flight time as At = A\. Observable effects such as this could help us understand
many phenomena involving cosmic messengers and the structure of spacetime even within
a particular scope such as the linearized theory of gravity. The latter can also be applied
to lightcone fluctuations in order to understand horizon fluctuations, in particular, in the
case of black hole horizons, some interesting developments on black hole thermodynamics
can arise [20].

Several attempts have been made to unify gravity and the electromagnetic theory in
the years following the formulation of General Relativity (GR). Among them, in 1921,
Theodor Kaluza tried to grasp a solution describing a world beyond our usual (3 + 1)
dimensions introducing an extra dimension, and six years later, Oskar Klein revisited
Kaluza’s work under the scope of the emergent quantum mechanics. As Kaluza’s work is
regarded to be the first attempt to grasp a higher-dimensional world, (d + 1)D quantum
scenarios featuring compact extra dimensions are often referred to as Kaluza-Klein models,
whereas the particular case of d = 4 is referred to as the Original Kaluza-Klein model
which we will approach in this dissertation. In recent years, such models are sought out in
an attempt to describe several phenomena in many areas of physics beyond the purpose
it was find intended to serve [21-25].

We know for a fact that by introducing boundary conditions to a specific direction, we
tend to obtain observable physical effects on the others. The same is true for the effects of
metric fluctuations resulting from modifications imposed to a particular direction. Hence,
this approach could also provide us with a powerful mean to test the existence of extra
dimensions. The search for the latter goes through a wide range of study subjects in

physics. In particular, in Refs. [1,18,26], lightcone fluctuations effects have been consid-
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ered assuming periodically compactified extra dimensions. Such condition imposed to the
scalar part of a tensorial field in 5D is written as ¢x(x,y, z,w + £.) = ¢x(x,y, 2z, w) with
l. being the circumference of the extra dimension. If we consider the idealized case of a
single monochromatic plane wave solution computed at the origin, this expressions tells
us that the intensity and behaviour of the tensorial field repeats itself after traversing the
whole length of the extra dimension. However, although we can postulate the existence
of compact extra dimensions in our search for understanding some physical phenomena,
without actual verification we can not say that this perfectly repeating behaviour would
actually happen. An alternative approach is to consider more complex behaviours of the
perturbation as it traverses the extra dimension via a quasiperiodic boundary condition,
namely ¢y (x,y, 2, w + £.) = e* ¢y (x,y, 2, w) where « is the phase angle regulator vary-
ing from 0 to 1. Our calculations and discussions for this case can be found in Ref. [27],
written during the course of the research conducted for this dissertation and accepted for
publication in the Journal of High Energy Physics (JHEP).

As we have mentioned, attempts of detecting the existence of extra dimensions passes
through many areas of study. Additionally, the transition to higher dimensional space-
times comes with the need of reviewing our understanding of the most fundamental laws
of physics [24,28-30|. As a reflection of the interdisciplinarity of higher-dimensional mod-
els, we can find a wide range of experiments designed to detect extra dimensions. Some
examples would be table-top experiments to determine the force law acting between two
masses at very short distances [28,31] and the search for heavier particles than those of
the Standard Model in the Large Hadron Collider (LHC) [29,30] which would help solve
large difference between the Planck scale and the electroweak scale, known as the hier-
archy problem (see. Ref [25]). Each of these, among other experiments, are designed to
explore different length scale ranges. However, one common aspect of such experiments
is the fact that current detection methods seem to be far from reaching the Planck scale.
Therefore, the need arises to look for alternative manifestations of the existence of extra
dimensions.

Inspired by this need, as our contribution for the study of lightcone fluctuations effects
and as solidification of our review of the formalism involved, we will discuss the potentially
observable effects arising from a quasiperiodically compactified (4+1) dimensional Kaluza-

Klein model. As we discuss our results, we will look at the sensitivity range of the Near-
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Infrared Spectrograph (NIRSpec) on the James Webb Space Telescope [2] in an attempt
to estimate the potential size and structure of the extra spatial dimension.

This dissertation is organized as follows: In the first Chapter we will make a detailed
review on how a linearized theory of gravity modifies the GR elements in a classical
regimen, find the Einstein field equations for the perturbation, explore the gauge freedom
associated with the perturbation, analyse the degrees of freedom for the perturbative field
equation and understand their implications in the transverse and tracefree (TT) gauge. In
Chapter 2 we will start working under the assumption that the perturbation is quantized
and see how it leads to the smearing of some lightcone divergences and how it affects the
flight time of a photon. In Chapter 3 we will obtain the mathematical expressions through
which we can study the lightcone fluctuations. That is, we will obtain an expression for
(0?) in terms of the graviton Hadamard function by expanding the quantized perturbation
as a set of plane waves obeying the Klein-Gordon like equation in the TT gauge. Finally,
in Chapter 4 we begin by discussing the transition to higher-dimensional models and its
effects on fundamental constants related to gravity, we obtain the exact forms of h,,, of
the graviton two-point function calculated on the lightcone and of (%) in (4 +1)D with
a quasiperiodic condition imposed on the extra dimension. In particular, we discuss the
possibility of using the NIRSpec sensitivity range to verify these results and divide our
analisys of (o7) r for large values of y = r//.. in two parts: one for the periodic case (a = 0)
and one for all other condition cases for . We also plot some of these results in order to
further our analysis on how to determine the potential structure of the extra dimension.
Throughout this dissertation, except for when it is made clear that we are recovering the

original units for our results, we will use natural units h = ¢ = 1, Gq = (327) 71,
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Chapter 1

The Linearized Theory of Gravity

In this chapter we make a review of the initial concepts involved in the Linearized
Theory of Gravity from the perturbative approach to gravitational wave solutions in the
transverse and tracefree (TT) gauge. We will expose the calculations with as most details
as possible, so that any student with a solid knowledge of General Relativity can also use
it as a guide. Two books were adopted to make most of this review (See Refs. [7,8]), other

eventual references used will be cited as needed.

1.1 Einstein’s field equation for the metric perturbation

The usual path when on a first study on the principles of General Relativity is to con-
nect the generalization of GR for curved spacetime to the Newtonian gravity by adopting
the weak limit for the classical gravitational field that obeys the Einstein’s field equations
while considering it to be static. However, it is also possible to consider such limit while
also allowing the gravitational field to change over time. By doing this we would risk
violating the the compatibility between the General Relativity (GR) and the Newtonian
mechanics for the low energy limit, however, it can be shown that this compatibility is
in fact preserved (see Ref. [8]). In order the obtain this weak and non-static limit, one
can expand the spacetime metric g,, as a fixed background, which for us will be the
Minkowski spacetime described by 7,,,, plus perturbative terms. Retaining terms only up

to first order in the perturbation yields

Guv = Nuw + hul/a ’hw/‘ < 17 (11)

20



1.1. EINSTEIN’S FIELD EQUATION FOR THE METRIC PERTURBATION

being h,, the perturbative term. Throughout this chapter we will adopt the signature
(—,+,+,4). Eq. (1.1) gives us an expression for the spacetime metric with two covariant
indexes, however, one must be careful when writing ¢"*. We know that Eq. (1.1) is a
linear equation of K" and, since the spacetime metric must obey g,,9°” = 0,,, we can

obtain

Guo9”" = (n;w + hua)(nw + A7)

=0, +h, £ hy + hh =0,
= 9" =N — hyw. (1.2)

Note that, as we are not interested in keeping higher order terms on h,,,, we can use 7,

and n* instead of g,, and ¢g"” to raise and lower indexes. Consequently, we have
R = ponP by, (1.3)

We can understand the linearized gravity as a theory describing a symmetric tenso-
rial field A, traveling through a background field and, in this context, the spacetime is
actually curved. However, since we expanded the spacetime metric around a Minkowski
spacetime we will see that this will allow us to obtain and solve wave equations for A,
as if the actual spacetime was flat. We could have expanded g,,, around some other back-
ground spacetime, in this case we would obtain equations describing the perturbation
traveling through that fixed spacetime and we would obtain wave equations for h,, in

that background. Additionally, 7, is invariant under Lorentz transformations, whereas
.TMI = AMIMI'M, hﬂ,'/ = Auu,AVV/huy. (14)

Our interest now lies in understanding how our theory will be modified by considering
only up to first order corrections to the metric and in finding the equation of motion to
which the perturbation h,, obeys. To that end, let us seek the new description for the GR

elements that depend on the spacetime metric. Let us start from the Christoffel symbols,
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1.1. EINSTEIN’S FIELD EQUATION FOR THE METRIC PERTURBATION

using Eqgs. (1.1) and (1.2) on the connection definition yields

1
Fﬁu = §g>\a(8ugua + 8ugau - aag,uu)
1
_ 5(77M — 1) [0, (Mo + huo) + 0w (Nop + hop) — 0o (N + )] (1.5)

1 o}
= 577)‘ (Ophuo + Ovhoy — Oshy).
We can use this result to obtain the modified Riemann tensor, namely

A A A A To A 10
Rul/aﬁ - nuAR vaf — MNux (aaF,Bu - aﬁroa/ + Faarﬁu - FﬁUFau)

1

= 5 [nu/\n)\gaa(aﬁhua + al/haﬁ - aahﬁu> - nuAnAgaﬂ(aahl/o + ayhaa - aohfau)}
1

= 55;(6a85hyg + 8aé?l,h05 — aa&,hﬁy — agﬁah,,a — 058,,hga + agaahay)

= %(aa&l/hpﬂ - aaa,uhﬁy - aﬁayhp,a + algﬁuhw,).
(1.6)

Note that, in Eq. (1.6) we already discarded quadratic terms on the connection, since they
would only result in second order terms of the perturbation. We have also interchanged
some of the partial derivatives and used the fact that the perturbation is symmetric. From

Eq. (1.6) we can directly obtain the modified Ricci tensor, which reads

Ryp = 1" Ruvap
1

= 577“0‘(%81,}1“5 — Gaﬁuhg,, — Gg&,hm + 8ﬁ8“ha,,)

1
= §(aaa,jha/3 — aaaahﬁ,/ — 858Vhaa + 858ah°‘,,)

1
= Ry = 5(0a0uh, + 00", = 0u0,h — Dhy), (1.7)

where h = h /' is the trace of the perturbation f,,. The Ricci scalar follows directly from

Eq. (1.7), that is

R=n"R,,
1
- 577“” ((‘%auhay + (%ayhaﬂ — 0,0,h — Dhﬁy)
1.8)
1 . o (
=35 (8Q8Mh H+ 0,0,h — 0,0"h — Dh“u)

= 0,0,h" — Oh.
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Finally, the modified Einstein tensor for the linearized gravity reads

1

Gl“’ = RMV — §UMVR
1 1
= 5 (aaa#hau + aaauha,u - a,uaz/h - Dhmx) - énuz/ (aaaﬂhaﬂ - Dh) (19)
1
=3 (02040, + 0a0,h%, — 8,0,k — Ohy, — 10, 0a05h™" — 1,,0R) .

Alternatively, it can be shown that the Einstein’s field equation for h,, arises from

the Fierz-Pauli action [32,33], that is
1 uv Ao m 1 uv Ao 1 N2
SFP = R dx auh &,h — 8Mh 8,\h p + 577 auh &,h/\g — 57’] auha,/h y (110)

which is the Einstein-Hilbert action expanded to second order in h,,. By varying Eq.
(1.10) with respect to h,, after adding a coupling to matter of the form h,,T"", one
obtains

G = 87GT,,, (1.11)

where G, is given by Eq. (1.9) and the energy-momentum tensor 7, is computed to
zeroth order in the perturbation [§].

The next step would be to solve the equations we found for A,,. However, note that
the expansion in Eq. (1.1) is not unique. With careful examination we can see that, just
as in the electromagnetic theory one is able to find a transformation for the 4-potential
A, — A, + 0,\ which keeps F),, invariant, in linearized gravity we also observe a gauge
invariance for the perturbation h,,. This freedom can be expressed as the existence of a

vector field e€* through which the metric perturbation will be modified as
W) = Ry, + 2€9,60) (1.12)

in a way such that the spacetime curvature will remain invariant. In other words, there
is more than one way to write the perturbation while describing the same physical con-

figuration. In Eq. (1.12) we introduced the notation

0,6, + 0,8,

aufv — (91,5#
5 —_—

Ouév) = 5

8[#51/] = (1.13)

Given Eq. (1.12), we can verify if the spacetime remains the same through the Riemann
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curvature tensor, that is

ORwpo = Ruvps — Rl(flzpo
:g@@@@+&@@@—@@@@—@@@@+@@@@ (1.14)

+@@@@-@@@@-@@@@):0

In General Relativity, gravity is presented as a consequence of spacetime curvature.
The same is still valid in linearized gravity, however, we are isolating a weak gravitational
contribution from the background spacetime and treating it individually with gravitational
effects of its own. We also state that this perturbation travels through the background

spacetime causing perturbations to the metric as described by Eq. (1.1).

1.2 The decomposition of %, and the Einstein’s equa-
tion degrees of freedom

With Einstein’s field equations for h,, and the gauge transformation in Eq. (1.12), we
could start working on the solution for A,,. Of course we will not do that just yet, let us
first try to obtain further insight into the information 5, can provide us with. To that
end, let us remind that in electromagnetism, given F},,, we can assume a fixed observer
and analyze the 3-vectors E and B independently. Let us see what new information comes
about when we do the same for h,,.

We know h,,, to be a symmetric tensor. The component hg is a scalar under spatial
rotations. For i # 0, the components of h;y are the same as those from hg; and, just as the
components Fjy of the electromagnetic tensor form E, they can also be used to construct
some 3-vector. Finally, the spatial part h;; is a symmetric tensor that can be decomposed

in a diagonal tensor plus a trace-free tensor. Therefore, we can rewrite h,, as

hoo == —Q(I)
hoi = w; (1-15)
hij = 2Sij — 2@5@',
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where s;; is the trace-free tensor given by

1 1
5ij = 5 (hij — 55“@,%) : (1.16)
and W contains the information about the trace of h;;, that is
L

As we shall see, this new way of expressing the components of h,,, will prove itself useful.
Sometimes, however, it will be simpler to just keep k. In terms of these new quantities,

the line element of our actual spacetime is given by
ds® = —(1+4 2®)dt* + w'(dtda’ + da'dt) + [(1 — 2W)§7 + 2s;;]dx’da’. (1.18)

Before reviewing the elements of General Relativity in terms of these new quantities, one
should pay attention to how the index of w; given by Eq. (1.15) is raised. Even though
we are looking at w; as a 3-vector, it was defined from the second order tensor h,, and
it must be consistent with this fact while also transforming as a 3-vector upon lowering
and raising indexes regardless of the signature we are working with. Note that, if we were
adopting the signature (+, —, —, —), we should have defined w" as to obtain 7;w" = —w;.
In this case, it would not matter if we have defined w’ as hy" or h%. The negative signal
we need will be carried by the spatial index. However, in our case we must have w’ such
that 7;;w’ = w;. Therefore, we need to be careful to define w’ = h', otherwise, we would
have obtained 7gyn;;h% = —w;. Consequently, for it to work regardless of the signature,

let us define w® = hy'.
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1.2. THE DECOMPOSITION OF h,, AND THE EINSTEIN’S EQUATION DE-
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Let us now rewrite our GR elements. Combining Eqgs. (1.5) and (1.15) yields

1 1
= T = 5 Moo (Oohoo + Aohoo — Bohao) = _530 (—20)

= 0p®
=T = %WW@OhOU + Oohoo — Oshoo) = % [Oow; + Oow; — 0;(—2P)]
= Oyw; + 0;®
=T = %UOU(ajhog + Oohej — Ophjo) = —% 0;(—29) + ow; — Oowj]
= 0,0
. 1. 1 (1.19)
= Ty = 51 (Dihos + Oohaj — Dohijo) = 5 [ + 0o(251; = 2063;) — D]
= Ojjwy + %%hm
T, = %n%(ajh,m 4 Ohgy — Byhyy) = —%(ajwk 4 Oho; — Bohze)
Z—@Mm+%%%k
= F;k = %ni”(ﬁjhka + Okhoj — Oshji) = %(@-hki + Okhi; — Oihjk)
— O5huyi — %aihjk.
For the Riemann tensor in Eq. (1.6), one obtains
= Rojor = 5(000ho — Oodohy; — Adshan + Aol
= £ (0B — bbby — A3;(~22) + Dol
= 00Dy + 0,0, — %aoaohﬂ
= Roji = %(&ﬁjhoz — OxOohuj — 010 hor + 0,00huj)
= %(akajwl — OBohij — AWk + ADohi;) (1.20)

= 00wy — oOphn;
1
= Rz’jkl = 5(8k8]hzl — 8k8ihlj — 8l6jhik + 81811%)

1
- é(aka]hll - akaihlj - alajhik + (3181th)

Note that if h is the trace of h,,, in the decomposed form one obtains h = 2& — 6.
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Hence, the decomposition of the Ricci tensor in Eq. (1.7) yields

= Roo = 5(0udoh + 0ud0h — Ooduh — D)
= 0yOoh’y + 0;00h'y + % [—0000(2® — 6T) — O(—2)]
= —03(—2®) + 0pOiw' — 3® + 307V + 0P
= V2® + 9pow’ + 305V
= Ry, = %(aaaohaj + 9,0;h%y — 8yd;h — Ohy,)
= % [0000h°; + Bidoh’; + 8od;h° + 0id;hiy — 8y0;(2® — 6F) — Ow;]
= 0'0(sij — Wii;) + 00;® + 90, (—P + 3¥) + % [— 0w, + 0;0w" — Dw;]
= 8’80% + 2000; ¥ + % [aj&wi — Vzwj}
S Ry = (0a0:h, + 0a0;% — B:0;h — Thiy)

[000:1°; + 00" ; + 000;h°; + OkO;h",] — 0;0;(® — 3W) — O(sy; — Woy;)

= (—808iwj — 808jwi) + 8k8i(skj — qfé@) + 8kaj(8ki - \115]”) — 818](@) — 3\11)

N RN~

— O(si; — Wo35)
= —603(iwj) -+ 28k8(isj)k — 281@\11 — 61(9]@ + 3(918]\11 — DSU + D\I/(Sij

= 818](\11 - (I)) - aoa(iw]') -+ 28’“8@3”,{ — DSU + D\Pdi]’,

(1.21)
whereas the Ricci scalar in Eq. (1.8) becomes
R =0,0,h" — Oh
= 000, h" + 9;0,h"™ — O(2® — 6)
= 0yOoh™ + 0y0;h% + 0,00h™° + 0,0, — O(2® — 6V) (1.22)
1.

= 6080(—2@) - 808jwj - 8i80wi + 828] (QSij - 2@5”) — D(Q(I) — 6‘11)
= —205® — 20,0,w" + 20,0;57 — 2V*V — 200 + 60W

= 2[09,0;5" — 00w’ — V*(® 4+ U) + 300] .
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Finally, the decomposed Einstein tensor in Eq. (1.9) reads

1
= Goo = Roo — 577003

= V?® + 0p0,w’ + 305V + [0;0;57 — 0pOw’ — V(@ + V) + 300]

= 0,0;5" 4+ 2V*¥

1
= Goj = Roj — 5moj 1t
) 1 .
= 82805‘@ + 28083\11 + 5 [@-@-wz — V%A
1
=G =R — —ni; R
T2 (1.23)

= 9;0;(V — ®) — 9pdwy) + 209 ;s — Osiy + OV
— 6ij [OkO1s™ — BoOpw"™ — V(@ + ) + 30¥]

= 0;0;(¥ — @) + OWs;; + V(O + V)§; + VAU, — V204, — 30Us,;
+ 00Okw" ;5 — 0oOuwy) + 20708, — Osij — 018" 55

= (V25 — 8:0;)(® — U) + 203W5;; + 6;;000h" — 0oOuwy)

+ 28k8(133)k — DSij - akalgkléij

We have started this procedure inspired by the electromagnetism approach. However,
substituting the new decomposed Einstein tensor found in Eq. (1.23) in the Einstein’s
field equations, we find that the resulting equations reveals the existence of less degrees
of freedom than we could think we would have at first sight. Substituting Eq. (1.23) in

G = 87T}, the 00 component yields
) Lo o i
VAU = 47TGT00 - 581»83-5 s (124)
whereas the 0i components reads
(5ijV2 - 8382)& = —167TGTOj + 28i8082'j + 4608]'\1/, (125)

and for the purely spatial indexes we have

(VQdL'j - 618])® = (Vz&j — 618])\11 — 28(%@51] — 5ij808kwk + Goa(iwj) (1 26)

— 28’“8(15”;6 + DSZ']' + 8kal$kl5ij + 87rGTw
Note that Eq. (1.24) is an equation for W with no time derivatives and by knowing Tp
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and s;; at any given time we can somehow determine W. This same argument applies
to Eqgs. (1.25) and (1.26) as equations for w’ and @ if Ty;, T;; and si; are known. The
energy-momentum tensor is calculated to the zeroth order in h,, [8] and, therefore, the
only propagating degree of freedom in Einstein’s equation for linearized gravity are those
contained in s;;. However, this is not always the case. In alternative theories with higher
order terms in the action or with extra fields, the other components of h,, can also
represent degrees of freedom on Einstein’s equations [8]. An example of the latter, in
quadratic gravity, there are extra degrees of freedom that can be associated to a massive
spin-0 field and to a massive spin-2 field in addition to those associated to a massless
spin-2 field (see Refs. [34,35]). Furthermore, moving forward we will also see that the

tensor s;; in fact leads to a spin-2 particle upon quantization within the linearized theory.

1.3 An analogy with the Lorentz force law

To gain further insight on the components of h,,, let us consider the movement of a

test particle described by the geodesic equation

At i dz? dx°

a2 e AN T

0, (1.27)

where A = 7/m. However, notice that

dz®  dt 4 dtd d
o _ % _p ae_ 2% _pc 1.2
P= T a D dat Car (1.28)
and therefore,
L= yma' = Bv' = dei _ (1.29)
P T '

With both these equations we can rewrite Eq. (1.27) as

ap* o PP

a 7 E

(1.30)
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The expression for p = 0 in Eq. (1.30) gives us an equation for the total time derivative

of the energy E. Using Eq. (1.19), we can write

dE 0 P°p°
dt " E
0,.0 GO
pp o PP
= 19 — T
0o E zaE
0,0 0, j i, 0 i j
o bp o by’ o P'p o P’V
=~ E — Ty, 5 _FiO_E =% E (1.31)

) 1 o
= —80(I)E - 2(81(I)>EU1 - {—a(zw]) + éaohz]] Ev'?

=-F {a()q) + 2(82613)11’ - [8(2%) - %801%] ’Uil)j} .

Note that the energy E only contains the test particle’s inertial energy. It does not contain
the energy due to gravitational interactions, and therefore, does not need to be conserved.
In other words, we are allowed to obtain dE/dt # 0. As for the spatial components of the

geodesic equation we obtain

dp' i PP

dt " FE
0,.0 | O
; DD  Pp
— e 28 1
Oc E o B
0,.0 0,.k 1,20 i ok
i PP ;PP ; P'p i Pp
=t ~lep Tl g (132)

1 , 1 ‘
= —(80%- + 81<I>)E — 2(8“&)4 + 580hij)Ev] — (8(Jhk)2 — §8ihjk)E’U]Uk
) 1 .
= —E {@(IJ + aowi + (28[jwz] + 0thj)1}] + (8(]hk)l — E@h]k) U]’Uk} .

As an attempt to understand physical implications of these results, let us define two

quantities inspired by the electromagnetism

Gi = —&CI) - c%wi
| | . (1.33)
H' = (V x &) = %9y,

where we used

28[jwi] = 8jwi - &wj = —Eijk(v X J})k (134)
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In other words, the quantity above is the k-component of the curl of & if j < 7, otherwise

it is its negative. Therefore, we can write
—eiin(V x &)l = —[0 x (V x &)]". (1.35)

Substituting Eqgs. (1.33) and(1.35) back in Eq. (1.32) one obtains

7

dp
dt

) - . 1 )
=F {Gl - (17 X ]’I)Z — (?ohijvj — ((%hk)z + §&hjk) U]Uk} . (136)

Note that the first two terms in the r.h.s. of Eq. (1.36) takes the form of the Lorentz
force law. They tell us that a test particle moving along a geodesic reacts to ® and to w?
in the same way a point charge reacts to the potential vector and potential scalar in the
electromagnetic theory. Furthermore, we also find terms of the purely spatial h;;, which
we know are associated with ¥ and s;; in first and second order on the the test particle’s

velocity 3-vector.

1.4 The transverse gauge

We are still to dive into fixing a gauge to completely specify h,,. In the two previous
sections we found that making analogies with the electromagnetic theory results in fruitful
interpretations. Let us make one more. By decomposing h ,, in Eq. (1.12) we find that

the transformations

b — P+ 8050
1 )
vV — - —&ﬁz
3 (1.37)
w — W'+ Op€' — 9;°
1
Sij — Sij + 8(i§j) — gﬁkf’“éw
result in the same physical problem that is, the same spacetime curvature. What we will
define here as the transverse gauge is very similar to the Coulomb gauge in electromag-

netism. We start by looking for a & that will result in a new h,, such that

95" = 0. (1.38)
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1.4. THE TRANSVERSE GAUGE

To that end we make use of the transformation for s;; in Eq. (1.37) and impose Eq.

(1.38). After some algebraic manipulation we obtain

.. L 1 ..
0! + 00" = 50,0787 = 0
. 1 . 1 o 1
Ois" + 500 + F0.0€" gajakf’“ =0

. . 1 .
20,57 + V2¢ + 3008 =0,

which gives us

V2 4 %ajaigi = —20;5" (1.39)

as the equation for the & that will result in (1.38). However, we did not completely

determine &* as the £° component is still not specified. Let us now impose
ow' =0 (1.40)

and follow the same steps using the third line of Eq. (1.37) to obtain the equation for £,
which reads

V2£0 — 808151 = 8sz (141)

Remember that in electromagnetism, given a transformation A* — A* + 0*f, one
obtains the same magnetic field for any scalar f. By fixing 9, A" = 0, we still have the
freedom to choose any f as long as it satisfies Of = 0. In our case, given Eqgs. (1.39) and
(1.41), we can see that the transverse gauge is also only an partial gauge fixing in this
same sense. Both of them are second-order differential equations, therefore, we still need
boundary conditions to uniquely determine &#. This will be discussed this in more details
in the next section.

The equations (1.38) and (1.40) define what we call the transverse gauge. In this
gauge, the decomposed Einstein’s equations (1.24)-(1.26) become

Goo = 2VU? = 87Ty, (1.42)

1
Go;j = —§v2wj +2000; ¥ = 47 GTy;, (1.43)
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and
Gij = (5Z-jV2 — &ﬁj)((l) - \IJ) + 283\1152J — 808(,~wj) — Dsij = SWGE] (144)

This partial gauge receives its name because the resulting wave vector will be orthog-

onal to the polarization tensor, as we will be able to verify in the next section.

1.5 The transverse traceless gauge and gravitational
wave solutions for

Depending on how a certain tensor field behaves under spatial rotations, particles of
different spin will be described upon quantization. The scalars & and ¥ would describe
spin-0 particles, w’ would describe a spin-1 particle and s;; spin-2 particles. This tells
us that s;;, the only propagating degree of freedom in h,,, will contain the gravitational
radiation information [8|. Let us see what happens to a freely propagating degree of
freedom in linearized gravity by adopting the transverse gauge. Since we are not interested
in the gravitational source, only on the propagation of the perturbation, let us turn off the

energy-momentum tensor, that is, we make 7),, = 0. By doing this, Eq. (1.42) becomes
V20U = 0. (1.45)

Additionally, note that since we are interested only in quantities that are related to spin-
2 particles, we can impose boundary conditions in order obtain ¥ = 0, resulting in a
traceless h,,. In other words, we impose a form for £&* in Eqs. (1.37) as to obtain ¥ = 0.

As for the trace of Eq. (1.43), we now obtain
1
—§V2wj + 2808]‘11 =0— V2wj = 0, (146)

which yields w; = 0 by using ¥ = 0 and making the same argument as that of U. Following
the same steps for Eq. (1.44) we have

V20 =0, (1.47)
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that again, by the same argument, yields ® = 0. Finally, for the Eq. (1.43),

That is, we are left with a Klein-Gordon like equation for s;;. As a result, h,, takes the

form of

T
h,

(1.49)
QSZ‘J‘

o o o O

The combination of Eqs. (1.38) and (1.40) together with the boundary conditions
resulting in ¥ = & = w; = 0 leads to what we call the transverse traceless (TT) gauge.
In this gauge, notice that hfg is traceless, transverse and purely spatial, this means that

we can write the T'T gauge conditions as

" thzT =0,

Ohll =0, (1.50)
T =0,

while retaining only freely propagatin degrees of freedom. Additionally, Eqs. (1.48) and
(1.49) tell us that the equation of motion for hgf is also a Klein-Gordon like equation,
that is
TT _
Oh,, =0, (1.51)

and, therefore, can be resolved using a set of plane waves, namely
Wil = Aye*er, (1.52)

where A, is a constant, symmetric, traceless and purely spatial tensor that should result
in the transverse traceless h,,. Since h,, is purely spatial, we will sometimes refer to it
as h;;. Note that, although thwT is real we can see that e?**" is a complex quantity. We
shall consider only the real part in our final calculations. Finally, £ is the wave vector,
which again, is a constant vector.

Substituting the plane wave solution (1.52) in Eq. (1.51) we obtain a new constraint,
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which reads
ORTT = 930° Ay = 95(ik") A ™™ = —kgh® Ay =" = 0,

ksk” = 0. (1.53)

Eq. (1.53) tells us that the plane wave is an acceptable solution to the equation of motion
for thT only if its wave vector is null. In other words, gravitational waves propagate at

the speed of light. By writing the wave vector as k* = (w, k), this condition becomes
w = |k|. (1.54)

Now, we know that A, is such that hZVT is traceless and purely spatial, that is

Al =0,
(1.55)
A, = 0.
To ensure that it is also transverse, we must have
O h = 8MA‘“’eikaxa = (iku)A“”eika”"a =0,
that is,
kA" = 0. (1.56)

This is exactly what we meant when we said that the transverse gauge results in a solution
in which the wave vector is orthogonal to polarization tensor. We will see that the latter
is given by A,,.

In order to simplify our investigation, let us choose spatial coordinates such that the
wave vector is pointing at the z3 direction in a (3 + 1)-dimensional spacetime. By making
use of Eq. (1.54), the wave vector can be written as k* = (w,0,0,w). Adding this to the
constraints in Eqgs. (1.55) and (1.56) we obtain

kAP = ko A% + ki AY + kp AP 4 Ky AY

= wA¥ =0,
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that is,
Az, = 0. (1.57)

As A, must be symmetric, Eq. (1.57) tells us that its only nonzero components are A,

Ay, Agr and Ag,. Since A, is also traceless, we can write it in terms of two components,

that is
0 0 0 0
0 A A 0
A* = H 2 (1.58)
0 0 0 0

As a result, we only need A;;, A2 and the frequency w in order to completely determine
thT . We still can exercise our results a little more in order to obtain a more profound
physical understanding of our gravitational wave solution and of its effects. It would be
meaningless to study the trajectory of a single test particle since it would only tell us
about the coordinates along the particle’s worldline. Furthermore, it is always possible
to find transverse traceless coordinates in which the particle would appear stationary in
first order in A/} [8]. To actually understand what is happening in our 4-dimensional
spacetime we must consider the relative movement of nearby particles described by the
geodesic deviation equation. Given a ensemble of particles with 4-velocity U* and the
separation vector between them S*, the geodesic deviation equation reads

d%SH

—5 = R, U USSP (1.59)
Now, if we consider that the particles are moving very slowly, we can expand the 4-velocity
as UM = (1,0,0,0) plus corrections of first order in hZVT which we can ignore, because as
we know from Eq. (1.6), the Riemann tensor is already of first order in the perturbation.

As a result, the only nonzero terms will be the ones involving

1
RMOOB = 5(8080hug — 0p0"hgy — aﬁaoh“o + 858%00)

1
— 580(90}1”5.

Furthermore, as the particles are moving slowly, we can approximate dr = dt. This way,
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the geodesic deviation equation becomes

H2SH 1 92 hTTuﬁ

i B
=5 S (1.60)

Since the perturbation is transverse, the only separation vector components affected by the
gravitational radiation traveling in the 23 direction will be the S* and the S? directions.
We are seeking to determine the effects of the A;; and A3 components on the test
particles. Let us consider these two separately. By taking A;» = 0, the geodesic deviation

equations becomes

0?8t St o2 Ciolbn

= g amne (L1
and,

0?52 S? 02 s

o2 2 81&214116”“‘” ; (1.62)

whose solutions can be written as

2

1 o
82 = (]_ - §Alle%ka$ ) 52(0)

1 g o
Sl = (1 + _Allezkax ) SI(O),
(1.63)

Eq. (1.63) tells us that if the particles have a separation in the z' direction, they will
oscillate in the x! direction, and if they have a separation in the 22 direction, they will
oscillate in the 2? direction. If they are initially predisposed in a circle in the z'z?
plane, the circle will be stretched upwards and downwards simultaneously, come back to
the initial configuration and then be stretched to both sides, come back to the initial
configuration and so on... This is why the component Ay is usually written as by, and a
gravitational wave in this gauge with A5 = 0 is said to contain a plus polarization.

Following the same steps for the case A;; = 0, we obtain

1 > «
Sl = SI(O) + §A12€Zkax 52(0),

57 = 5(0) — 5 e 51(0).

(1.64)

from the geodesic deviation equations. This means that particles with a separation along
the ! direction will oscillate in the z? direction and vice versa. If they are initially

predisposed in a circle in the z'z? plane, the circle will be stretched in the northeast and
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southwest directions simultaneously, come back to the initial configuration, it will be then
stretched in the northwest and southeast directions, come back to the initial configuration
again and so on... This is the reason why the component A;, is usually written as h, and

a gravitational wave in this gauge with A;; = 0 is said to contain a cross polarization.

O OO
. O@Q R

Figure 1.1: The effect of h, and h, on test particles initially predisposed in a circle on
the xy plane, trespassed by a gravitational wave traveling along the z-direction.

The quantities A and h, measure independent modes of polarization of the gravita-
tional waves and its effects upon a circular disposition of test particles are depicted in

Fig. 1.1. We can also use these to construct the circular polarization modes

hp = —(hy +ihy),
(1.65)

hr =

S-Sl

(h+ - ihX):

where the sub index R stands for “right”, indicating the direction in which our hypothetical
particle distribution would appear to be rotating and, as expected, L stands for “left”, for
the same reason. It is worth noticing that the distribution of particles would not be the
one rotating, each particle would describe a small circle around its initial position.

So far we are talking about classical gravitational waves, however, note that the po-
larization modes depicted in Fig. 1.1 are invariant under spatial rotations of 180° on the
x'2z? plane. If we rotate each stage of the movement in Fig. 1.1 by 90°, we would be

able to tell that it was rotated. However, by rotating it 180°, an observer would not be
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able to tell the difference. The angle under which the polarization modes of a given field
are invariant are observed to be related to the spin of the particle arising from the their
quantization as s = 360°/#. This is one of the indications that the particles associated

with gravitational waves upon quantization should be spin-2, postulated as the gravitons.
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Chapter 2

Gravitons and light cone fluctuations

From this chapter on, we will consider the perturbation to be quantized and we shall
see that this assumption leads to the smearing of classical lightcone divergences. This
possibility was first raised by Pauli as he commented on the work submitted by Oskar
Klein to the 50th Jubilee of General Relativity [3|. This chapter will be mostly a review
of Refs. [1,9,17]. We will show how some of the lightcone divergences are smeared out
and discuss the order of magnitude on h,, that must be taken into account in order to

observe its effects on a photon’s flight time.

2.1 Lightcone divergence smearing and the change on
a photon’s flight time

We are still considering a linearized perturbation h,, propagating in a flat (3 + 1)-

dimensional spacetime, so the line element is given by
ds® = g, datdz” = (0, + h,,)da"ds”, (2.1)

which is the same from the decomposed form in Eq. (1.18). Although this decomposition
is still valid, h,, will be sufficient for our current goal. As we are solely interested in

gravitational wave solutions, we will adopt the TT gauge. Let o be one half of the
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2.1. LIGHTCONE DIVERGENCE SMEARING AND THE CHANGE ON A PHO-
TON’S FLIGHT TIME

geodesic separation squared between two points, then

1
g = égMVXMXV

1 14
- 5(77;w + huV)XMX + O(hfw)
1 1 1 )

= 5(t —t')? — 5(x —x)? + §hWX“X +O(h2,)

=09 +o1+ O(hfw),

(2.2)

where g9 = (t —t')> — (v —2/)?, X# = a# — 2" and, the sub index of o expresses the order
of h,, on each term. For a massless scalar field in flat spacetime, the retarded Green’s

function reads [36]

Gret = 0(t — t/)6i0> = bt =) / ds e'*(0tar) (2.3)

T 72

[e.e]

Note that we used of the integral representation for the Dirac delta function in the last
term on the r.h.s.

If the spacetime was free from perturbation, that is, in Minkowski spacetime, we
would have o7 = 0 and, the presence of the d-function would be telling us that the
retarded Green’s function is zero everywhere except for a singularity on the future light
cone. However, in the presence of the perturbation, the singularity is now located on the
perturbed light cone.

Now, considering h,,, to be quantized [7,8], we will make a little change in our vocab-
ulary: what we were calling perturbations traveling in a flat background we will now call
gravitons in a vacuum state [¢)). We say that [¢)) is a vacuum state in the sense that,
upon quantization, h,, becomes an operator that can be decomposed into its positive and

negative frequency parts such that

Wi 1) =0, (@] h, =0, (2.4)

and since oy is written in first order on h,,, it can also be decomposed in o} and o;

mz
replicating the behaviours in Eq. (2.4). The resulting operators can be understood as
representing the operators of creation and annihilation of gravitons. In the previous chap-
ter we saw that the T'T gauge results in a Klein-Gordon like equation for the perturbation,

allowing us to write it in terms of a plane wave expansion (see Eqgs. (1.51) and (1.52)).
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TON’S FLIGHT TIME

Therefore, the same is valid for o; and we can write

Uf:Z@AfA, oy :Zagfj\k, (2.5)
X B

where f and f* are the mode functions, A is the set of momentum vectors and polarization

modes, and the coefficients a, and af obey

[CLU, CLZ/] - 500’7
(2.6)
a5, ap] = [af,al,] = 0.
Using the Campbell-Baker-Hausdorff (CBH) formula [37]
1
exp{A+ B} = exp{A +B+ - [A B] + 12[A, [A, B]] + }, (2.7)

along with the fact that both o] and o; commute with their own commutator [o,0_],

we can write the exponential in Eq. (2.3) as

2
exp{iso} = exp{z'safr — %[af, oy |+ isaf}. (2.8)

Note that although we truncated o up to first order in h,,, the exponential above retains

ma
terms of all orders in h,,. This will be crucial in order to obtain non-null contributions
of the expected value of €71, as we shall discuss in the next section. By expanding each

exponential above we obtain

el ) = (1 +isof +---) [¥) = |¥),

o (2.9)
(€T = (] (1 iso + ) = (.
and, using Eq. (2.6), we find that
o o) = ax, al | fi = Z A (2.10)

AN
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On the other hand, note that from Eq. (2.6) we can also obtain

(oF) = (¥ (Z arfr+ Zalfx) [0) = (1> anal, frfi |0)
A A AN (2.11)

= (@) Gax +aba) iufu [0) =D AL W) = fifi
AN A A

Note the importance of this result. We can directly see from Eq. (2.4) that (h,,) =

(o1) = 0. However, Eq. (2.11) is telling us that (¢7) and, therefore, (h2,) may not be

null. In other words, the perturbation is fluctuating and so is the spacetime metric.

Substituting Eqgs. (2.9), (2.10) and (2.11) back in Eq. (2.8) we can write

+ s2

<ei801> _ <€i501 efg[af,o'ﬂeisaf> _ <€7§[o’f,af]> _ 677@7%)' (212)

Using Eq. (2.12) the expectation value in Eq. (2.3) becomes

9 t_ t/ ee . 1.2/.2
(Gret(z,2")) = ( )/ ds eso0 25 (1), (2.13)

2
8T oo

where we take into account that og is the classical square of the geodesic deviation and
therefore does not act on the vacuum state. As we will see in Chapter 4, direct calculations
of the quantity (o}) entail divergences, therefore, this quantity should be renormalized.
As we shall also see, this is done by subtracting the respective contribution from the
background spacetime.

We can now proceed to perform the integral in (2.13). Completing the square in the

exponential argument, that is, substituting

S (sl e\
1800 2< 1> ( \/§ + ,—2<0_%>> D)

in Eq. (2.13) and performing the integral, one obtains

o Ot —t) [ 2m -
(Gret(z,2")) = o2 ) e . (2.14)

From Eq. (2.14) we can see that the expectation value of the retarded Green’s function

is now finite even for og = 0, as long as (o}) # 0. We can also see that the convergence
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TON’S FLIGHT TIME

of the above integral is conditioned to (o7) > 0, otherwise its behaviour would be that of
an upside-down Gaussian.

The light cone singularity has now been smeared out. We can interpret this smear-
ing as a larger region (no longer a line) in which massless particles can travel through
spacetime. This means that these particles can now have a speed that is a bit smaller
or a bit greater than the usual light speed. In other words, by separating the quantized
perturbation from a background Minkowski spacetime, we find that massless particles
traveling through this background are now being boosted or slowed down by the metric
fluctuations, that is, by the spin-2 particles arising from the quantized perturbation, the
gravitons. Additionally, one could wonder whether this scenario results in some kind of
causality violation. However, the graviton state defines a preferred reference frame, so
this system is Lorentz invariant to begin with.

Note that the lightcone smearing is a consequence of the behaviour in Eq. (2.6) arising
from the quantization of h,,. In other words, it is mandatory for the gravitons to be in a
nonclassical state, otherwise the retarded Green’s function would still contain a d-function
divergence on the light cone even in the presence of the perturbation.

Now, imagine a light source emitting evenly spaced pulses. An observer at a distance
r from the source will detect a variation of the order of At between their arrivals. The
geodesic separation between the emission of the photon by the source and its arrival at

the observer after traveling a distance r in a time r + At is given by
20 = (r+At)? —r* = AP+ 2rAt = omrAt, At

which means that the time delay or advance on the photons flight time can be taken to

be on the order of

At ~ <0%>.
T

(2.15)

This means that spectral lines can be both shortened or broadened as they travel through
the perturbation. As the lightcone fluctuates, so will the speed of the photons, therefore,
At should be thought of as a mean deviation on the flight time of photons traveling
through a perturbation instead of an actual change in the flight time of each photon. A
more detailed calculation on the influence of (¢?) in the mean deviation on a photon’s

flight time can be found in Ref. [1].



2.2. HIGHER ORDER CORRECTIONS TO THE METRIC

2.2 Higher order corrections to the metric

We found the expected value of the retarded Green function in Eq. (2.14) to contain
exponential terms of (o}), which is of second order on h,,. Therefore, one could also
wonder if higher order terms on the perturbation could affect these results in a non-
negligible way. Let us take into account the second order correction term to the metric

and see what it tells us. The geodesic separation is now terminated at oo, i.e.,
o= 0¢+ 01+ 09. (2.16)

We will decompose oy into its positive and negative frequency parts and apply the CBH
formula. As for oo, we will decompose it into its normal ordering part with respect to
the vacuum state [¢), and the part which actually contributes to the vacuum expectation
value. The normal ordering, or Wick ordering part of an operator is its portion in which
all creation operators are to the left and all annihilation operators to the right and, for an
operator A, it is denoted by : A :. This can be understood by looking at the last term on
the first line of Eq. (2.11) in which we discarded all terms resulting in a null expectation

value. The sum of all discarded terms are exactly : 02 :. By doing this for g5 we obtain
g9 =: 09+ (09), (2.17)

which results in

e ) & (1 +is 1oy 2) [¥) = [¥).

This way, the equivalent of Eq. (2.13) by taking terms of second order of h,, will be

! o0
(G, 2')) = ot —t') / s oisor- st ot His(e)

82 o
0'2 o (218>
_ Ot —t) | 27 e—ig:%?.

8r> | (o)

In the last step we eliminated terms of third and higher order in the perturbation that
resulted from the integration. Notice that this result shows us that second order terms
stemming from oy will not change the form of the expected value of the retarded Green’s

function, they will only relocate the peak of the Gaussian.
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2.3. THE HADAMARD FUNCTION

Note that we adopted the normal ordering in Eq. (2.17) instead of using the CBH
formula for oo just for simplicity. We did not explicitly write oo because it will not be
a relevant quantity for our future calculations. However, if we did write it and used the
CBH formula, we would still find that terms of second order in A, would be accompanied
by a factor of s in the integral, while only terms of higher order (the commutation terms of
the CBH formula) would be accompanied by s?. The latter would still be discarded after
integration for being negligible when compared to the second order term in Eq. (2.14)
and the result would be the same.

Additionally, although it could seem arbitrary to keep high order terms from the
exponential but not from o, the result from Eq. (2.18) already proves that higher terms

will not change the form of our results.

2.3 The Hadamard function

In the previous section we chose the retarded Green function to illustrate the lightcone
smearing, however, we can show that the presence of the metric fluctuations will also
remove the singularity of other two-point functions that can be expressed in terms of
vacuum expectation values. Among them, the Hadamard function will prove to be a
valuable resource in our search for observational aspects of lightcone fluctuations. The

Hadamard function for a scalar field ¢ in flat spacetime can be obtained from [36|

Gi(z — o) = (p(2)p(2") + ¢(2')p(x)). (2.19)

For the massless case in flat spacetime the free field solution can be written as

1 Pk —iwpttikx | 1 iwpt—ikx
b(z) = — p (awe e gl x) (2:20)
(27T)5 (2wk)5

from which the Hadamard function reads [36]

1

Gi(z,2') = s

(2.21)

Both the expression for the Hadamard function in Eq. (2.21) and the expression for the

retarded Green function in Eq. (2.3) have the same form than those in unperturbed
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2.3. THE HADAMARD FUNCTION

spacetime. This was happened because the free field solutions carry an exponential of the
internal product g, p*z” = (N + hw)p*a”, resulting in both terms of o = oy + oy, while
the measure of the integral can be taken to be /g ~ 1. Therefore, as it happened in the
previous section, ¢ = o( in an unperturbed scenario, and ¢ = oy + 07 in the presence
of metric perturbations. Since we found that higher-order terms on the perturbation
will not produce relevant terms on the two-point function, we will no longer discuss
them. Furthermore, the expression above also describes the asymptotic behavior of the
Hadamard function for the massive case near the light cone. Let us set to find out how
the lightcone divergence is removed in the presence of a quantized perturbation. We can

use the identity

[ e i) 22)
0 T
to write
1 T j
__° d 18 Uo+01) —ZS(UO+UI) 223
oo+ 01 2 /0 ’ [ ’ } ( |

Combining the identity we found in Eq. (2.12) and Euler’s formula, the expected value

of the expression above can be written as

1 & 2/ 42
< >:/ dssin(aos)e_%s (1) (2.24)
0o + 01 0

Consequently, the expectation value of the Hadamard function becomes

]_ & 2/ 42
(Gy(x, ")) = i ds sin(aos)e_%s (1), (2.25)
™ Jo

for which we can see that once again (¢}) > 0. Let us now take a look the asymptotic

behaviors of the Hadamard function. The Dawson function Fp(x) reads [38]

Fp(x) = / e~/ sin(xt)dt, (2.26)
0

DN —

and can be expanded near the origin as

=L (—=1)m2n 2t 203 4a® 82T 162°
ntl 20 2 ST 2.7
; 277,—1” Tyt T T o (2.27)
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and for large arguments as

1 1 3 15

F e R R R R
p(z) 2m+4x3+8m5+16x7+

(2.28)

Performing the change of coordinates

t=s4/2(c?), x= —%

in Eq. (2.25), we can write it in terms of the Dawson function, namely

<G1<$,x’)> = _ﬁ <2_2> FD (%) . (2.29)

o1 2(o1

Note that by performing this change of coordinates, we are once again making the as-
sumption that (o%) > 0. From (2.27), the behavior near the origin, oy — 0, in first order

of h,, for Eq. (2.29) will be given by

0o
dm* (o)’

(Gi(z,2")) = oo — 0, (2.30)

from which we can see that the light cone divergence is also removed as long as (0%) # 0,
which we can see to be generally the case for non-coincident points from Eq. (2.11). For

large distances Eq. (2.28) becomes

(Gy(x,2)) = . 00> (o)), (2.31)

42
4oy

which is the classical form of Eq. (2.21). Alternatively, we could have performed an

integration by parts on the r.h.s. of Eq. (2.25) by making the substitutions

1.2,2 9 s*(o9)
u=e2*"" o du=s(c)e 2
1
dv = sin(ogs)ds — v = ——cos(0ps),
00
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to obtain
I |1 262 |~ © (g2 52(02)
(Gl 2)) = 4m? [g_o cos(ags)e” 2 0 —/0 8<0001> cos(ops)e” 2 ds]
1 - s2(oP)
== 1—<0%>/ ds scos(ops)e” |
420 0

By making an additional substitution ogs =t we are left with

A2
dméo op

1 2 00 _t2<02%>
(Gy(z,2")) = [1 — <U—;>/ dttcoste 27 ] : (2.32)
0

which for o2 > (0%) also reduces to Eq. (2.31).

As we have mentioned before, in the process of performing the integral in (2.25) and in
all subsequent steps we have assumed that (0?) > 0. However, it is possible to construct
an expression that will lead us to the asymptotic behaviors for negative values of (o).

Using the integral representation for the inverse function with a real exponential argument

o0 1
dse % = — 2.33
/0 se = (2.33)

combined with Eq. (2.12), we can write the Hadamard function for a massless scalar field
with (¢}) < 0, namely

A2\ o9 + oy 472/,

1 1 1 0
<G1(I,ZE,)> = <—>: d86_500+%82(0%>, (234)

Just as we did for positive values of (c7), we can see that the integral in Eq. (2.34) is

reduced to a simple Gaussian near the origin, leaving us with

1 s

(Gi(2,2")) = T A2 W7

oo — 0. (2.35)

Additionally, we can also perform integration by parts in Eq. (2.34) to obtain

2 00 L e
1+@/ dtte 2 ] , (2.36)
0

0o

1

)
4oy

(Gi(w,2")) =

which for 62 > |(0%)] is also reduced to Eq. (2.31). Note that Egs. (2.35) and (2.36) could

also be obtained by writing the result of the integral in Eq. (2.34) in terms of Dawson
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functions by extending them to the complex plane via error functions and applying the

expansions on Eqgs. (2.27) and (2.28), however, that would be a needlessly extensive work.
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Chapter 3

Gravitons and the form of (¢7) in the

TT gauge

In this Chapter we will lay down the ground work for our calculations of (o7). We
will find an expression for (0%) between the emission and detection of a photon in terms
of the graviton Hadamard function in the TT gauge and by writing the perturbation
as plane-wave expansion, we will also find an expression for the sum over the graviton

polarization modes in (d+ 1) dimensions. This review will be mostly based on Refs. [1,9].

3.1 {0?}) in terms of the graviton Hadamard function

We are now interested in obtaining an expression for (o%). Notice that, even though
we have mentioned a flat (3 + 1)-dimensional spacetime to illustrate some concepts so far,
there was no actual need to particularize our results to a specific spacetime dimensionality.
Since we are only interested in gravitational radiation, we will adopt the TT gauge defined
by the constraints in Eq. (1.50). Consequently, h,, takes the form of a purely spatial

tensor and for a light-like interval we have

0 =dt* — dx* + hydz'ds’!  —  dt = \/dx? — hydzidai, (3.1)

with i,7 =1,2,...,d. Eq. (3.1) allows us to write

dt dx? dzrt dxi — 1 -
0 P hij ] [ — dt = /1 — hynin dr ( 2hwn n ) dr, (3.2)
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where dr = |dx|, and since dx’ satisfies (3.1), n’ = dz'/dr is the unit vector pointing at
the spatial direction of the geodesic. From Eq. (3.2) we find that the time interval At a
null ray will take to travel a distance Ar = r; — rg in the presence of a perturbation is
given by
1 [m o
At = Ar — 5/ hijn'n’ dr. (3.3)

ro
If we think of this as something with the form of At? — Al?2 = 0, then the r.h.s. of the
expression above can be interpreted as the proper distance between the initial and final
points of the null ray trajectory. We started from the light-like interval in (3.1), however,
when considering a pair of arbitrary points not necessarily null separated, the square of

the geodesic separation between them can be written as

T/ N\
(At)? — (Ar — 5/ hijn'n’ dr) :

which up to first order in 5, reduces to

2 = (At)? — (Al)?

20 = (At)* — (Ar)? + Ar/ hijn'n’ dr. (3.4)

To

As 0 = 09 + 01, we find that

1 1 o

o1 = §AT/ hin'n’ dr. (3.5)
To

Finally, we can obtain an expression for (o?) by averaging this result over the quantized

metric perturbation h;;. That is

1 1 1 o
(0?) = Z(Tl —7“0)2/ dr/ dr’ nln]nknl<hij(:lr)hkl(:1:’)), (3.6)

where (h;;(z)hg(2')) is the graviton two-point function, dr = |dx| is the spatial interval
of the trajectory of a null ray from a point 7y to a point r; and n’ = dz’/dr is an unitary
vector pointing to the direction of the geodesic. As we mentioned before and will see
explicitly in Chapter 4, direct calculations of the graviton two-point function will contain
divergences over the unperturbed lightcone. However, the two-point function can be
renormalized by subtracting the contribution of the Minkowski spacetime in the absence

of the quantized perturbation so it is null when the quantum state of the graviton is the
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SPACETIME

vacuum state and it is finite when evaluated on the lightcone.
Furthermore, it is straightforward to show that Eq. (3.6) can be also written in terms

of the graviton Hadamard function as

(0F) = é(rl - 7"0)2/ dr/ dr’ n'n/n*n' Gz, 2'), (3.7)
where
Gijua(w,2") = (hij (@) hia (o) + hij(2") hpa (). (3.8)

As we have previously mentioned, these expressions for (o7) are valid for any non nec-
essarily flat (d + 1)-dimensional spacetime. However, from Eq. (1.51) we can see that the
calculation of the two-point function will include the sum over momenta and polarization

modes and, from this point on, the calculations will require certain particularisation.

3.2 Graviton two-point function in flat (d+1)-dimensional
spacetime

Let us further develop Eq. (3.7) as we start particularize the graviton solution for our
purposes. Since the quantized perturbation obeys a Klein-Gordon like equation, i.e. Eq.

(1.51), it can be written in terms of a plane wave expansion, namely

B = [arrcun 6, V) filw) + ol s (K N) fil)] (3.9)

k,\
where ay ) and its Hermitian conjugate are the creation and annihilation operators asso-
ciated with the behavior described in Eq. (2.4), A labels the polarization states, e, (k, \)
is the polarization tensor, k is the d-dimensional wave vector in Cartesian coordinates,

and

fel@) = A(2w) ze HRx = (2) 26 ™ gy (%) (3.10)

and its Hermitian conjugate are solutions of the Klein-Gordon equation, with A being
some normalization constant. Substitution of Eq. (3.9) in Eq. (3.8) along with Eq. (2.4)
yields

Gijm(x,2') = 2Re Y e;;(k, Nen(k, \) fi(@) fi(2'). (3.11)

k,\
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3.3. THE SUM OVER THE POLARIZATION MODES IN (3 + 1) AND IN (d + 1)-
DIMENSIONAL FLAT SPACETIMES

As we shall further discuss in the next section, the sum over the polarization modes in

(d+ 1) is given by [17]

2
Z eij(k, New(k, X)) = 001 + 0udjir — ﬁ(sijdkl
A
20d—2)~ » ~ & 2 .4 PN
[A=2)7 7 bk + (el + i) (3.12)

— kiki61, — kikrdy — kjkids — kjkidu,

_|_

where k; = k;/k. From this definition, note that when substituted back into Eq. (3.11),
the product of two quantum operators on the form of kiky. can actually be written as
the operator 3,~8J’~V’2 acting on the spatial part of the graviton two-point function. One
should pay special attention to the indexes of such quantum operators in order to know if
the partial derivative acts on ¢y (x) or on ¢ (x'). Substitution of the sum in (3.12) back

in Eq. (3.11) yields

A(d - 2)

/ 2 /
Gijkl(x: X ) =2 <5ik6jl + 5il(sjk — ﬁdwékl) D(.T, i ) + ﬂ

Hiju(v,2)
4 . /
=200 Fu (2, 2") + O Fu (w0, 2') + 0 Fu(z, ") + 6u Fig (2, 27)]

where D(x,z') is the real part of the Wightman function for fy(x). From Eq. (3.10) we

can write Fy;(z,2") and H;j(z,2’) as

—iwAt

Pu(x) i (x), (3.14)

Ej(l’, [E,) = Re 8183, Z GZT
k

and,

e—iwAt

Hija(x,2') = Re 0,0,0,0, Y _ Q—wqbk(x)qbii(x'). (3.15)
k

3.3 The sum over the polarization modes in (3+ 1) and
in (d + 1)-dimensional flat spacetimes

Let us find an expression for the sum over the polarization modes in (34 1)D and then

extend it for other spacetime dimensionalities. Let us consider the orthonormal 3-vectors
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ei(k), es(k) and eg(k). As in the TT gauge the polarization tensor is perpendicular to
the propagation direction, we will chose the latter to be an unitary vector pointing to the

direction of the wave vector, i. e., eg(k) = % = k. Consequently, our triad will obey

e, k) -epk) =00 — e (k)es(k) = Su, a,b=1,2,3
S, (3.16)
e (k) -el(k) =ele] +esel + kK =0,  i,j=ux,y, %

a

In Chapter 1 we found a way to describe the polarization tensor for the four-dimensional
case in Eq. (1.58) in terms of two independent polarization modes, the plus polarization

and the cross polarization. We can express these modes as |7]

ik, +) =€ ®e —e @)
y e (3.17)
ik, x) = el ® ) + ¢ @ €],

where the symbol ® indicates an inner product. Explicitly writing the summation over

these polarization modes yields

> ik, New(k, A) = ek, +)en(k, +) + ei;(k, x)en(k, x)
A

_ i .J k1 i .7 k1 1,7kl i .7kl

i J kI i J kI i J kI i J kI

+ejeperey + e1€eye; + exe1e16y + exe1696)
ik i k\/ g I iol il i I\ d Kk j k
= (6161 + 6262)(6161 + e’2e5) + (6161 + 6262)(61‘31 + e3e35)

i okl ikl i okl i okl
T €1€1€1€1 T €9€5€9€Cy — €1€1€C9€ — €9€5€1 €y

= (ehef + ehes)(efey + ¢2eh) + (el + eheh)(efer + ehes)
— (cbe] + chef)(ehel + el (3.18)
= (O — K'K") (650 — KK + (0 — K'KY) (056 — K KF)
— (65 — K'K)) (6 — K"K
= k01 + 06 — 040k + KK R K + KR KK — KR KR E
— EERSy — RS, — KRS — KERGy + KR 6y + KRR
= 801 + Oudjn — 040w + KK KTk
— Kk — KKy, — KK Sy, — KR 6y + Kk 0y + KFELS 5,
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3.3. THE SUM OVER THE POLARIZATION MODES IN (3 + 1) AND IN (d + 1)-
DIMENSIONAL FLAT SPACETIMES

which is valid only in a (3 + 1)-dimensional spacetime, since it only includes the two
independent polarization modes found in such scenario. Let us now see how we can
expand this result for a (d + 1)-dimensional spacetime. This sum over the polarization

modes can also be denoted as a tensor
Tiju(k) = Z eij(lg? New(k, \). (3.19)
A

Note from Eq. (3.16) that for any spacetime dimensionality, this sum will still be written
in specific combinations of Kronecker deltas and unit wave vectors. Therefore, we can
write a general expression for T%* (k) as the one given in Eq. (3.18) with undefined
coefficients for each term. Furthermore, the polarization tensor must obey the TT gauge

conditions in Eq. (1.50). For the new tensor T;;j; they read

k, Tk = /{:jTijkl = Jp T* = |, T = 0 (transverse)

g g (3.20)
T = Tk — 0 (traceless),
and since h, is a symmetric tensor, Tj;;; must also obey
It can be shown that
2 2d—2): ~ ~ 2 . A
Tijit =0ik0j1 + 05105 — ——=0;;0r1 + gkikjkkkl + ——(kik;0l + kiki6;5)
d—1 d—1 d—1 (3.22)

— ]2’,‘]2?15]‘]{; — l%il%kéﬂ - ]%j]%l(sik - l%jl%kaila

being d the number of spatial dimensions, satisfies Eqgs. (3.20) and (3.21). Note that in
higher-dimensional spacetimes, the number of independent polarization modes also grows.
We could, for example, have followed the same steps we went through in Chapter 1 in order
to explicitly write the polarization tensor in (4+1). We would then go through its degrees
of freedom using the T'T gauge and symmetry properties while searching for the equivalent
of (3.17) in 5D. Finally, we would explicitly perform the sum over the polarization modes
just as we did in Eq. (3.18). However, for higher-dimensional spacetimes this procedure

becomes impractical.
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Chapter 4

Gravitons in a five-dimensional
Kaluza-Klein model with
quasiperiodically compactified extra

dimension

In this chapter we will make a quick discussion on the transition to higher dimensional
models and the search for extra dimensions. This discussion will be mostly based on
Ref. |24]. Later, we will set about computing the mean deviation on a photon flight time
for a five-dimensional quasiperiodically compactified spacetime. Finally, we will discuss
some observational aspects of these results and use them to estimate the size of the extra
dimension having the Near-Infrared Spectrograph (NIRSpec) aboard the James Webb
Space Telescope (JWST) as a model of instrument for possible detections. Except for the
first section, this chapter consists of new results obtained during the course of this Master’s
program, which led to the work in Ref. [27] accepted for publication in the Journal of High
Energy Physics (JHEP). The case o = 0 for the quasiperiodic boundary condition in 5D
was already discussed in Ref. [1], however, we revisit it under the possibility that it results
in an observable shift on the flight time of photons and then move on to discuss the other

condition cases for «.
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4.1. HIGHER-DIMENSIONAL MODELS AND THE SEARCH FOR EXTRA
DIMENSIONS

4.1 Higher-dimensional models and the search for extra
dimensions

It has now been over a century since we first sought a world beyond our 4 spacetime
dimensions in order to address some unresolved aspects of our current models. In the years
following the formulation of General Relativity many attempts have been made to unify
the electromagnetic theory with gravity [39-42]. Among these, in 1921, Theodor Kaluza
proposed a five-dimensional world in an attempt to incorporate the electromagnetic tensor
into the metric tensor [39] and, five years later Oskar Klein revisited Kaluza’s work under
the scope of the emergent quantum mechanics [40]. As Kaluza’s work is regarded to
be the first attempt to grasp a world beyond our usual (3 + 1) framework, scenarios
involving (d + 1) dimensions with small unobservable extra dimensions with quantized
fields are often regarded as a Kaluza-Klein model, whereas the d = 4 case is regarded as
the Kaluza-Klein original model. From now on we will now work under the assumption
that we live in such five-dimensional world. Let us go through this transition step-by-step.

In a first moment, it is important to note that the transition to a higher-dimensional
model comes with modifications to some physical constants. One simple way to visualize

this is to look at the Poisson’s equation for the gravitational potential, namely
V2V, = 47Gp. (4.1)

The left hand side (Lh.s.) of Eq. (4.1) has the same units for any spacetime dimension-
ality: the Laplace operator has units of L2, being L some unit of length, whereas the
gravitational potential V;, has units of energy divided by mass. As a result, for any space-
time dimensionality, the r.h.s. must be such as to preserve these same units. However,
note that the matter density p has, by definition, units of mass divided by L¢, with d
being the number of spatial dimensions. Therefore, the gravitational constant must also
suffer modifications based on the spacetime dimensionality. Consequently, from now on,
we will refer to it as G(P)| instead of simply G. It is straightforward to note that ¢ and %
are invariant under changes on spacetime dimensionality.

The well known four-dimensional Planck length ¢p, on the other hand, is a quantity
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4.1. HIGHER-DIMENSIONAL MODELS AND THE SEARCH FOR EXTRA
DIMENSIONS

constructed by combinations of G, ¢ and h as

. (G%)? @2)

3

Therefore, for our work on a five-dimensional model, we must look for a five-dimensional
Planck length 125_5’) constructed from powers of G®, ¢ and h. From our analysis of p in
Eq. (4.1) we can see that, for every extra spatial dimension, G”) becomes one order of
magnitude higher in length and, therefore, G® must have units of length times the unit
of GW, i.e.

GP ] =L [¢P] — [GY] =L [¢Y]. (4.3)

We can use Eq. (4.1) or Eq. (4.2) to infer the units of G® and rewrite the equation
above as

(GP)] = . (4.4)

Therefore, the five-dimensional Planck length must be constructed as

G\ 3
gﬁ?:(G h) . (4.5)

3

Furthermore, from the recurrence formula on the Lh.s. of Eq. (4.3) we can extend this

analysis for any D-dimensional spacetime as

(D)3 \ D3
z}D):<G h) . (4.6)

3

Now, since GP) is modified by spacetime dimensionality, Eq. (4.1) tells us that we can
expect gravity to work differently if we do live in a higher-dimensional world. However,
as we only observe our usual four dimensions, we can postulate extra dimensions to be
compact: for distances larger than the size of the extra dimension, we would see our world
as effectively four-dimensional and we would only be able to detect discrepancies from the
gravitational inverse-square law at distances smaller than the size of compactification.
This raises the question of how to calculate G if all we have detected so far was gravity
working in an effective four-dimensional world. Additionally, although we have postulated
a compact extra dimension, note that in some models is not the size of the extra dimension

itself which is small, it can be infinite in length and postulated to be curled up to a finite
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volume [43].

By combining Eqs. (4.2) and (4.5) we can write

€2G(5) %
eg)I( Cach ) | (4.7)

Since G® and G® do not share the same units, it does not make sense to compare

them directly. However, the opposite is true for Planck lengths, they can be directly
compared. We are fully aware about the need for extra-dimensions to be compact, but
does it have any influence on how we compare an effective four-dimensional world with
an actual five-dimensional one?

We can play with the functional dependence in Eq. (4.1) as an attempt to answer
this question. Let us consider a five-dimensional world with (z!, 22, 2®) being three free
spatial dimensions and z* an fourth spatial dimension compactified to a radius R and a
length ¢, = 27 R. We begin by placing an uniform distribution with total mass M in a
ring around this circumference at 2! = 22 = * = 0. Note that p©®(z) is null everywhere

except for 2! = 22 = 22 = 0 and
M = / p®)(z) d*x = 2rRm, (4.8)
being m the linear mass density. Therefore, we can use the Dirac delta function definition

/ 5(x) dz = 1 (4.9)
to write the mass density p in five dimensions as
P (x) = mé(z")d(2%)6(z?). (4.10)

This assumption is reasonable: Eq. (4.10) satisfies Eq. (4.8) and, from Eq. (4.9), is easy
to see that each delta has units of inverse of length. Therefore, Eq. (4.10) also has units
of mass/L*, consistent with a five-dimensional world.

We are interested in the comparison between the actual five-dimensional world config-
uration with how it is seen in an effectively four-dimensional world. If we were not able

to see the ring in the extra-dimension, then we would perceive this mass distribution as
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4.1. HIGHER-DIMENSIONAL MODELS AND THE SEARCH FOR EXTRA
DIMENSIONS

2

a point-like mass at 2! = 22 = 2® = 0 in a four-dimensional world and we would describe

it as

pD(x) = M&(x)5(2?)6 (). (4.11)

Comparing Eqgs. (4.11) and (4.10) and using Eq. (4.8) we can write
pW(z) = 27R p® (x) = £, p® (z). (4.12)

Substituting this result back into Eq. (4.1) in five dimensions yields

4
Vng(5) = 447G ) (2) = K—WG(S)p(‘L) (x), (4.13)
whereas, in four-dimensions, it yields
VAV = 4nGWp (). (4.14)

Note that neither Vg(s) nor Vg(4) have any dependence on z*. Therefore, the Laplacian on
both equations can be written as the four-dimensional one. Since both equations describe
the same physical problem and have the same functional dependence, we can compare

Eqgs. (4.13) and (4.14) to write

G® =0, GW, (4.15)
or equivalently, from Eq. (4.7),
09 = (0.02)7 . (4.16)

In other words, the effective four-dimensional Planck length we observe could be a conse-
quence of a five-dimensional world with a fundamental length scale £§§’> in which the extra
dimension is curled up to a circumference /.. So the answer for our question is yes: there
is a relationship between the size of compactification of a potential extra dimension and
how gravity is modified in this higher-dimensional spacetime.

The search for extra dimensions pass through many physical phenomena. For example,
we can use Eq. (4.1) to find the gravitational force law between two masses and test it
for smaller distances. For distances greater than the size of the extra dimension the world
is seen as four-dimensional and gravity is described by the inverse-square law. However,

for distances smaller than /. this law must change following the dimensional analysis of
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4.2. CALCULATION OF (0?)r FOR A PHOTON PROPAGATING ALONG THE z-
DIRECTION

Eq. (4.1). However, this method is extremely difficult to test since the gravitational force
is too weak and other forces must be precisely canceled out. In particular, by measuring
harmonic torques exerted on a detector pendulum by a rotating attractor, it has been
shown that the inverse-square law holds down to separations of about 52um [28, 31].

On the other hand, in the Large Hadron Collider (LHC), one of the most significant
indicators of the existence of extra dimensions would be the production of heavier particles
than those of the Standard Model (SM) [29]. However, so far the LHC probed distances
down to 10~ *¥cm without any indication of the existence of anything beyond our usual
4-dimensional spacetime [30]. This distance is associated with the energy scale in which
experiments are conducted in the LHC, therefore, it should be understood as a measure
of how close such experiments are to the Planck scale. If we consider the fundamental
length to be around this value, that is, if we were to have something like 6;5) ~ 107Y%m,
then Eq. (4.16) tells us that the extra dimension should be thousands of kilometers long.
If that was the case, we would already have found deviations for the inverse-square law.
Therefore, if we do live in a five-dimensional world, the fundamental Planck scale is still
a few orders of magnitude away from our grasp via LHC.

As we shall see throughout this chapter, the change in a photon flight time caused by
metric fluctuations also provides a promising test for the existence of extra dimensions.
The reason for this is because it works under the possibility that the fundamental Planck
scale is many orders of magnitude smaller than the four-dimensional one. However, note
that the extra dimension is not completely specified just by its size. There are more
than one way to mathematically obtain a small extra dimension and not all of them will
necessarily result in the same physical phenomena. In this chapter we will make the extra
dimension compact via a quasiperiodic boundary condition, this could help us explore not
only the size of the extra dimension, but to shed light in additional ways of understanding

1ts structure.

4.2 Calculation of (¢?) for a photon propagating along
the z-direction

Although the decomposition of the line element describing a flat background in Eq.

(1.18) remains valid, let us describe our five-dimensional compactified spacetime once
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more simply as we did in Eq. (2.1) with p,v =0,1,2,3,4. The extra dimension becomes

compact by imposing a quasiperiodic condition to the quantized perturbation h,, given

by Egs. (3.9) and (3.10). It reads
¢k($,y,2,w+£c) = eiQﬂ-a¢k(xay:Z7w)a (417)

where /. is the compactification length and « is a parameter which regulates the phase
angle and varies within the range 0 < o < 1. Notice that for & = 0, Eq. (4.17) reproduces
the periodic case discussed in Ref. [1], whereas o = 1/2 corresponds to the antiperiodic
case.

We can further visualize what we meant by the possible structure of the extra di-
mension via quasiperiodic condition if we take x = y = z = w = 0 in Eq. (4.17) while
considering the simplest case of a plane monochromatic wave. For a = 0, this would
mean that the intensity and the behaviour of the gravitational field would repeat them-
selves by traversing the whole circumference of the extra dimension. However we have no
indications at all that this is true. We know that the extra dimension must be small, but
we have no idea about how it is structurally built to be as such, nor we know how gravity
would behave in it. This is why it is important to consider the most various scenarios
when looking for possible ways to describing phenomena in extra dimensions.

The imposition of (4.17) to the free solution of the five-dimensional massless Klein-
Gordon equation in flat spacetime will cause the momentum coordinate parallel to the

direction of compactification to suffer discretization, and it will now be given by

2
/{:wzé—ﬂ(n—i—a), n=0,4+1,+2 ... . (4.18)

C

By making use of the normalization condition for the Klein-Gordon equation

/ fl@) (@) P = o0 (4.19)

- 20 k.k’’

where 51((51)(, stands for a Dirac delta for continuous momenta coordinates and for a Kro-

necker delta for discrete momenta coordinates, one obtains the complete set of normalized
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spatial solutions under the quasiperiodic boundary condition, namely

Ox() gher rr i (4.20)
T) = , )
) 2 )L,

where ky = (ky, ky, k) and rp = (x,y, 2) are the momenta and their respective spatial co-
ordinate 3-vectors relative to the directions perpendicular to the compactified dimension.
In this case, the eigenvalues equation reads

9 2
w? = k> =kl + K+ K + (g—ﬂ) (n+a)?, (4.21)

and the sum over all momenta coordinate possible values in D(z,2’) and in Egs. (4.25),

and (4.26) for this scenario should be written as

Z:/_deI/_dey/_:dkz i : (4.22)

n=—oo

We have determined the spacetime dimensionality and now we obtained the complete
and normalized set of ¢y (x). There is just one ingredient missing in order to compute the
graviton two-point function in Eq. (3.13) and that is to determine the trajectory of the
photon. We saw from Eq. (3.7) that the only contribution of the Hadamard function for
(0?) will be the components parallel to the lightcone. What we seek is to estimate the
modification on a photon’s flight time caused by the compact extra dimension. Hence, let
us choose our coordinate system such that the photon is propagating along an ordinary
direction perpendicular to the compactification, let us say z. With d =4 and ¢ = j =

k=1= 2z Eq. (3.13) takes the form

Gzzzz (xy 513'/) = [D<:C7 CC/) - 2Fzz(x7 513'/) + szzz(xa Z'/)] 9 (423)

w | oo

where
—iwAt

D(z,z") = Re Z

Px(x) i (x'), (4.24)

2w

and, defining Az = z — 2/, we can rewrite the derivatives on Eqs. (3.14) and (3.15) to

obtain
e—iwAt

23

F..(z,2) = —Re 9%, ) rc(X) B3 ('), (4.25)
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and,
—iwAt

How(,) = Re 93 S s (x). (4.26)

Now we have all the elements needed so we can set about performing the sums over k

for D(z,2'), F..(x,2") and H;jp(x,2"). As we shall see, this calculation will be smoother

if we start from D(x,z’) and work our way up to the functions with higher order on the

derivatives. Substituting Eq. (4.20) in Eq. (4.24) and explicitly writing the sum in Eq.
(4.22) yields

—iwAt

Z / dSkT sz.ArT—H%—:(n—i—oz)Aw7 (427)

n=—oo

D(z,2") =

36

where Azl = ' — 2/ for i = 1,2,3, and Aw = w —w’. We can use the integral form [19]

= / et (4.28)
2w T

to rewrite the terms involving w on the r.h.s. of Eq. (4.27). By doing this and substituting

w? given by Eq. (4.21), we are able to perform the Gaussian integrals resulting from the

components of kp. Our resulting expression for D(z,2) is

2
_AxT—At (
452

AN 2ms 2(n+a)2+i2w(n+a) Aw
R e
Note that the integral on the r.h.s. of Eq. (4.29) over the parameter s now has taken the

form of a Bessel function, however, the resulting expression would not be very friendly

towards the remaining sum over n. Hence, let us write this sum as

o s )2 27 (nta) ras )2 i2raAw 4 2 A 4 2
$ () e o _ () izt (m Zf + ew,z’ 228 ) (4.30)

where ¥(u, p1) is the Jacobi Theta function, defined as

M) _ Z eiﬂn2u+i27rnu’ (431)

n=—oo
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which has the property [15]

—imu?/p
] R (132
o) (—ip)?

which we can use to write Eq. (4.30) as
o0 oo Ec

27s )2 2, 27 (n+a) _ (Aw+tne )2 .
E @_( zcs) (nta)*+= "~ Aw _ g — € 2.2 ti2mna (4.33)
2m2s

n=—oo n=—oo

Substituting (4.33) back into Eq. (4.29), performing the integral over the parameter s
and taking only the real part yields

Q- cos(2man)

D(x,2') = — = (4.34)
82 T [AXE + (Aw + nl,)? — At2]2

One can immediately see that the n = 0 term of the sum is exactly the real part of
the Wightman function of the free solution to the massless Klein-Gordon equation in
(4+1)D and, therefore, must be subtracted in order to obtain the renormalized D (x, z").
Additionally, by considering a photon traveling along the z-direction, that is, Ax = Ay =
Aw = 0, and noticing that the resulting summation for negative values of n provides the

same terms than those for positive values of n, we can write

I & (2
DRt 2t ) = 5 > cos2man) (4.35)
Am? = A2 4 (nl,)? — At?]?

If it were the case that the photon trajectory was not limited to the z-axis, Df(z, ')
would be given by Eq. (4.34) simply by making the change >~ — ', where the primed
summation indicates that the n = 0 term has been subtracted.

The calculation of F.,(z,z’) is much simpler as it takes into account most of the
calculations we already did while computing D(x,z’). Substituting Eq. (4.20) in Eq.
(4.25) explicitly writing the sum in Eq. (4.22) yields

—iwAt
Fzz<I> .T/) aAz Z / dng sz-AxT—O—i%—:(n—l-a)Aw‘ (436)

n=—oo

We can write the fraction involving terms of w in the integrand on the r.h.s. of Eq. (4.36)

66



4.2. CALCULATION OF (0?)r FOR A PHOTON PROPAGATING ALONG THE z-
DIRECTION

in terms of the consecutive integrals

fzwAt At e—iwty A 1
/ dt / i, & oS (4.37)
w

Note that, when substituted back in Eq. (4.36), the first term on the r.h.s. of Eq. (4.37)

will result in an expression similar to Eq. (4.29) and that the second term on the r.h.s.
of Eq. (4.37) disappears since we are only interested in the real part of these results.

Therefore, we can write

At to
F..(z,2) :622/ dtg/ dty D(0, z,t1, 2")

4.38
& kT sz AxT—l—ZQ’T (n+a)Aw ( )
23 ’
where D(0, z, 11, 2') is given by Eq. (4.34). Combining the integral form [19]
1 1 o 2.2
— d 25—1 _—w*T 4.
5% () /0 T e : (4.39)

with Eq. (4.21) and the new expression for the sum over n we found in Eq. (4.33) in
the second term on the r.h.s. of Eq. (4.38), performing the integrals on both terms and

considering the photon propagating along the z-direction yields

RS A2+ AP
F..(t,z,t,2) = 8_7Ar2 Z cos(2mna) \/ Az2 (nﬁ) : (4.40)

Once again we find that the term for n = 0 of the sum corresponds to the Minkowski
contribution, which can be easily verified by following these same steps for the free solution
of the massless Klein-Gordon equation. Therefore, the renormalized FZ for a photon

traveling along the z-direction is given by

Az? 4 — At?
FR(t, 2,1, 2) Zcos (2mna) v A22 (nﬁ) : (4.41)

Finally, the procedure to compute H,,..(x, ") will be very similar to that of F,,(z, ).
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By substituting of Eqgs. (4.20) and (4.22) in Eq. (4.26) one obtains

a —iwAt o
Heoos(a,2') = AZ Z / d3kT glkr AT nte)hw, (4.42)

n=—oo

Similarly as we did for F,.(x,z’), we can write the terms involving w in the integrand

above as the consecutive integrals

—zwAt At e—iwt A 1
/ dt / i, & oL (4.43)

wd’

where the first term on the r.h.s. of (4.43) will result in something resembling Eq. (4.36)
and the second term will also vanish. The expressions in Eqs. (4.37) and (4.43) can be

easily verified by performing the integrals on the r.h.s. of both equations. Substitution

of Eq. (4.43) back in Eq. (4.42) yields

At
szzz( aAz/ dtQ/ dtl zz 0 z tla )
Z /d kr sz.AxT+i§_,—:(n+a)Aw (4_44)

37T 26 205
= I+ 12,

where F,(0, z, 1, 2’) is given by (4.40). Performing the integrals in the first term on the

r.h.s. gives us

N, — [2Az% + 2(nl.)? + At?]\/Az2 + (nl.)? — A2
[Hl — _ﬂ 2 C C
z22z = g ; cos( mo‘){ 6[A22 + (nl.)?]
" (4.45)
A22 (nt,.) At
—arctan .
\/Az2 — At2?

As for the second term on the r.h.s. of Eq. (4.44), by considering the photon trajectory
and using Eqgs. (4.39) and (4.33) one obtains

o0

we _ 04, 2m L aima?
I, = Se? 3 Z cos(2mna) dre” a2 . (4.46)
0

n=—oo

Note the integral over 7 as in Eq. (4.46) does not converge. There are some ways to deal

with this. One could include an exponential regulator parameter or consider the massive
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solution to the Klein-Gordon equation and then remove it, or similarly, take the massless
limit, after performing the integral. An alternative procedure is to simply permute and
execute a single derivative in Az, from which one obtains a term of 772, and then proceed

to perform the integral. Following the latter, Eq. (4.46) becomes

[HQ -

= g p> W

which cancels out the second term on the r.h.s. of Eq. (4.45) upon substitution back

(4.47)

n (4.44). By doing this, we obtain the H,..,(t, 2,1, z") for a photon propagating in the

z-direction, namely

At
VAZ2+ — At?
N [2Az% + 2(na)? + At /Az2 + (na)? — At?

6[Az% + (na)?] ’

At
HE (t,2,t,2) 47r2 5 cos(2mna) { arctan
(4.48)

where, once again, we have subtracted the n = 0 term corresponding to the Minkowski
contribution, as it can be easily verified by retaking the same steps for the free scalar
field in a five-dimensional Minkowski spacetime and we also considered the parity of the
summation over n.

x'). Substi-
tuting the renormalized expressions in Eqs. (4.35), (4.41) and (4.48) back into Eq. (4.23),

After such long calculations, we can finally find an expression for G __(x,

performing the derivatives on Az and then taking the null path At = Az, we obtain the

graviton renormalized Hadamard function calculated over the lightcone, i.e.,

16 i Az (nl,.) (5n*0? — 3A2?) cos(2mna). (4.49)

372 (Az2 4+ n202)5

n=1

GR (t> Z, t,7 z/)‘At:Az -

ZZZZ

For a photon traveling along the z-direction, Eq. (3.7) becomes

(0% R b—a /dz/ dZ'GE__(t,2,,2)|at=n-, (4.50)

which combined with the renormalized graviton Hadarmard function in Eq. (4.49) yields

9 20, = +® cos(2mna)
<01>R = )
Ir? £~ n(n? +72)?

(4.51)
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where we defined r = b—a, v = r/{.. The exact sum on the r.h.s. of Eq. (4.51) for a non
fixed phase regulator a can be obtained. However, the resulting expression is too lengthy
to be exposed here.

In order to find a more approachable expression for this sum, let us take a look at
the parameters in Eq. (4.51). As we discussed in the first section of this chapter, the
compactification length ¢, should be small enough for the Newton’s gravitational law to
be no longer valid. Therefore, we should have £, < 5.2 - 10~3cm. On the other hand, in
this work we will be looking at the deviation on the typical flight time of photons detected
by instruments such as spectrographs. These instruments use a combination of mirrors
and filters to divide the light in several wavelength intervals. Even if such detections are
not focused on sources at cosmological distances, the distance traveled by the photon still
includes the optical path inside the detector. Therefore, the distance r in this case is
always much larger than the compactification length and, consequently, the cases of most
interest for us will be those with v > 1. The remaining parameter «, just as the size
of the extra dimension /., is a parameter to be inferred from possible detections of At.
Hence, let us begin to explore observational implications of Eq. (4.51) for a fixed o and

then look at more general cases.

4.3 The periodic case and an estimation on the size of
the extra dimension

From the cosine in Eq. (4.51) and from Eq. (2.15) we can expect the periodic case,
i.e. @ =0, to result in the maximum mean deviation to a photon flight time for a fixed
~. This particular case is exactly the one discussed in Ref. [1]. However, let us revisit it

here by performing the exact sum over n in Eq. (4.51) for the periodic case, that is,

2 _6072 16 8 [ @(1 — ©(1 14
(0D r =55 {167 +8 [0(1 = i7) + v (1 + )]
+5iy [PV (1 — i) — D (1 + )] (4.52)

— 7 [WP A —in) +vP A +i)] |,

where ~, is the Euler-Mascheroni constant and (™) (x) is a Polygamma function of order n.

From Eq. (4.52) we could already compute the exact mean deviation on the photon flight
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time upon substitution in Eq. (2.15). However, in order to have a better understanding

of what this result is indicating, let us expand (4.52) for v > 1, i.e.,

202 3 1
2 — c . — — 1 -
(015 972 [(7 4 * nv) * 42 * 2074

+ 0(7—6)} : (4.53)

Substituting Eq. (4.53) back into Eq. (2.15) we can approximate the mean flight time

[ 2 ~-1 [2lny
At ~ 97T—2€C1n’)/ = gc 971'2 . (454)

We know that the compactification length ¢, is expected to be smaller than 52um [31].

deviation as

However, even if /. is much smaller than this value, smaller even than the 4-dimensional
Planck scale, and if r is a cosmological distance, the quantity resulting from the square
root on the r.h.s. of Eq. (4.54) still would not be large enough to change the magnitude of
At in more that a couple of orders, as it has been pointed out in Ref. [1]. As a result, we
can see that ¢, /7 is actually the main quantity guiding the magnitude of the flight time
mean deviation, and in an interesting way: the smaller the size of the extra dimension, the
easier it would be to detect the change in the flight time of photons in a five-dimensional
world.

In the previous section we saw that the compactification length can be related to the
fundamental Planck length in five dimensions eﬁi’), as well as to the known four-dimensional
Planck length ¢p through Eq. (4.16). We discussed that a measurement for a value of 6535)
depends on how gravity works in a five-dimensional world and, as a consequence, there is
no guarantee it will be equal the four-dimensional Planck length ¢p. By recovering units

of time in Eq. (4.54) and using Eqs. (4.2) and (4.16) we find that, for & = 0 and v > 1,

3
~11 (Gh\* [2lnvy (p 2In-y
Atmle = — ) A= =tr| = | \| — 4.55
c ( c ) 972 F (g&;’ﬂ) 972 (4.55)

where tp = {p/c is the four-dimensional Planck time. From Eq. (4.55) we can see that,

Njw

for a compactification length close to the four-dimensional Planck scale, or equivalently,
from Eq. (4.16), if Eg’) ~ {p, the mean flight time deviation will be of order of the four-
dimensional Planck time ¢p ~ 107**s. Such deviation would be far from observable. This
is the same conclusion reached by the authors in Ref. [1].

However, we can still run some estimations if we assume that /. is such that At is
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detectable through a measurement device based on a spectrograph. When a spectrograph
or radio telescope observes light emitted from a source at certain wavelength \ with a
resolving power R, it will be able to discern shifts in wavelength in the order of AX = \/R.
Such shifts will tell us if there were changes in the expected flight time of photons emitted
from a source. For this analysis, let us take the NIRSpec aboard the James Webb Space
Telescope as an example.

The NIRSpec is able to detect photons in a wavelength range of 6 x 10 %cm to 5.3 x
10~%cm, with spectral resolutions of 100, 1000, and 2700 [2]. More specific values of the
spectral resolution for each wavelength observed from the NIRSpec are depicted in Fig.4.1,
reproduced without modifications from Ref. [2]. The Figure shows performances for each
of the seven dispersive elements present in the grating wheel assembly (GWA) inside the
NIRSpec, one prism and 6 gratings. We can see from the plot that, even though the prism
alone covers all the wavelength range for which the NIRSpec was designed, it is not able
to provide the optimal discernible AX. For this end one could look at the G140H data.

In order to detect the smallest deviations on the flight time as possible, we need to look
for the smallest observed wavelength to resolving power ratio of the detector rather than
the distance from the source. Inspired by the NIRSPec performance in Fig.4.1, supposing
that a detection occurs at A = 1.4 x 10~*cm with resolving power R = 2700, the perceived
shift in wavelength would be of order of A\ ~ 5.2 x 10~8cm. In this scenario, the smallest
flight time shift the NIRSpec would be able to discern is At ~ 1.7 x 10~ 18s, where we used
At = A)/c. Substituting this shift back in Eq. (4.55) we find that, in order to obtain
a flight time deviation observable via NIRSpec, the extra dimension length should be of
order of ¢, ~ 107%cm. Equivalently from Eq. (4.16), the fundamental Planck length
in five dimensions should be no greater than Kg’) ~ 10~*°cm, many orders of magnitude
smaller than ¢p ~ 10™%3cm.

This is an interesting estimation in the sense that it provides a possibility to test the
existence of extra dimensions at a length scale that measurements through the LHC or
table-top experiments will not be able to reach in the near future. In the next section let

us find a more compact expression for other values of the phase regulator a.
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Figure 4.1: Depiction of the spectral resolution for observed wavelength for each of the
seven disperser elements on the GWA from the NIRSpec, being one prism and six grat-
ings. In order to obtain an detection throughout the NIRSpec full wavelength range, one
could rely on a single exposure using the prism. The result would be a low resolution and
highly contaminated image. In order to obtain high resolution data with least contami-
nation containing the full wavelength range for which the NIRSpec was designed, each of
the six gratings on the GWA work combined only with specific transmission filter from
the seven present in the filter wheel assembly (FWA). Each solid line depicts the nominal
spectral resolution (the resolution at the center of the nominal wavelength range for a
given disperser-filter combination) for each disperser-filter combination (further details
on filter-disperser pairing can be found in the original source and in the JWST docu-
mentation), and the dotted lines depicts the anticipated wavelength range. Reproduced
without modifications from Jakobsen, P., Ferruit, et al., The Near-Infrared Spectrograph
(NIRSpec) on the James Webb Space Telescope (JWST) published in A&A by EDP Sci-
ences (Ref. [2]) under the CC BY 4.0 Legal Code.

4.4 Other values for the phase angle regulator o

Let us turn our attention for the other condition cases for . As discussed, for our
investigation based on instruments such as spectrographs, the most relevant cases are

those where 7 > 1. In other to find an expression for this limit, let us write Eq. (4.51) as

5 20.7% = cos(2mna)
(00 R = 53 =2 3
972 £~ n(n*+1)

(4.56)
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where n = n/v. Note that the sum in Eq. (4.56) is a descending series of n and large
values of v will result in n < 1 for the dominating terms of the series. Therefore, we can

use the negative binomial expansion

(z+1)" = i (” +Z - 1> (—a)*, (4.57)

k=0

which converges only for |z| < 1, and

n!
n\ _ ) memn 0<k<n (4.59)
k 0, else ’ '
to write Eq. (4.56) as
2 & (E+2)(k+1) & o
(01)r = 02 (—1)* DR ank ! cos(2mna). (4.59)
k=0 n=1

Note that we can write the sum in n as a combination of Polylogarithm functions, namely

B 20,7? &

(or =55 (k+2)(k+1)

—1)*
( ) 472]‘;

[Lil,gk(ei%a) + L11,2k<67i2ﬂ-a):| . (460)

k=0
We can see that the remaining sum over k£ indeed results in an convergent expression for
large v as long as a # 0. Evaluating the Polylogarithm functions for the first two terms

of the sum, we can write

0.2

B 3esc?(ma)
1872

,-)/2

+0(™™|, (4.61)

(o1)n —2In (1 — e 7™) —2In (1 — ™) +

which is only valid for a« # 0. For the periodic case and large values of + one should
look at Eq. (4.53). Furthermore, we can also see from Eq. (4.61) that there are certain
values of a for which the natural logarithm terms will dominate resulting in (0?)z < 0.
Additionally, one can see directly from Eq. (4.51) that, among all a resulting in negative
(0?) R, the antiperiodic case will result in the highest |(0?) |, and therefore, in the highest
flight time mean deviation. The behaviors of the exact expression for (o3)p in Eq. (4.51),
as well as the expansion for large v in Eq. (4.61) after discarding terms with & > 1
are depicted in Fig.4.2 for « = 0.01 in solid black and dotted red lines, respectively. It

becomes clear from the plot that Eq. (4.61) is in fact a good expression for larger values
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Figure 4.2: The behaviour for o = 0.01 of the exact sum in Eq. (4.51) in terms of v and
in units of /., is depicted in solid black line and compared with the expansion for v > 1
in Egs. (4.53) and (4.61) in dotted red line. In fact, for large v, the curves meet for any
value of a.

of 7v. Our choice of a in Fig.4.2 holds no special meaning, we have numerically verified
that the approximation (4.60) is good for any value of o # 0. However, note that different
values of a result in different paces at which our approximation will converge to the exact
behaviour of (%) z. Note also that in Fig.4.2 both v = r//{. and (0?)/{., are dimensionless
quantities, as we can see from any of the previous equations for (o%).

Furthermore, we can see that the expression for (o%)g for a # 0 in Eq. (4.61) differs
fundamentally from the expression for @ = 0 in Eq. (4.53). The first contains a depen-
dence on v with positive and negative powers, whereas the latter contains both as well as
a logarithmic dependence as the most significant contribution. This will result in much
larger values of (03) for a = 0 than for any other value as v increases, just as we already
expected from Eq. (4.51). Considering contributions down to zeroth order of =2 in Eq.
(4.61) and substituting it back in Eq. (2.15), one can also obtain an expression for the

mean deviation on the flight time of photons for a # 0. Recovering units of time, just as

we did for the periodic case, on the resulting expression yields

N

~ Ec_% L (Gh\* —i2ra i2nay | 38 (ma)
At”mé(?) —2In(1—e ™) —2In(1—e )+T (4.62)

Comparing Egs. (4.54) and (4.62) we can see that the most significant dependence on =

for a # 0 comes from the last term in the square root on the r.h.s. of the expression above,
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in contrast to the square root of the logarithm we obtained for o = 0. Consequently, for
large values of 7, the dominating terms for a # 0 will be the constant terms of natural
logarithmic fixed by the quasiperiodicity phase angle regulator. Hence, similarly to the

periodic case, the main quantity guiding the magnitude of At, for each fixed «, will be

. . . : ~1/2
the inverse of the square root of the compactification length, i.e., /. 2,
%1061
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Figure 4.3: The exact behaviour of Aty/Z,, in terms of +, for several values of a.

Although it was important to obtain a clean expression for the behavior of At, even
if only for large values of ~, we should still look at the behavior of the exact expression
obtained by combining Eqgs. (4.51) and (2.15). This behavior is depicted in Fig.4.3.
Note that the we chose the vertical axis to be Aty/¢, and consequently, it has units
of s - em!'/?. This choice enables us to gauge the influence of both v and ¢, on the
magnitude of At based on the observational criteria discussed in the previous section for
the case av = 0. For example, from Fig.4.3 we can see that, for v around 102, the general
magnitude of the result are on the order of Aty/Z, ~ 107%'s - cm!/2. It follows from a
straightforward dimensional analysis that, for an observable flight time shift for these
values of a (At ~ 107'8s) one must have ¢. ~ 107%cm, in perfect accordance with the
discussion in the previous subsection. However, note that there seems to be some values
of o for which At+/Z, is closer to zero, potentially reducing this estimative.

Fig.4.3 also reflects the different behaviours of Eqs. (4.54) and (4.62) and, as a result,
as ~ increases, the periodic case will lead to a logarithmically increasing mean flight
time deviation, whereas for any other o # 0 case it will quickly converge to a constant

At determined by the structure of the extra dimension, i.e., by « and .. This is an
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interesting feature of our results: if the extra dimension does not exhibit a perfectly
periodic behavior, then the distance that the photons travelled through the perturbation
does not matter as long as r > /., that is, they will all exhibit the same characteristic At.
The distinction between the periodic case and the others can be crucial in comprehending
the potential structure of the extra dimension through measurements at a given distance r
from the source. Although this distance is limited to the length of the observable universe,
approximately 10%® cm, the functional dependence of At with ~ could play a pivotal role
in determining values for o and, consequently, for /..

Imagine this: if we were to make a measurement of At at a distance r from the source
and assume that we could move our detector a few meters away for another measurement
while the photons still travels through the same perturbation h,,,, Fig.4.3 tells us that it
could be easier to discern @ = 0 from all other condition cases because of the different
behaviors of At between them. However, the same would not be true when trying to make
the distinction between other values of «, at least not in a detection via devices such as the
NIRSpec. We know that At converges quickly as 7 increases, therefore, we would be left
with two free parameters o and ¢, which could be chosen as to satisfy the measured At.
On the other hand, notice that the region for smaller values of v in Fig. 4.3 shows many
different behaviors of At\/Z. for each o depicted and it could help us solve this ambiguity
over /., and o # 0. However, as we pointed out, detections for smaller values of v falls out
of the detection range for instruments such as the NIRSpec as a consequence of how they
are built. Hence, this discussion does not fall within the scope of this work. However, as
possible continuation of this work it would be interesting to seek the possibility of making
detections of At within such range.

As the contribution of v to the mean flight time deviation does not give us the means
to determine the structure of the extra dimension a # 0, let us look at Eq. (4.62) from
another perspective. Fig.4.4 depicts the general behaviour of Aty/?, as a function of a,
assuming three distinct values of +. For each curve, the region in between the minima
provides the values of « for which (03)r < 0, whereas the values of a outside this region
give (o) > 0. This can be verified from the exact expression in Eq. (4.51). As we have
previously stated, it also becomes clear from the plot in Fig.4.4 that, for a fixed v, o = 1/2
indeed results in a maximum flight time mean deviation when compared with all other

values of o for which (6?)r < 0. An interesting aspect also revealed by the plot is that
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Figure 4.4: The behaviour of At\//, as a function of the quasiperiodic parameter «, for
some values of 7.

there are more than one possible value for a that provides the same potential 'measured’
At, making it difficult to completely understand the structure of the extra dimension. In
addition, we can also see in Fig.4.4 the quick convergence of At\/l. to constant values
shown in the plot of Fig.4.3 for a # 0 (note that there are no difference in the curves for
sufficiently large 7).

Upon the possibility that we live in a five-dimensional world, both the size of the extra
dimension, /., and the phase angle regulator, «, are crucial parameters to be inferred from
experimental data, like the ones from NIRSpec. As we have mentioned before, the extra
dimension should be small. If it exists, it is expected to be at least smaller than 55um.
On the other hand, there are some factors that can modify the spectrum of a light pulse,
if we assume that lightcone fluctuations are one of them and that the resulting mean
flight time deviation falls right within the NIRSpec’s sensitivity, then our model provides
estimations on the size of the extra dimension for a« = 0, and also for most values of a # 0,
that are of order of /. ~ 10~%cm, resulting in an estimation of the Planck length in five
dimensions that is of order of 10~*°cm. Such values are well beyond the scale being tested

by current experiments seeking the find evidence of the existence of extra dimensions.
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Chapter 5

Conclusions and discussions

In the present dissertation we discussed key concepts involved in the lightcone fluctu-
ations effects. We started by reviewing the linearized theory of gravity from the classical
perspective and then moved on to the quantum approach. We saw how the quantization
of the perturbation leads to the smearing of classical lightcone divergences, resulting in a
fluctuation around the usual light speed. As a result, a light pulse emitted from a source
will present a characteristic deviation in its spectral lines associated with a typical change
in the time flight At of photons. As the last piece of our review, we found expressions in
(d + 1) for the graviton Hadamard function in Eq. (3.13), complemented by Eqgs. (3.14)
and (3.15), and for the expectation value of half of the geodesic distance between two
points in first order on the perturbation (¢%) in Eq. (3.7). All these elements are used in
order to compute the typical change on a photon flight time in Eq. (2.15).

In Chapter 4, we reviewed some aspects of higher-dimensional spacetimes and of the
search for evidence of their existence. As consolidation of our study, we presented our
new results on lightcone fluctuation effects in a quasiperiodically compactified (4 + 1)-
dimensional flat spacetime and discussed some of their observational aspects using the
Near Infrared Spectrograph aboard the James Webb Space Telescope. This analysis re-
sulted in the work in Ref. [27] to be published in the Journal of High Energy Physics
(JHEP). By considering a photon propagating along the z-direction, we found a renor-
malized expression for the graviton Hadamard function calculated on the lightcone in Eq.
(4.49) by subtracting the unperturbed spacetime contribution, and we used it to compute
(0?)r in Eq. (4.51), which leads to the typical deviation on the flight time of photons

upon substitution in Eq. (2.15). This expression for (0%)p contains an infinite sum which
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is, in fact, convergent and can be performed. However, as the complete resulting expres-
sion is too extensive, we chose to look for some potential cases of interest. Our result is
written in terms of the parameters «, {. and v = r/{., being « the parameter that regu-
lates the phase angle on the quasiperiodic boundary condition, /. the length of the extra
dimension, and r the distance traversed by the photon. We found that, when looking for
observations via instruments such as the NIRSpec, the optical path inside the detector is
always much larger than the maximum possible size of the extra dimension, resulting in
v > 1.

Our focus was to find out whether and how measures of lightcone fluctuations effects
could be used as a way of understanding the potential structure of an extra spatial dimen-
sion. That is, if a detection of At could help us estimate values for o and ¢.. We started
this analysis by considering the periodic case & = 0. By performing the exact sum in Eq.
(4.51) and expanding it for large values of v we obtained Eq. (4.53), from which we could
approximate the mean deviation on the photons flight time as in Eqgs. (4.54) and (4.55),
just as found by the authors in Ref. [1] for a periodically compactified (4 + 1) spacetime.
These equations tell us that, regardless of the values that v can assume, the main con-
tribution for the magnitude of At will come from (/> and, as the authors in Ref. 1]
also discussed, if the compactification length is close to the four-dimensional Planck scale,
then the resulting mean flight time deviation would be on order of the four-dimensional
Planck time. Nonetheless, we discussed the possibility of obtaining an observable flight
time deviation within the sensitivity range of the NIRSpec and found that, in order to
obtain it, the size of the extra dimension /. should be on the order of 10~%cm. Further-
more, Eq. (4.54) also states that, as the size of the extra dimension becomes smaller,
more significant the change on a photon’s flight time becomes. These are both interesting
conclusions in the sense that our results provide observational possibilities that work in
a length scale that other experiments seeking to detect the existence extra dimensions,
such as those discussed in Chapter 4.1, are not capable of reaching.

Finally, we discussed other condition cases for a. We used the binomial negative
expansion to expand Eq. (4.51) for large values of v with @ # 0 and obtained the
expression in Eq. (4.61), which leads to the approximated mean deviation on the flight
time in Eq. (4.62). We plotted the exact expression for (0?)r in Eq. (4.51) along with
Eq. (4.61) down to the zeroth order on the perturbation with respect to 7 in Figure 4.2
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in order to show that Eq. (4.61) is in fact a good approximation for v > 1. We also
found that the expression for At for the periodic case in Eq. (4.54) contains a logarithm
dependence on v, whereas the expression for a # 0 contains a constant term fixed by «
and a inverse-square dependence on . This is also an interesting feature of our results: for
any fixed a # 0, as 7 increases, the mean flight time deviation will quickly converge to a
constant value whose magnitude is guided once more by £, 2 In other words, regardless
of how long the photons traveled through the quantized perturbation, the same typical
deviation on its flight time will be observed as long as r > f.. On the other hand, for
the case where behavior of the quantized perturbation is perfectly periodic as it travels
through the extra dimension, that is for @« = 0, most significant values of At will be
obtained as 7 increases. These results were depicted in Figure 4.3. Another interesting
development of the quick convergence for a # 0 is that, if we were capable to detect a At
that could be attributed to fluctuations on the metric on devices such as the NIRSpec,
and if this data did not match the logarithmic growth consistent with o« = 0, we would
be unable to uniquely fix values for a.

Subsequently, as « is no longer a relevant parameter for the case a # 0 in detections
via isntruments such as the NIRSpec, we plotted the behavior of the exact expression for
At obtained by substituting (4.51) in Eq. (2.15) with respect to « for some values of
v in Figure 4.4. We discussed some elements of this plot, in particular, the range of «
that results in (07)r < 0 as residing between the to minima, and that leads to (¢3)z > 0
otherwise. From Figure 4.4 we were also able to observe the quick converge of At as y
increases, and that for a certain “measured” At, and even for a fixed /., one would still
obtain at least two possible values of a.

Although this work resulted in some interesting features and discussions, it still raises
pertinent questions for future research on lightcone fluctuation effects. In particular, we
can observe different behaviors for At in the region for smaller values of v on Figure 4.3
that could help us solve the ambiguity over the parameters o and ¢.. Furthermore, it is
generally the case that, when a higher number of extra dimensions is taken into account,
the changes of making the phenomenon considered be detectable increases (see Ref. [24]).
The calculations of lightcone fluctuation effects for higher than five dimensional quasiperi-
odically compactified Kaluza-Klein models are no easy task. However, for each additional

extra dimension considered, At can be expected to be proportional to increasingly nega-
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tive powers of /., which can result in deviations on the flight time of photons which are
more likely to be detected even if the length of the extra dimensions are greater than our
current estimative in (4 + 1). Our results in a flat background also paves the way to the
possibility of a similar analysis for the structure of the extra dimension be reproduced in
more realistic scenarios. In particular, in a cosmological background with a spatially flat
(3 + 1) Friedmann-Lemaitre-Robertson-Walker metric lightcone fluctuation effects have
been analyzed in Ref. [9]. As we deal with cosmological distances and relic gravitons pro-
duced in the early Universe are expected to be a potential source of metric fluctuations,
we could wonder whether it is possible to generalize the results of Ref. [9] to include a
compactified extra dimension, as well as a cosmological constant, and investigate the role
played by the scale factor a(t) in determining the structure of the extra dimension by also
using the sensitivity of measure devices such as the NIRSpec. For future work we are also
interested in searching for observable scenarios on lightcone fluctuations effects by includ-
ing temperature corrections in the calculations, considering additional extra dimensions

or working with curved backgrounds.
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