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Abstract

Many approaches to quantum gravity predict the existence of a minimal length associated
with the Planck scale, leading to modifications in the relations between energy, momentum,
and position, which may in turn affect Lorentz symmetry. In this thesis, we investigate
these effects in both systematic and stochastic scenarios, with particular emphasis on
their low-energy manifestations. In the first part, we analyze systematic effects derived
from modified dispersion relations (MDRs) motivated by quantum gravity. We show that
the nonrelativistic limit of general MDRs leads to a deformed nonrelativistic Schrödinger
equation containing fractional and nonlocal terms in the Hamiltonian. These terms
modify quantum kinematics and allow the establishment of experimental bounds on MDR
parameters using low-energy systems. We further demonstrate that certain MDRs with
fractional powers give rise to a dynamics described by fractional quantum mechanics at
low energies, associated with an effectively fractal geometry in the infrared. We also
study stochastic effects associated with Planck-scale fluctuations in MDRs, modeling
a stochastic violation of Lorentz symmetry. Performing the stochastic average leads
to a Lindblad equation that describes a mechanism of gravitational decoherence in the
nonrelativistic regime. We apply this formalism to gravitational Schrödinger cat states
(gravcats), revealing the competition between gravitationally induced entanglement and
decoherence driven by Planckian fluctuations, and allowing us to estimate the scales
at which such effects become relevant. In the second part, we analyze an additional
scenario based on noncommutative spacetimes, showing that the deformation of the energy
composition rule characteristic of the κ-Minkowski spacetime induces quantum correlations
between two systems, even in the nonrelativistic limit. These results demonstrate that
low-energy quantum systems provide a novel avenue to test Lorentz symmetry, either
through systematic deformations or stochastic violations. The infrared regime has the
potential to amplify Planck-suppressed corrections, thereby providing new opportunities
to test effective quantum gravity models in tabletop experiments.

Keywords: Planck-Scale; Quantum Gravity Phenomenology; Lorentz Symmetry; Nonrel-
ativistic Regime; Modified Dispersion Relations.



Resumo

Muitas abordagens da gravidade quântica preveem a existência de um comprimento
mínimo associado à escala de Planck, o que leva a modificações nas relações entre energia,
momento e posição, que, por sua vez, podem afetar a simetria de Lorentz. Nesta tese,
investigamos esses efeitos em cenários tanto sistemáticos quanto estocásticos, com ênfase
particular em suas manifestações de baixa energia. Na primeira parte, analisamos efeitos
sistemáticos derivados de relações de dispersão modificadas (MDRs, na sigla em inglês)
motivadas pela gravidade quântica. Mostramos que o limite não relativístico de MDRs
gerais leva a uma equação de Schrödinger não relativística deformada, contendo termos
fracionais e não locais no Hamiltoniano. Esses termos modificam a cinemática quântica
e permitem estabelecer limites experimentais para os parâmetros das MDRs usando
sistemas de baixa energia. Ademais, demonstramos que certas MDRs com potências
fracionárias dão origem a uma dinâmica descrita pela mecânica quântica fracional em
baixas energias, associada a uma geometria efetivamente fractal no infravermelho. Também
estudamos efeitos estocásticos associados a flutuações na escala de Planck nas MDRs,
modelando uma violação estocástica da simetria de Lorentz. A realização da média
estocástica resulta em uma equação de Lindblad que descreve um mecanismo de decoerência
gravitacional no regime não relativístico. Aplicamos esse formalismo a estados gato de
Schrödinger gravitacionais (gravcats), revelando a competição entre o emaranhamento
induzido gravitacionalmente e a decoerência impulsionada por flutuações planckianas,
permitindo-nos estimar as escalas nas quais tais efeitos se tornam relevantes. Na segunda
parte, analisamos um cenário adicional baseado em espaços-tempos não comutativos,
mostrando que a deformação da regra de composição de energias característica do espaço-
tempo κ-Minkowski induz correlações quânticas entre dois sistemas, mesmo no limite
não relativístico. Esses resultados demonstram que sistemas quânticos de baixa energia
oferecem um novo caminho para testar a simetria de Lorentz, seja por meio de deformações
sistemáticas ou violações estocásticas. O regime infravermelho tem o potencial de amplificar
correções suprimidas pela escala de Planck, fornecendo assim novas oportunidades para
testar modelos efetivos de gravidade quântica em experimentos de bancada.

Palavras-chave: Escala de Planck; Fenomenologia de Gravidade Quântica; Simetria de
Lorentz; Regime Não Relativístico; Relação de Dispersão Modificada.
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CHAPTER 1

Introduction

Since Bronstein’s pioneering work in the 1930s [1], it has been understood that the
quantum gravity problem should be solved by a reformulation of our understanding of
gravity and quantum mechanics. This is because probing progressively smaller distance
scales requires increasingly high energies. As these energies approach the Planck scale [2],
gravitational effects governed by General Relativity (GR) become sufficiently pronounced
that the classical geometric description of spacetime is expected to break down. In this
context, semiclassical reasoning indicates that confining a particle to a region of the order
of the Planck length would result in the formation of an event horizon, thereby precluding
direct local observation. This limitation constitutes one of the motivations for the search
for a theory of quantum gravity [3]. Over the past decades, the inherent tension between
the continuous and deterministic spacetime of GR and the probabilistic nature of quantum
mechanics has motivated extensive theoretical efforts, giving rise to several approaches to
quantum gravity, including String Theory [4] and Loop Quantum Gravity [5].

Although probing the Planck scale directly requires extreme energies, its physical
relevance can extend beyond this regime [6]. In certain effective models, Planck-scale
physics may induce small yet structured modifications of relativistic kinematics, for
instance, through deformations of dispersion relations [7]. While such effects are typically
suppressed at low energies, they can nonetheless influence the quantum dynamics of
physical systems in specific regimes. Under suitable conditions, these modifications may
become detectable, enabling tests of potential deviations from standard quantum behavior
[8, 9].

To address this challenge, increasing attention has been devoted to the phenomenology
of quantum gravity. This research program aims to identify indirect signatures of quantum
spacetime at energy scales much lower than the Planck regime. The guiding idea is that
any fundamental theory should leave residual imprints that may still be accessible through
sufficiently precise experiments. This shift in perspective, from the ultraviolet (UV) to the
infrared (IR), redirects attention to regimes where experimental accuracy can partially
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compensate for the large separation of energy scales.
In this context, significant attention has been directed toward deformations of relativistic

kinematics, particularly in the form of Modified Dispersion Relations (MDRs). These
approaches are not mutually exclusive. MDRs can emerge as effective descriptions of
field-theoretic models, and some dynamical frameworks can be described with modified
kinematics. These deformations, which are frequently linked to modifications of Lorentz
symmetry as in Doubly Special Relativity (DSR) or to explicit Lorentz Invariance Violation
(LIV), modify the energy-momentum relation for test particles. While these developments
are primarily motivated by high-energy physics, certain classes of MDRs can, under specific
conditions, produce effective low-energy modifications of quantum dynamics.

A natural extension of this line of inquiry has emerged in the connection between
MDRs and fractional quantum mechanics [10, 11]. Incorporating non-integer powers of
momentum into dispersion relations can lead to modified Schrödinger equations involving
fractional derivative operators, which are inherently nonlocal. This perspective suggests
that quantum spacetime, particularly in a deep infrared regime, may exhibit effective
fractal-like structures [12]. Interestingly, this behavior resonates with the anomalous
dimensional flow predicted in the ultraviolet domain by several approaches to quantum
gravity [13, 14].

Beyond single-particle dynamics and kinematical modifications, this thesis also examines
the role of quantum spacetime as an effective environment for quantum systems. From
this perspective, spacetime deformations may induce decoherence and mediate interactions
that generate and modulate quantum correlations in bipartite systems [15].

This thesis investigates the impact of violations and deformations of Lorentz symmetry
on nonrelativistic quantum systems, and delineates the specific conditions in which typically
suppressed Planck-scale corrections become significant in the infrared regime.

This work is guided by the following questions concerning how Planck-scale modifications
affect low-energy quantum dynamics:

(i) In what way do MDRs appear in the nonrelativistic Schrödinger equation, and
under what conditions do the associated corrections shift from a perturbative to a
non-perturbative regime?

(ii) In which momentum and energy regimes do fractional terms from MDRs become
more significant than the standard quadratic kinetic term, giving rise to effective
fractional quantum dynamics in the infrared?

(iii) In stochastic scenarios, how do Planck-scale fluctuations affect coherence and entan-
glement in mesoscopic quantum systems?

(iv) Can deformations of spacetime symmetries induce quantum correlations between
distinct systems, even in the absence of direct interactions?
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It starts by outlining the kinematical foundations of quantum gravity phenomenology
and then analyzes the resulting dynamical and stochastic effects.

In Chapter 2, we introduce the kinematical framework underlying Planck-scale defor-
mations, including Modified Dispersion Relations and scenarios with Lorentz invariance
violation. This chapter establishes the physical assumptions and shared language employed
throughout the thesis.

In Chapter 3, we examine deformed nonrelativistic quantum dynamics. The subtleties
of taking the nonrelativistic limit of relativistic theories with Planck-scale corrections
are analyzed using both canonical quantization and the nonrelativistic limit of modified
Klein-Gordon equations. These approaches lead to a deformed Schrödinger equation,
whose phenomenological implications in the infrared regime are discussed.

Chapter 4 is devoted to the emergence of fractional infrared dynamics. It shows how
certain classes of modified dispersion relations lead to fractional operators in the effective
quantum dynamics and discusses their connection to quantum gravity phenomenology, as
well as possible experimental analogues.

Chapter 5 addresses stochastic Planck-scale effects and their implications for gravita-
tional Schrödinger cat states. The corresponding Lindblad master equations are derived
and applied to study the interplay between gravitationally induced entanglement and
decoherence in mesoscopic quantum systems.

Finally, Chapter 6 investigates how deformations of spacetime symmetries, particularly
in noncommutative geometries, can induce quantum correlations in bipartite systems.
Several information theoretic measures are employed to analyze the competition between
Planck-scale interactions and decoherence. Chapter 7 summarizes the main results of the
thesis and discusses their broader implications.

3



CHAPTER 2

Planck-Scale Phenomenology in the Infrared

This chapter presents the conceptual and kinematic framework that underpins the
original results of this thesis. Rather than reviewing existing approaches to quantum
gravity, it introduces a minimal operational set of principles for modeling possible Planck-
scale effects in low-energy quantum systems. The discussion focuses on the infrared regime,
where the high experimental precision enables probing phenomena ordinarily suppressed
by the Planck energy.

In particular, this framework does not represent a modification of gravity, does not
introduce gravitational dynamics, and does not employ Einstein’s field equations. The
analysis remains confined to kinematic and operational aspects pertinent to quantum
systems, independent of any particular gravitational theory. The main argument is that
modified dispersion relations (MDRs) provide a kinematic and phenomenological framework
for studying Planck-scale effects [7, 16].

2.1 Low-Energy Phenomenology

Quantum gravity phenomenology faces a fundamental obstacle: direct experimental
access to the Planck scale is beyond current technological capabilities [17, 2]. Energies of
order of Planck energy EP ∼ 1019GeV and lengths of order of Planck length ℓP ∼ 10−35m
are inaccessible in terrestrial experiments and in most astrophysical observations. As a
result, empirical searches for quantum spacetime effects cannot rely exclusively on probing
the ultraviolet regime, where quantum-gravitational phenomena are traditionally expected
to dominate. This limitation necessitates innovative approaches that look for subtle,
amplified signatures in lower-energy regimes [16].

This motivates the adoption of a complementary, low-energy strategy. Rather than
directly probing Planck-scale physics, this approach seeks its most pronounced amplified
imprints within low-energy quantum systems. The central assumption is that any funda-
mental description of spacetime necessarily induces small yet systematic corrections to
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standard relativistic kinematics [18]. Although these corrections are generally suppressed
by ratios such as E/EP or p/pP , they may become observable through specific infrared
amplification mechanisms. Such mechanisms include mass enhancement (large mass M),
coherence-time accumulation (over long evolution times T ), macroscopic quantum super-
positions, and collective effects in many-body systems [8, 9]. The combined operation of
these mechanisms provides a feasible approach for converting an otherwise undetectable
Planck-scale effect into a measurable “smoking gun” signature in a controlled laboratory
environment.

The challenge is therefore not merely quantitative, but conceptual. A viable low-energy
phenomenology requires a framework in which Planck-scale corrections can be parametrized
in a controlled and experimentally meaningful way. Naive extrapolations of relativistic
deformations to the nonrelativistic regime often fail in this respect, as they neglect the
role of external structures introduced by the choice of reference frame, temporal foliation,
or low-velocity limit. Such issues lead to ambiguities in the definition of observables and
apparent violations of covariance. Addressing these conceptual obstacles is a prerequisite
for a consistent infrared phenomenology of quantum gravity.

2.2 Modified Dispersion Relations

Insights from effective field theories (EFT) prompt the question of whether an intrinsic
mass or energy scale governs both classical and quantum gravity [19]. In quantum gravity,
the Planck units (the energy EP , length ℓP , mass MP , and time tP ) are natural candidates
for this scale. Various gedankenexperiments that combine quantum mechanics and general
relativity support these units [20, 21, 22, 23, 24]. If these scales are fundamental, they
require modifications to standard relativistic kinematics.

2.2.1 Geometric Interpretation in Momentum Space

Relativistic kinematics is encoded in the dispersion relation, defined by the mass Casimir
operator of the underlying spacetime symmetry algebra,

C(E,k,M) = M2c2 = Cℓ = C0 + δC, (2.1)

where C0 = (E/c)2 − k2 is the standard Lorentz-invariant Casimir, E the particle energy, k
its spatial momentum, M its rest mass, c the speed of light, and δC encodes Planck-scale
corrections.

In relativistic theories, the dispersion relation corresponds to the Casimir invariant of
the spacetime symmetry algebra, ensuring invariance under symmetry transformations.
In the standard case, this invariant reduces to a quadratic form P µPµ, reflecting the flat
geometry of momentum space.
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However, in deformed scenarios, this structure is modified. If the spacetime symmetry
algebra or the phase space structure is altered, the quadratic Casimir is no longer preserved
and is replaced by a generalized invariant function C(P ), encoding modified kinematics.

Geometrically, this modification can be understood as arising from a nontrivial momen-
tum-space structure [25, 26], in which the dispersion relation is associated with a geodesic
distance rather than a quadratic form. In this sense, the correction term δC captures
deviations from flat momentum space and provides a model-independent parametrization
of Planck-scale effects.

More generally, the Casimir operator can be interpreted as the momentum-space analog
of the world function of Synge [27], with the mass measuring the geodesic distance from
the origin. This distance can be written as [28, 29, 30]

C =
(∫ P

O

√
Gµν(x, k) dkµ dkν

)2

, (2.2)

where Gµν denotes a possibly momentum-dependent metric on the cotangent bundle. This
geometric viewpoint naturally frames MDRs as arising from curved momentum space and
establishes connections to Finsler and Hamilton geometries [30, 31].

The momentum-space curvature interpretation provides a unifying framework for several
quantum gravity phenomenology approaches. In this picture:

• Deformed Special Relativity corresponds to a maximally symmetric curved
momentum space with constant curvature proportional to ℓ−2

P [32, 33, 34].

• Lorentz Invariance Violation emerges from momentum-space geometries with
preferred directions or anisotropies [35, 7].

• Generalized Uncertainty Principles can be derived from the non-trivial sym-
plectic structure associated with curved momentum space [36, 37, 38].

2.2.2 Parametrizing Planck-Scale Deformations

To parametrize Planck-scale corrections in a minimal and model-agnostic manner, it is
convenient to consider small deformations of the relativistic Casimir. Restricting attention
to flat spacetime for simplicity, one may write

M2c2 = C0 + δC(E,k,M) =
(
E

c

)2
− k2 + δC(E,k,M), (2.3)

where C0 denotes the standard Lorentz-invariant Casimir and δC encodes Planck-scale
suppressed corrections governed by a microscopic length scale ℓ ∼ ℓP . Although Lorentz
symmetry need not be preserved, the dispersion relation may still be interpreted as a
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Casimir invariant if the underlying momentum space remains maximally symmetric, as in
deformed relativistic symmetry frameworks.

At first order in ℓ, and excluding inverse powers of energy, momentum, or mass, the
most general modified dispersion relation can be written as

M2c4 = E2 − k2c2 + ℓ
2∑

n=0

3−n∑
m=0

an,m,3−n−m(Mc)nkm
(
E

c

)3−n−m

, (2.4)

where k represents the spatial momentum, E denotes the energy, and M is the rest mass
of the particle. The indices n and m indicate the powers of mass and spatial momentum,
respectively, in each correction term, while the power of energy is fixed by dimensional
consistency as (3 − n−m). The dimensionless coefficients an,m,3−n−m characterize distinct
deformation channels and are generally expected to be of order unity if the deformation is
natural.

This expression encompasses:

• Energy-dependent corrections (m = 0): These modify photon time-of-flight and
are constrained by gamma-ray bursts [39, 40].

• Momentum-dependent corrections (n = 0): These affect particle thresholds in
astrophysical processes [41, 42, 43].

• Mixed terms: These can induce novel effects in composite systems [44, 45].

Specific choices reproduce familiar models, including Lorentz-invariance-violating sce-
narios and deformed symmetry algebras such as κ-Poincaré, but no particular realization
will be assumed here. The advantage of this general parametrization lies in its ability to
capture model-independent features while remaining testable.

2.2.3 Timelike Preferred Structures

To define energy and spatial momentum in a covariant manner and to generalize the
construction to curved spacetime, introduce a normalized timelike vector field dµ, which
selects a preferred temporal direction at each spacetime point. It satisfies

dµdνgµν = −1. (2.5)

This vector defines a preferred temporal direction and induces a foliation of spacetime into
hypersurfaces orthogonal to dµ. The associated spatial projector,

g µ
⊥ν = δµ

ν + dµdν , (2.6)
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allows for a covariant decomposition of the four-momentum into temporal and spatial
components,

E = c dµkµ, k⊥µ = g ν
⊥µkν , (2.7)

with spatial norm
k⊥ =

√
gµν

⊥ kµkν . (2.8)

In terms of these quantities, the modified dispersion relation extends straightforwardly to
curved spacetime,

M2c2 = gµνkµkν + ℓ
2∑

n=0

3−n∑
m=0

an,m,3−n−m(Mc)nkm
d k

3−n−m
⊥ , (2.9)

where gµν is the spacetime metric, kµ is the four-momentum, kd = dµkµ is the projection
along the preferred direction dµ, and k⊥ is the spatial norm defined via the projector
above.

The introduction of the vector dµ signals a tension with local Lorentz invariance. If
treated as a fixed background structure, it corresponds to Lorentz invariance violation; if
instead it transforms under deformed symmetry transformations, it is compatible with
doubly special relativity [46]. This ambiguity has significant phenomenological implications:

• LIV interpretation: dµ selects a preferred frame, often identified with the cosmic
microwave background rest frame [47].

• DSR interpretation: dµ transforms non-linearly under local boosts, preserving
relativity of simultaneity at the cost of locality [48].

• Observational consequences: The two interpretations lead to different predictions
for time-of-flight measurements and threshold effects [35].

In either case, such a timelike structure is unavoidable once a nonrelativistic regime is
to be defined. This necessity highlights a fundamental insight: the infrared amplification of
Planck-scale effects inherently breaks Lorentz covariance at the level of effective descriptions.

2.2.4 High-Energy vs Low-Energy

Modified dispersion relations of this type give rise to energy and momentum dependent
corrections to particle propagation, leading to phenomena such as in-vacuo dispersion
(energy-dependent propagation speeds even in vacuum) and threshold effects, which have
been extensively constrained in high-energy astrophysical observations [18]. The most
stringent bounds come from [49]:

• Gamma-ray bursts: Time delays between photons of different energies provide
constraints at the level of |ℓ/ℓP | ≲ 1 for linear corrections [50, 41, 51].
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• Ultra-high-energy cosmic rays: Absence of GZK cutoff modifications constrains
certain deformation patterns [43, 42]. This cutoff represents the Greisen–Zatsepin–
Kuzmin limit, the theoretical upper bound on the energy of cosmic rays imposed by
their interaction with the cosmic microwave background.

• Neutrino oscillations: Possible energy-dependent effects remain unobserved [52,
53, 54].

At the same time, the presence of a preferred temporal structure opens the possibility for
amplified Planck-scale effects in the infrared, where high-precision quantum experiments
provide a complementary testing ground. The amplification mechanisms include:

• Mass enhancement: Corrections proportional to Mn can become significant for
massive systems [8, 45].

• Coherence time accumulation: Small phase shifts accumulate over long evolution
times [8, 55].

• Collective effects: Many-body systems can enhance sensitivity through entangle-
ment or squeezing [56, 57].

With the kinematic scenario established, the next step is to derive the dynamical conse-
quences in the nonrelativistic regime. Chapter 3 is dedicated precisely to this by starting
from the general MDRs introduced earlier, systematically deriving the nonrelativistic limit,
and obtaining the deformed Schrödinger equation.
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CHAPTER 3

Deformed Nonrelativistic Dynamics

Having established in the previous chapter a kinematic framework in which Planck-scale
corrections are encoded through MDRs, this chapter examines the resulting dynamical
implications at low energies. The objective is to implement the nonrelativistic limit of these
deformed relativistic relations and to determine their impact on the effective quantum
dynamics of individual particles. This approach yields a deformed Schrödinger equation.

3.1 The Nonrelativistic Limit

The derivation of the nonrelativistic limit of relativistic theories constitutes a traditional
and well-established line of research in physics [58, 59, 60, 61]. These analyses seek not
only to recover classical descriptions, such as the transition from general relativity to
Newtonian gravity or from the Klein–Gordon equation to the Schrödinger equation in
the limit c → ∞, but also to identify post-Newtonian corrections, which are higher-order
terms that systematically represent relativistic effects.

Although expanding a theory in powers of 1/c may initially seem straightforward,
this procedure involves significant conceptual and mathematical subtleties. The primary
challenge arises because c is a dimensionful parameter. Therefore, any expansion in 1/c
requires a precise specification of the physical quantities being compared to the speed of
light.

To illustrate this point, consider that energy E and mass m have different dimensions.
In such an expansion, it is therefore crucial to specify whether one is comparing E to mc2

or momentum p to mc. In the absence of such a specification, the resulting series lacks a
clear physical meaning. In particle theories, the low-velocity limit, v/c ≪ 1, is typically
adopted to justify the nonrelativistic approximation. On the other hand, in field theories,
criteria such as p/mc ≪ 1 or |E −mc2|/mc2 ≪ 1 are often employed. Establishing this
scale of reference is thus a fundamental step to ensure both dimensional consistency and a
coherent physical interpretation of the nonrelativistic limit.
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In practice, implementing the nonrelativistic limit requires selecting a preferred temporal
direction for measuring velocities and energies. Making this structure explicit is not
simply a technical convenience. It is a fundamental step toward establishing a consistent
Hamiltonian description. The following section constructs this formalism using geometric
methods.

3.1.1 Breaking Covariance

In the nonrelativistic regime, particle velocities are assumed to be small compared to
the speed of light. Similarly, in the Hamiltonian formulation, spatial momenta must be
small relative to the rest-mass scale. However, Einstein’s principle of relativity implies
that neither velocity nor momentum possesses an absolute meaning: both are inherently
frame dependent. Consequently, any statement that a given velocity is “small” depends
on the choice of coordinates.

It follows that truncating an expansion in powers of 1/c at finite order necessarily breaks
Lorentz covariance. In the present context, this is not a shortcoming, but an intrinsic
aspect of the nonrelativistic approximation. Whereas Newtonian mechanics assumes
an absolute time, relativity does not. Therefore, implementing the nonrelativistic limit
requires introducing a preferred temporal structure that effectively defines a notion of
Newtonian time and specifies which observers are approximately at rest.

Operationally, this is achieved by selecting a timelike curve γ relative to which the
expansion is performed. Along this curve, we define the tangent vector γ̇µ = dγµ/dλ,
where λ is a parameter with dimensions of length, and impose the normalization condition
γµγνgµν = −1. Given this vector, the background spacetime can be foliated as

gµν = hµν − γ̇µγ̇ν , (3.1)

where hµν describes the induced metric on spacelike hypersurfaces to which γ̇µ is normal,
i.e. γ̇µhµν = 0. To wit, the form γ̇µdxµ defines the direction of time which is supposed to
become global in the expansion.

While the four-dimensional notation is appropriate at the relativistic level, when
considering nonrelativistic physics, it is helpful to revert to adapted coordinates (ct, xi)
which are defined by

γ̇µdxµ ≡ −Ndt, (3.2)

with the normalisation factor N, namely the lapse function. Then, the adapted-coordinate
time t can also be understood as a curve parameter along γ, defined up to time-
reparameterisation invariance (which we will take advantage of in Secs. 3.2 and 3.3).
Given a general background geometry, it can be shown that the line element can be ex-
pressed in terms of ADM-variables [62, 63] (see chapter 12 of [64] for a recent introduction),
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i.e. N as well as the shift vector N i and the induced metric hij, as

ds2 = −N2c2dt2 + hij(N icdt+ dxi)(N jcdt+ dxj). (3.3)

Here the lapse function and the shift vector are pure gauge degrees of freedom. They
are fixed by the choice of curve γ. It is in these adapted coordinates that the overall
dependence on 1/c is manifest, thus significantly simplifying the expansion.

We are now in the position to understand the meaning of the term “small velocities”. In
adapted coordinates, we may use the soon-to-be global time as curve parameter such that

Uµ ≡ dxµ

d(ct) =
(

1, c−1 dxi

dt

)
≡
(

1, ẋ
i

c

)
. (3.4)

It is the quantity ẋi/c that we have to expand in. Similarly, on the level of momenta
pi/Mc ≪ 1, with the mass of the considered object M.

A closer look at Eq. (3.4) tells us that an analogous expansion has to affect vector and
tensor fields. Throughout this work, we will indicate this series as

T =
∞∑

n=0
c−nT (n), (3.5)

where the symbol T stands for any general tensor field content.1

The analogue of Eq. (3.4) for general vectors V µ has particular consequences at lowest
order, i.e. in the limit c → ∞. In adapted coordinates such a vector may be written as

V µ
(0) ≡ lim

c→∞

dγµ
V

dt = lim
c→∞

(
1, c−1 dγi

V

dt

)
= (1, 0) , (3.6)

where γV denotes the curve to which V µ is tangent, and we used the reparametrisation
invariance of the curve to set dγ0

V /dt = 1. As a result, in this limit every vector is either
timelike, and possesses vanishing spacelike components or it vanishes altogether. Thus, in
adapted coordinates, every spatial vector such as, for example, N i is vanishing at lowest
order, i.e. N i

(0) = 0 such that γ̇µ
(0) = N−1

(0) δ
µ
0 . On the level of scalar quantities, we may

formulate this fact as

lim
c→∞

V µV νgµν = lim
c→∞

[
g00 + c−1 dγi

V

dt g0i + c−2 dγi
V

dt
dγj

V

dt gij

]
= −N2

(0), (3.7)

which is negative, implying that the vector is either timelike or equal to zero. Geometrically,
this can be understood as the light-cones making out the entire manifold as 1/c approaches
0 – spacelike-separated events are an infinite distance apart.

1For example, this includes the metric either in its covariant formulation gµν or the canonical one in
terms of N, N i and hij , but also additional (quantum-gravity inspired or electromagnetic) fields.
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For normalised timelike vectors vµ, we may go even further. In this case, we obtain

vµvνgµν ≃ −
(
v0

(0)

)2
N2

(0) − 2c−1
(
v0

(1)v
0
(0)N

2
(0) + (v0

(0))2N(0)N(1)
)

= −1, (3.8)

which can only be solved by vµ
(0) = ±γ̇µ

(0) and v0
(1) = ∓N(1)/N

2
(0). Thus, to lowest order,

any normalised timelike vector is either aligned or antialigned with the global time and
the absolute value of the time-component of any timelike unit vector is equal up to
second-order corrections. In particular, this observation applies to the Lorentz-violating
vector dµ introduced in the preceding section.

In a nutshell, there is a lot of information that can be derived from the necessity of
breaking covariance alone. This, however, is not the only subtlety of the nonrelativistic
limit in curved geometries.

All background tensor fields are expanded in 1/c. This approach indicates that, in
general, the analysis involves more than a comparison of velocities to the speed of light.
External fields may introduce additional characteristic scales. For instance, the speed of
light appears explicitly in the coupling of Einstein’s field equations,

Gµν = 8πG
c4 Tµν . (3.9)

In an expansion involving the Einstein tensor Gµν , Newton’s constant G, and the stress-
energy tensor Tµν (see [65] for details), a series in powers of 1/c implicitly assumes a
weak-gravity regime. It is crucial to distinguish, however, that the nonrelativistic limit,
defined by v/c ≪ 1, does not necessarily preclude strong gravitational fields. This kind of
ambiguity is to be expected when expanding in dimensionful parameters like 1/c.

Because this work focuses on low-energy phenomenology, we neglect gravitational
corrections at lowest order and set N(0) = 1.

3.1.2 Quantum-Gravity Inspired Corrections

External scales cannot only arise when coupling to classical gravity or other forces.
The quantum-gravity inspired corrections to relativistic particle dynamics we introduce in
sections 3.2.2 and 3.3.2 themselves depend on the Planck length ℓ. The Planck length, in
turn, is defined as

ℓ ≡
√
ℏG
c3 ∼ 10−35m, (3.10)

which clearly depends on c. Similarly, in the 1/c-expansion of the correction term, there
will be terms behaving like positive powers of c. In the strict limit of c → ∞ these would
become infinitely large.2 In the phenomenological context, however, this is irrelevant

2Similar issues have been encountered when taking the classical limit of minimal-length quantum
mechanics [66]. They have been elaborated upon and discussed further in [67].
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because the Planck length itself is exceedingly small and, independently of the appearance
of the speed of light, serves as perturbative parameter when compared to other length
(or inverse-energy) scales. Bear in mind that it is not required to apply the strict limit of
c → ∞. In reality, in the nonrelativistic regime, the speed of light is not infinite, it is just
very large. In particular it can be compensated for by other scales.

Henceforth, we refrain from expanding the phenomenological corrections to the same
degree in 1/c as we do with other terms. Instead, we solely focus on their leading
contribution in 1/c, coupled with the Planck length ℓ, an independent expansion in powers
of which is understood. By adopting this approach, we recognise the importance of singling
out the leading effects that manifest within the interplay of these distinct factors.

Time-dependent backgrounds in quantum mechanics

Now, let us obtain nonrelativistic quantum dynamics in two different ways – by virtue of
canonical quantisation of classical dynamics and as a limit of the covariant Klein-Gordon
equation (and its generalisations). When confronted with a background geometry that
lacks a timelike Killing vector field, both of these approaches encounter their respective
limitations.

In short, the issue lies in the fact that the natural Hilbert-space scalar product on
surfaces of constant time (i.e. normal to dt), be it derived from the Klein-Gordon scalar
product [68]

⟨Ψ|Φ⟩KG =
∫

dΣµ
t0 [Ψ∗∇µΦ − (∇µΨ)∗Φ] , (3.11)

or created by canonical quantization according to geometric calculus [69], contains the
volume form on these hypersurfaces Σt [70, 71, 72], i.e.

⟨ψ|ϕ⟩ =
∫

Σt

ddx
√
hψ∗ϕ, (3.12)

where h = dethij in adapted coordinates. If the volume measure
√
h appearing in this

integral changes with time, the unitarity of the resulting quantum theory ceases to be
obvious [73] just because Hilbert-space elements at infinitesimally different times cannot
be identified anymore [61]. In a similar vein, the very notion of single-particle quantum
theory becomes slightly problematic in evolving backgrounds due to particle creation.

In the main body of the thesis, we will assume that the spatial part of the metric is
constant, i.e. in adapted coordinates ∂0hij = 0.
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3.2 Canonical quantisation of nonrelativistic dynam-
ics

This section focuses on the first of two methods employed to derive the deformed
Schrödinger equation from an MDR. We begin by considering the nonrelativistic limit
at the classical level. Next, we quantise the resulting classical theory using canonical
techniques, following the established approach to quantisation on curved spaces originally
proposed by deWitt [70].

In general, starting at a dispersion relation of the kind given in Eq. (2.1), we have
to choose a slicing along which we define the Hamiltonian which governs single-particle
dynamics. Conveniently, for the nonrelativistic limit, we employ the adapted coordinate
system xµ = (ct, xi) introduced in Sec. 3.1.1. Provided the ADM-decomposition of the
metric (3.3), Eq. (2.1) can be solved for k0. Then, the dynamics of a particle along the
worldline γ is governed by the Hamiltonian

H = ck0(ki,M,Φ), (3.13)

where Φ stands for general external field content (like the metric or an electromagnetic
field). In other words, the Hamiltonian provides the energy as measured along γ. This
function is to be expanded in 1/c, first for Riemannian backgrounds, and subsequently for
a deformations thereof corresponding to the MDR in Eq. (2.9).

3.2.1 Riemannian spacetime

In order to describe motion in curved spacetime, the special relativistic dispersion
relation has to be enhanced. As a result, the dynamics of a relativistic particle on a curved
spacetime of four-momentum kµ must satisfy the constraint

C0 = −gµν(x)kµkν = M2c2. (3.14)

Demanding that the energy of the particle be positive and using Eq. (3.3), we find the
Hamiltonian

H0 = NMc2

√√√√1 + hijkikj

(Mc)2 +N ikic. (3.15)

We expand this function in velocities, thus assuming that hijkikj ≪ M2c2, as well as the
background fields as required by Eq. (3.5).

The nonrelativistic limit in and of itself consists in letting the speed of light tend to
infinity. This is only a well-defined procedure if the terms in the Hamiltonian proportional
to positive powers of c do not contribute to the equations of motion, i.e. amount to constants.
In order for this condition to be satisfied, the quantity N(1) has to be constant such that
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it can be set equal to zero by a constant reparameterisation of the time-coordinate.
As a result, the unperturbed three-dimensional tensor h(0)

ij becomes the effective metric
on the resulting hypersurfaces. In the following, the induced metric and its inverse hij

(0)

are used to raise and lower spatial indices. Neglecting the trivial constant part, the
nonrelativistic Hamiltonian amounts to

H0,NR =
hij

(0)

2M (ki −MAg
i )
(
kj −MAg

j

)
+ ϕgM, (3.16)

with the gravitomagnetic vector potential Ag
i = −N (1)

i and the gravitoelectrostatic potential
ϕg = (N(2) − N i

(1)N
(1)
i /2) (for further details, refer to [74]). The resemblance of this

Hamiltonian to the one describing a charged particle in the presence of an electromagnetic
field is evident. Here, the role of the charge is assumed by M .

Following deWitt’s approach, the quantisation of the dynamics of single particle on
a curved background is preferably obtained by choosing the Hilbert-space measure to
be provided by the invariant volume-form hddx, where h = dethij [70, 71, 72]. Corre-
spondingly, the wave functions ψ ∈ H are scalars and so is the representation of the
Hamiltonian. Following the principles of geometric calculus [69], this representation is
most straight-forwardly provided in terms of covariant derivatives ∇i compatible with the
induced metric. Including the minimal coupling of an external magnetic field obtained by
enforcing local U(1) invariance of the wave function (i.e. k̂i → k̂i − eAi, Ĥ → Ĥ + eϕ), we
obtain the operator-equivalent of the Hamiltonian

Ĥ0,NR,EMψ =
[
− hij

2M (∇i − ieAi − iMAg
i )
(
∇j − ieAj − iMAg

j

)
+ eϕe +Mϕg

]
ψ. (3.17)

Thus, in the nonrelativistic limit we observe a particle moving on a curved d-dimensional
geometry which is charged under a U(1)e × U(1)M -symmetry with charges e and M.

This finding is in line with [61], nevertheless corresponding to a generalisation thereof
because in this study the spatial metric is not assumed to be flat. Equation (3.17) is to be
extended to MDRs in the subsequent subsection.

3.2.2 Modified dispersion relations

In contrast to the Riemannian case, solving Eq. (2.1) for k0 is highly nontrivial.
However, we are only interested in solutions to order ℓ. Therefore, we can approximately
reduce Eq. (2.1) such that

C0 = M2c2 − ℓ
2∑

n=0

3−n∑
m=0

an,m,3−n−m(Mc)nkm
⊥k

3−n−m
d

∣∣∣∣∣
k0=H0/c

= (Mc)2 − δC̄,
(3.18)
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where we abbreviated δC̄ ≡ δC|k0=H0/c. Consequently, we obtain the deformed Hamiltonian

Hℓ = NMc2

√√√√1 + hijkikj − δC̄
(Mc)2 +N ikic ≃ H0 − NδC̄

2M

(
1 + hijkikj

(Mc)2

)−1/2

. (3.19)

As argued in Sec. 3.1.2, only the leading-order correction in 1/c is of interest to us. Bear in
mind, however, that relevant contributions are not allowed to amount to a total derivative
so as to contribute nontrivially to the dynamics. In particular, it has to be dependent on
positions and/or momenta.

In order to evaluate the leading contribution of δC̄, we have to study the projections
of the four-momenta respective to the slicing carved out by dµ, i.e. kd and k⊥ under the
replacement k0 → H0/c. This is most effectively done by expressing the Lorentz-violating
vector in terms of its deviation from the global time such that

dµ = γ̇µ − Aµ, (3.20)

where we may normalise in accordance with Eq. (3.8) such that

Aµ
(0) = A0

(1) = 0, A0
(2) =

Ai
(1)A

j
(1)h

(0)
ij

2N(0)
. (3.21)

Applying these conditions and expanding to second order, we obtain the momentum
projected to the hypersurfaces

k⊥|k0=H0/c ≃
√
hij

(0)

(
ki −MA(1)

i

) (
kj −MA(1)

j

)
. (3.22)

This quantity deviates from the magnitude of the momentum inasmuch as it contains the
quantity A(1)

i . Having units of velocity, this vector quantifies the relative velocity between
the reference system for the nonrelativistic limit and the deformation vector.

Defining kA
i ≡ ki − MAi and k2

A ≡ hij
(0)k

A
i k

A
j , we can finally express the corrected

nonrelativistic Hamiltonian as

Hℓ,NR ≃ HNR − ℓ

2M

2∑
n=0

3−n∑
m=0

an,m,3−n−m(Mc)3−mkm
A

[
1 + 3 − n−m

2Mc
k2

A

]
. (3.23)

While it appears that we display not only the leading but also the next-to-leading order in
1/c here, this is rooted in the fact that the leading contribution in models with m = 0
is constant. A constant addition to a Hamiltonian, however, has no influence on the
equations of motion.

To make this manifest, we parameterise the deformed nonrelativistic Hamiltonian
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differently such that it becomes

Hℓ,NR ≃ HNR − ℓ

2M

3∑
n=1

ξn(Mc)3−nkn
A. (3.24)

The newly introduced dimensionless parameters ξn are clearly more suited to the nonrela-
tivistic dynamics. They are related to the original parameterisation as

ξ1 = a1,1,1 + a2,1,0 + a0,1,2,

ξ2 = a1,2,0 + a0,2,1 + 1
2a2,0,1 + a1,0,2 + 3

2a0,0,3,

ξ3 = a0,3,0.

(3.25)

We are left with the task of canonically quantising the corrections. By analogy with Sec.
3.2, this can be done by representing momenta as gauge-covariant derivatives when acting
on position eigenstates. The Hamiltonian thus acts on wave functions ψ as

Ĥℓ,NR,EMψ = Ĥ0,NR,EMψ − ℓ

2M

3∑
n=1

ξn(Mc)3−n

×
[
−hij

(0)

(
∇i − iMAi − ieAi

)(
∇j − iMAj − ieAj

)]n/2
ψ.

(3.26)

As the corrections are functions of one operator only, namely the Laplacian with an
insertion of the field Ai, they are automatically symmetric with respect to the ordinary
volume measure hddx. Notice that the gravitomagnetic potential Ag

i only contributes to the
unperturbed Hamiltonian, and does not appear in the correction term. In the subsequent
section, this result is complemented with the deformed Schrödinger equation derived from
relativistic field theory.

3.3 Nonrelativistic limit of modified Klein-Gordon
equation

An alternative avenue to derive nonrelativistic quantum dynamics from its relativistic
counterpart is by applying the nonrelativistic limit to the single-particle sector of quantum
field theory. This approach relies on a somewhat heuristic methodology, as it necessitates
the division of modes into positive and negative frequencies, a task that generally eludes
perturbative treatment within the 1/c expansion, refer to [61] for more details. As
discussed in Sec. 3.1.2, due to particle creation this is certainly an issue in time-dependent
backgrounds.

In order to describe the dynamics of a single spinless particle, charged with respect to
U(1) gauge field, we consider the covariant Klein-Gordon equation as well as generalisations
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thereof, i.e. in adapted coordinates

[
Ĉ(−iD0,−iDi,M) −M2

]
φ = 0. (3.27)

Here, φ is the scalar field, and Dµ stands for the gauge-covariant derivative including the
U(1)-gauge field Aµ and the charge e, i.e.

Dµ = ∇µ − ieAµ. (3.28)

The covariant derivative ∇µ is based on the Levi-Civita connection Γρ
µν compatible with

the background metric gµν .
Inspired by an approach developed in [73, 59, 75, 61], we apply a WKB-like expansion

to Eq. (3.27). In this vein, we assume the scalar field to be given as

φ = e−iMcλψ = e−iMcλ
∞∑

n=0

ψn

cn
, (3.29)

with some scalar function with units of length λ, assumed to be uncharged under U(1),
while the field ψ = ∑∞

n=0 c
−nψn carries the charge e. From the field equation, it is possible

to derive the effective equation of motion for the Schrödinger field ψ0. First, this procedure
will be followed for general Riemannian geometries, to be subsequently generalised to
deformed Casimir operators.

3.3.1 Riemannian spacetime

On a curved spacetime characterised by the metric gµν(x) and considering a U(1)-gauge
field, the mass Casimir operator equals the covariant d’Alembertian

Ĉ0(−i∇µ, Aµ) = gµνDµDν . (3.30)

Plugging in the ansatz given by Eq. (3.29), the corresponding Klein-Gordon equation
reads

[
−M2c2(gµν∇µλ∇νλ+ 1) − iMc (2λ+ 2gµν∇µλDν) + gµνDµDν

]
ψ = 0, (3.31)

with the d’Alembertian 2 = gµν∇µ∇ν . This equation is to be expanded in powers of 1/c.
In accordance with Eq. (3.5), the involved background fields, i.e. the metric gµν and the
gauge field Aµ, necessarily have to be expanded as well.

At order c2, the covariant Klein-Gordon equation yields the condition

−gµν
(0)∂µλ∂νλ = 1. (3.32)
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This equation implies two points.

• First, it characterises λ as the proper distance (or rescaled proper time) covered
along a timelike curve on the geometry compatible with the metric g(0)

µν , i.e. λ = cτ(0).

Thus, the solution (3.29) indeed corresponds to a single particle moving along this
curve.

• Second, the timelike form ∂µλ is normalised at zeroth order. Thus, by Eq. (3.8), it
is aligned with the global time, i.e. γ̇(0)dxµ = dλ. In adapted coordinates, we may
express this condition as dλ = −N(0)cdt, which suffices to foliate the background
spacetime into evolving hypersurfaces of constant time as in Eq. (3.1).

When further expanding Eq. (3.31) in powers of 1/c, it is important to bear in mind
that gµν

(0)γ̇
(0)
ν ∇(0)

µ in adapted coordinates is to become a derivative with respect to the time
coordinate, thus being accompanied by a factor of 1/c. This will cease to be the case at
higher order, where the vector gµν γ̇(0)

µ gains spacelike components. Similarly, the timelike
component of the electromagnetic potential γ̇(0)

µ Aµ, in general, goes at most as 1/c. At
order c Eq. (3.31) then reduces to a complex constraint on the background metric. Thus,
we obtain two consistency conditions for the existence of solutions of the form (3.29), i.e.

gµν
(1)γ̇

(0)
µ γ̇(0)

ν = K(0) = 0, (3.33)

with the trace of the extrinsic curvature of the spacelike hypersurfaces K ≡ −hµν∇µγ̇ν .

Consequently, similarly to the classical case N(1) = 0 (c. f. the reasoning below Eq. (3.15)),
and the extrinsic curvature vanishes at lowest order. This is the logical consequence of
there only being timelike vectors at that level. In adapted coordinates, the extrinsic
curvature reads [64]

K = hij

2N
(
2∇iNj − c−1∂0hij

)
. (3.34)

Hence, K(0) = 0 is trivially satisfied. Finally, at order (1/c)0, we obtain the effective
Schrödinger equation

i∂0ψ =
[
− hij

2M (∇i − ieAi − iMAg
i )
(
∇j − ieAj − iMAg

j

)
+Mϕg + eϕe

]
ψ, (3.35)

where the gravitational and magnetic potentials are defined as below Eq. (3.16), and
where we removed the sub- and superscripts indicating the orders to avoid unnecessary
cluttering.

As N(0) = 1 and N i
(0) = 1, the spatial part of the covariant derivatives ∇(0)

i is compatible
with the induced metric hij

(0). Therefore, the vector operator −i∇i is Hermitian with respect
to the effective Klein-Gordon measure given in Eq. (3.11). Following straightforwardly
what is done in Sec. 3.2.2, Eq. (3.35) will now be generalised to MDRs.
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3.3.2 Modified dispersion relations

Modifications of the mass Casimir as in Eq. (2.3) imply deformations to the Klein-
Gordon equations in accordance with Eq. (3.27). In this sense, we may interpret the
four-momentum as a gauge-covariant derivative. Define the operator-valued counterparts
of k⊥ and kd as

k̂2
⊥φ = −Dµg

µν
⊥ Dνφ, (3.36)

k̂dφ = i

2{dµ, Dµ}φ =
√
M2c2 + k̂2

⊥ψ + O(ℓ), (3.37)

the anticommutator {, } was introduced to render the operator k̂d symmetric with respect
to the Klein-Gordon measure (provided in (3.11)). Consequently, [k̂d, k̂⊥] = 0 at order ℓ0.

This implies that the pseudo-Riemannian Casimir is modified as (c. f. [76, 77, 78, 79])

Ĉℓ = Ĉ0 + ℓ

2

2∑
n=0

3−n∑
m=0

an,m,3−n−m(Mc)nk̂m
⊥ k̂

3−n−m
d

= Ĉ0 + δĈ.

(3.38)

The model coefficients an,m,3−m−n are in one-to-one correspondence to the ones in Eq.
(2.4).

In the following, we aspire to obtain the leading corrections to the action of δĈ on
the scalar. In this vein, it is crucial to recognize that the phase factor satisfies D(0)

i λ = 0
and D

(0)
0 λ = −c. Thus, to lowest order the phase is an eigenfunction of the covariant

time-derivative operator
iD

(0)
0 eiMcλ = Mc2eiMcλ. (3.39)

As a result, the combination D(0)
0 φ is of order c2, while D(0)

i φ is of order one. Furthermore,
at order ℓ the time-derivative of the wave function can be approximated by applying Eq.
(3.35) to it. Then, using Eq. (3.21) and parameterising the deviation of the Lorentz-
violating vector from the tangent vector of the curve γ in accordance with Eq. (3.20), we
obtain the leading-order representations

e−Mcλk̂2
⊥φ ≃ − hij

(0)

(
D

(0)
i − iMA(1)

i

) (
D

(0)
j − iMA(1)

j

)
ψ ≡ k̂2

Aψ, (3.40)

e−Mcλk̂dφ ≃

Mc+ k̂2
A

2Mc

ψ. (3.41)

With these expressions in mind, we can obtain the corrections to the Schrödinger equation

i∂0ψ =Ĥ0,NR,EMψ − ℓ

2M

3∑
n=1

ξn(Mc)3−nk̂n
Aψ, (3.42)
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where the dimensionless numbers ξn parameterise the result in accordance with Eq. (3.25).
Thus, the nonrelativistic evolution exactly equals Eq. (3.26).

3.4 Phenomenological implications in the infrared
Summarising the above, we have derived nonrelativistic quantum dynamics in two com-

plementary ways, as presented in Eqs. (3.26) and (3.42), converging to the nonrelativistic
Hamiltonian operator

Ĥℓ,NR,EMψ =
[
− hij

2M (∇i − ieAe
i − iMAg

i )
(
∇j − ieAe

j − iMAg
j

)
+ eϕe +Mϕg

− ℓ

2M

3∑
n=1

ξn(Mc)3−n
[
−hij (∇i − ieAe

i − iMAi)
(
∇j − ieAe

j − iMAj

)]n
2

]
ψ.

(3.43)

Equation (3.43) constitutes the central result of this chapter. We emphasise that this
Hamiltonian encompasses the nonrelativistic dynamics of all analytic MDRs up to order ℓ.

Before proceeding to specific applications, a conceptual point must be addressed
regarding the applicability of Eq. 3.43 to composite systems. A naive extrapolation of
single-particle deformations to a macroscopic body composed of N constituents would
suggest an unphysical accumulation of Planck-scale corrections, scaling with the total mass
Mmac = Nm. This is the essence of the so-called soccer-ball problem [80, 44, 81, 82].
However, as explicitly derived in Appendix A from the classical Lagrangian of a multi-
particle system, the effective deformation parameter for the center-of-mass dynamics is
rescaled according to ℓ → ℓ/N . Consequently, when analyzing macroscopic objects, the
relevant comparison is not between the macroscopic mass and the Planck mass, but rather
between the mass of the fundamental constituents (e.g., protons) and the Planck mass.
This dilution mechanism ensures the suppression of quantum-gravity effects in the classical
limit while preserving the possibility of amplified signatures in the infrared regime of
individual or few-particle quantum systems.

The focus of this section is on analysing this unified Schrödinger equation as to report
which kinds of models serve as a reliable foundation for low-energy quantum gravity
phenomenology. Indeed, there are some conclusions that can be drawn from Eq. (3.43) at
the general level, without specifying the considered MDR. Amongst these are the results
depicted in Fig. 3.1.

• Being dependent on fractional powers of the second-order differential operator
k̂2

A, the corrections to the Hamiltonian are generally nonanalytic and therefore
nonlocal. The appearance of such nonanalyticities is not a novelty in linearly deformed
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k3(GUP)E2k
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M k2

M2E

Figure 3.1: Dependence of correction terms to the relativistic dispersion relation on
momentum k, mass M, and energy E for all models at order ℓ. The violet (right) and red
(left) circles indicate those which are amenable to relativistic (UV) and nonrelativistic
(IR) measurements, respectively. Those which are particularly suitable for nonrelativistic
reasoning are framed and have an additional red background. The GUP is indicated by a
frame and with a white background.

nonrelativistic quantum dynamics and generally expected at the nonperturbative
level. For instance, they have been encountered in the context of the linear and
quadratic GUP (see e. g. [83]).

• As in the nonrelativistic regime by construction ⟨hij k̂ik̂j⟩ ≪ (Mc)2, those MDRs
which lead to linear corrections in k̂A, in Eq. (2.4) the ones linear in k, i.e. deforma-
tions of the form E2k, MEk or M2k, have the largest effects. Therefore, they are
displayed in frames in Fig. 3.1. The corresponding Hamiltonians have the form

Ĥℓ,NR,EM ≃ Ĥ0,NR,EM − ξ1ℓMc2

2 k̂A, (3.44)

such that the ensuing quantum-gravity contribution to the dynamics has the ad-
vantage of being amplified by a factor of c2. However, this also implies that the
corrections become large in the far IR. If, for simplicity, Ai = 0, this is the case once
⟨k̂⟩ ≲ ξ1ℓ(Mc)2. In fact, this property is shared with the underlying MDR which at
small momenta becomes

M2c4 ≃ E2 − k2c2 − ξ1ℓM
2c4k ≃ E2 − ξ1ℓM

2c4k. (3.45)

This finding entails an entirely new string of IR-phenomenology which has already
been emphasised in [84, 6].

• Corrections quadratic in k̂A, stemming from the models Mk2, Ek2 (corresponding
to the bicrossproduct basis of the κ-Poincaré algebra [85]), M2E, ME2 and E3,
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lead to a modification akin to the kinetic term. The underlying Hamiltonian is of
the form

Ĥℓ,NR,EM ≃ Ĥ0,NR,EM − ξ2ℓMc2

2 k̂2
A. (3.46)

In comparison to the ordinary kinetic term, here the mass is amended by a term
comparing M to c/ℓ (i.e. the Planck mass), and the particle is minimally coupled to
the vector potential Ai. If Ai and N i vanish, this comes down to a modification of
the inertial mass, thus leading to a violation of the equivalence principle. We will
come back to this point in section 3.6.2.

• Corrections proportional to k3
A, i.e. MDRs of the form k3 occurring in LIV-models

[86] and a lesser-known basis of the κ-Poincaré algebra [87, 88], are special in their
own right. Indeed, for isotropic backgrounds (Ai = 0), they exactly correspond to
the kind of correction induced by the linear GUP [89, 90], i.e.

Ĥℓ,NR,EM ≃ Ĥ0,NR,EM − ξ3ℓ

2M k̂3
A. (3.47)

In other words, this class of models predicts the customary minimal-length contribu-
tion at lowest order. Remarkably, those are the models which are least amenable to
nonrelativistic tests, roughly going like v2/c2 (with the speed of the object at hand
v) with respect to those which are linear in k̂A. Therefore, they are the only ones on
the violet side of Fig. 3.1.

• The relative velocity between the reference system and the deformation vector Ai is
a central characteristic of the deformation-induced contributions to the evolution.
This is where LIV and DSR diverge in interpretation. While the application of
DSR avoids the presence of a preferred frame such that the vector Ai is probably
unobservable,3 LIV requires a preferred frame. For the moment, we concentrate
on the latter. Considering planet earth as the reference as, for example, required
to describe table-top experiments, barring cosmic conspiracies, this dependency
implies universal seasonal changes to most of the existing observables. Indeed, it is
well-known not only that the earth moves relative to the rest frame of the cosmic
microwave background at a speed of ∼ 10−3c but also that this speed undergoes
changes of order 1 along the earth’s trajectory. Hence, if the deformation vector dµ

does not vary along the way exactly such that this effect is continuously cancelled
out, amounting to the above-mentioned cosmic conspiracy, we can generally estimate
that

A ≡
√
hijAiAj ≥ 10−3c (3.48)

3While vectors of this kind do arise in DSR, they transform in a special way under the deformed
Lorentz transformations such that their orientation with respect to the observer does not change [91]. If
the preferred direction, for instance, is to the observer’s right, it will be so in every reference frame.
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for considerable time-spans during the year. While this speed is nonrelativistic, it
results comparably large with respect to the dynamics of ordinary nonrelativistic
systems. Therefore, in many relevant cases for phenomenology we can approximate
k̂A ≃ MA. This is particularly interesting because, then, in terms of the kinetic
term Ĥkin = k̂2/2M, the correction terms Ĥn assume the form

Ĥn = −ξnℓ(Mc)3−n k̂
n
A

k̂2
Ĥkin ≃ −ξnℓM

3c3−n An

k̂2
Ĥkin. (3.49)

In comparison to the ordinary kinetic term their contribution becomes larger, the
smaller the velocities of the involved particles relative to the given reference system
are. This introduces a strong amplifier for macroscopic quantum objects which
generally move more slowly. Indeed, on the classical level, we obtain

Hn ≥ −ξn10−3nℓMc
(
c

v

)2
Ĥkin, (3.50)

with the velocity v. If 10−3nℓMc ∼ 10−19−3n as, for example for the proton (whose
mass is generally compared to the Planck mass also for macroscopic objects, c. f.
Appendix A), this factor may soon be overcome by precise experimentation involving
small velocities.

In a nutshell, with Eq. (3.43) we have a unifying description of MDRs in the nonrelativistic
regime at our disposal, and ranked the underlying MDRs by amenability to nonrelativistic
experiments leading up to Fig. 3.1. Furthermore, we have already found a connection to
minimal-length models. In the subsequent section, we deepen this connection by translating
the corrections into the language of GUPs.

3.5 Relation to minimal-length models

As expressed in Eq. (3.43), the nonrelativistic limit of MDRs harbours quantum-gravity
inspired deformations of the single-particle Hamiltonian. The kinematics, in turn, is
undeformed. Schematically, this structure can be outlined as

[x̂i, k̂j] = iδi
j, Ĥ = k̂2

2M + V (x̂) + δH(k̂). (3.51)

In the context of minimal-length theories, this way of displaying the corrections is known as
the wave-number representation [92], owing to the fact that the wave number k̂ is defined
to be the conjugate variable to the position. The momentum p̂, in turn, is understood to
be a function of the wave number. The customary starting point then lies in deforming
the Heisenberg algebra (between x̂i and p̂j), while assuming the Hamiltonian to appear
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undeformed in the phase-space coordinates underlying that algebra, i.e.

[x̂i, p̂j] = if i
j(p̂), Ĥ = p̂2

2M + V (x̂), (3.52)

for some tensor-valued function f i
j . As long as the coordinates x̂i commute,4 the schemes

in Eqs. (3.51) and (3.52) are related by the noncanonical transformation k̂i → p̂i, x̂
i → x̂i.

Therefore, as long as the Jacobian J i
j = ∂p̂i/∂k̂j = f i

j , is nondegenerate, models of the kind
given in Eq. (3.51) can be reexpressed as a minimal-length deformation of the Heisenberg
algebra with commuting coordinates. Note that this transformation essentially corresponds
to a relabelling of momenta. The pair of phase-space variables (x̂, p̂), not being of Darboux-
type, does not satisfy Hamilton’s equations but a generalisation thereof derived from
the Heisenberg equation (for the position operator for example ˙̂x = −i[x̂, Ĥ] ̸= dĤ/dp̂).
Time-dependent canonical transformations require a modification of the Hamiltonian in
order to preserve the structure of Hamilton’s equations. As Hamilton’s equations can a
priori not be preserved in the present case, the Hamiltonian stays unmodified under the
change (x̂, k̂) → (x̂, p̂) even if the vector field Ai is time-dependent.

For the deformations we obtained in Eqs. (3.26) and (3.42) (ignoring for the moment
the unrelated issues with time-dependent backgrounds), and to first order in ℓ, we can
express the momentum operator as

p̂i = k̂i − ℓ

4

k̂i − 2MAi + M2

2

A2,
k̂i

k̂2

 , ξ1(Mc)2

k̂A
+ ξ2Mc+ ξ3k̂A

 , (3.53)

where A2 = hijAiAj, to obtain a structure of the kind given in Eq. (3.52). This implies
that the canonical commutation relations are deformed as

[x̂i, p̂j] =iδi
j

[
1 − ℓ

4

{
1 + M2

2
{
A2, p̂−2

}
,
ξ1(Mc)2

p̂A
+ ξ2Mc+ ξ3p̂A

}]

+ iℓM2

4

{{
p̂ip̂j

p̂3 ,A2
}
,
ξ1(Mc)2

p̂A
+ ξ2Mc+ ξ3p̂A

}

− iℓ

4

{
p̂i

A

(
−ξ1(Mc)2

p̂3
A

+ ξ3

p̂A

)
, p̂j − 2MAj + M2

2

{
A2,

p̂j

p̂2

}}
, (3.54)

where we introduced the operator p̂A
i = p̂i −MAi. As Eq. (3.54) is, admittedly, involved,

it is instructive to revert to the isotropic case Ai = 0. As a result, the momentum operator
p̂i can be expressed as

p̂i|Ai=0 = k̂i

[
1 − ℓ

2

(
ξ1(Mc)2

k̂
+ ξ2Mc+ ξ3k̂

)]
. (3.55)

4The commutator of the coordinates is exactly specified by a Jacobi identity given a function f i
j , see

[71] for more details.
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By analogy with Eq. (3.54), the Heisenberg algebra is deformed as

[x̂i, p̂j] = i

[
1 − ℓ

2

(
ξ1(Mc)2

p̂
+ ξ2Mc+ ξ3p̂

)]
δi

j − iℓ

2

(
ξ1(Mc)2

p̂3 + ξ3

p̂

)
p̂ip̂j. (3.56)

In the context of the literature on minimal-length models the deformed Heisenberg algebra
given in Eq. (3.54) as well as its simplified version (Eq. (3.56)) are unusual in several
aspects. A number of comments are in order.

• The appearance of Ai in Eq. (3.54) indicates a degree of anisotropy in the model
induced by the external vector dµ. Anisotropic minimal-length models, while having
been considered recently [93, 94], are rather uncommon. As highlighted in in the
reasoning leading up to Eq. (3.91), in LIV the vector Ai is expected to undergo
seasonal changes (and therefore be time-dependent) by a magnitude of the order
10−3c which amounts to a large velocity in comparison to conventional nonrelativistic
dynamics. Yet, if the model is complemented by deformed Lorentz-transformations
under which it is symmetric, the nonrelativistic model is expected to inherit a
symmetry under a deformation of rotations so that the anisotropy may only be
apparent, see e. g. [95].

• For nonvanishing Ai, but also for isotropic models with nonvanishing ξ1, the deformed
Heisenberg algebra contains inverse powers of the momentum operator. Considering,
for simplicity, Ai = ξ2 = ξ3 = 0, we have

[x̂i, p̂j] = i

[
1 − ξ1ℓ(Mc)2

2p̂

]
δi

j + iℓξ1(Mc)2

2p̂
p̂ip̂j

p2 . (3.57)

Both correction terms in this case go like p̂−1. This implies that the models do
not reduce to ordinary quantum mechanics in the small-momentum limit, i.e.
limp̂i→0[x̂i, p̂j ] ̸= iδi

j. As the commutator of positions and momenta exactly equals the
Jacobi matrix, this implies that the noncanonical transformation x̂i → x̂i, k̂i → p̂i

is degenerate at this point. In other words, our perturbative expansion in ℓ breaks
down because the correction to the nonrelativistic Hamiltonian, Eq. (3.43), becomes
larger than the kinetic term – note that this is not an issue at the relativistic level
where the dispersion relation additionally contains the rest mass (c. f. Eq. (3.45)).
In minimal-length model building the appearance of inverse powers of p̂ is usually
avoided due to the technical and conceptual issues nontrivial IR effects entail. How-
ever, these problems do not indicate that the model is wrong per se. As mentioned
in the preceding section, this effect may just be the result of UV/IR-mixing (see
[96, 97]) in low-energy quantum gravity phenomenology (c. f. Sec. of [6] and [84]).

• Customary minimal-length models correspond to the sector Ai = ξ1 = ξ2 = 0 of the
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full parameter space, thus deriving from MDRs of the kind

M2c4 = E2 − k2c2 − ξ3ℓc
2k3, (3.58)

and can be turned into the deformed Heisenberg algebra

[x̂i, p̂j] = i

[
1 − ξ3ℓp̂

2

]
δi

j − iℓξ3p̂

2
p̂ip̂j

p2 , (3.59)

which is equivalent to the first-order approximation of the linear and quadratic
GUP [89] with model parameter α = 2ξ3. Similarly, the quadratic GUP, involving
commutative coordinates, at second order in ℓ assumes the form

[x̂i, p̂j] ≃ i
[
(1 + βℓ2p̂2)δi

j + 2βp̂ip̂j

]
, (3.60)

with the dimensionless quadratic GUP-parameter β. These results have two conse-
quences.

First, it is noteworthy that all existing constraints on minimal-length models can
be readily employed to constrain the parameter ξ3 = a0,0,3 and vice versa. The
reciprocal transfer of information between minimal-length models and MDRs imposes
rather stringent limitations on the linear GUP-parameter α (and, by extension, on
its quadratic counterpart β). Notably, time-delay measurements, for instance of the
gamma-ray burst GRB 190114C [98], the blazar PKS 2155-304 [99], and the Crab
pulsar [100] yield constraints on the order of magnitude

α < O(1) and β < O(1016). (3.61)

Consequently, these findings establish stringent bounds on the linear GUP reaching
up to the Planck scale, while also improving upon previous constraints for the
quadratic GUP by approximately 17 orders of magnitude.5

Second, there is a clear sense in which the MDRs given in Eq. (2.3) are more general
than conventional minimal-length models.

• As the relation to minimal-length models is instantiated by a redefinition of the
momentum phase-space variable, the underlying coordinates are forced to commute.
This continues to be the case on the nonperturbative level. General isotropic6

minimal-length models encompass noncommutative geometries. Hence, in a certain
sense, minimal-length models are also more general than MDRs.

5Previously, scanning tunnelling microscope experiments [8, 101] had provided the most stringent
constraints of β < 1033 in this context (see [67] for an up-to-date collection of bounds).

6Here we only consider isotropic models for clarity. The underlying reasoning could be straightforwardly
generalised to anisotropic ones.
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The link between minimal-length models and MDRs offers notable advantages by enabling
the transfer of constraints from the latter to the former. However, it is worth emphasising
that nonrelativistic considerations can also contribute to enhancing the constraints on
MDRs. This aspect is exemplified in the subsequent subsection.

3.6 Applications

A phenomenological model is considered incomplete if it does not yield reasonably
testable predictions concerning observable phenomena. The following analysis examines
the implications of the deformations proposed in Eq. (3.43).

3.6.1 Harmonic Oscillator

In flat spacetime, there exists a foliation where N = 1, N i = 0, and hij = δij . Therefore,
we straightforwardly obtain the deformed flat-space Schrödinger equation

i∂0ψ =
[
− ∆0

2M + eϕe − ℓ

2M

3∑
n=1

ξn(Mc)3−n(−∆A)n/2
]
ψ, (3.62)

with the A-deformed gauge-covariant flat-space Laplacian ∆0,A
7. In Cartesian coordinates,

this differential operator can be expressed as

∆0,A = δij (∂i − ieAe
i − iMAi) (∂j − ieAe

i − iMAj) . (3.63)

The ordinary gauge-covariant Laplacian ∆0 can be derived using the following relation as
∆0 = ∆0,A|Ai=0. Furthermore, in flat space, we can translate the deformed Schrödinger
equation into the momentum representation

i∂0ψ̃ =
[
− k2

2M + eϕe(i∂̇i) − ℓ

2M

3∑
n=1

ξn(Mc)3−nkn
A

]
ψ̃, (3.64)

with the momentum-derivative ∂̇i = ∂/∂ki. The shift to the momentum-representation
removes the intricacies of fractional powers of differential operators. The ensuing corrections
are universal in the same way that GUP-corrections are [101]. This allows for a plethora
of different applications to table-top experiments.

Among others, in the context of minimal-length models, for example, there have been
constraints from implementations of Planck-scale corrections to the harmonic oscillator
[102, 103, 104, 90], the hydrogen atom [105, 106, 107, 108, 109], the scanning tunnelling
microscope [8, 101], the µ anomalous magnetic moment [110, 101], the Landau levels

7We decompose the operator as ∆0,A = ∆0 + ∆A, where ∆0 denotes the ordinary gauge-covariant
Laplacian and ∆A encodes the contributions proportional to Ai.
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[90, 101, 111] (c. f. Sec. 3.6.3), the lamb shift [101, 90], 87Rb interferometry [112, 113], the
Kratzer potential [114], stimulated emission [115], quantum noise [116] and the Tsirel’son
bound [117]. A wide range of examples, including those mentioned above and many others,
can be explored within the broader framework of MDR-induced deformations.

Here, we will content ourselves with corrections to energy eigenvalues of the isotropic
harmonic oscillator under the assumption that Ai = 0, thus outlining a procedure for
general analyses into central potentials for isotropic Lorentz-violation. At the unperturbed
level, and in spherical coordinates, the isotropic harmonic oscillator allows for the stationary
states [118]

ψ̃nlm = Rnl(k)Y m
l (θ, ϕ), (3.65)

with the spherical harmonics Y m
l and the radial component

Rnl(k) = Nnlk
lL

l+ 1
2

n−l
2

(
k2

Mω

)
e− k2

2Mω . (3.66)

Here, we introduced the normalisation factor

Nnl = 2

√√√√2n+l
2 (Mω)− 3

2 −l(n−l
2 )!√

π(n+ l + 1)!! . (3.67)

Moreover, ω and La
n(x) stand for the oscillation frequency and the generalised La-

guerre polynomials, respectively. The integers (n, l,m), where n ≥ 0, l = mod (n, 2),
mod (n, 2) + 2, . . . n, −l ≤ m ≤ l, denote the quantum numbers, in terms of which the
unperturbed eigenenergies read

En = ω
(
n+ 3

2

)
. (3.68)

Applying time-independent perturbation theory [119], the corrections to the eigenvalues
can be obtained as

∆Enl = − ℓ

2M

3∑
o=1

ξo(Mc)3−o⟨ψnlm|k̂oψnlm⟩. (3.69)

Thus, we have to calculate the expectation value of powers of k̂, which effectively comes
down to evaluating a momentum-space integral in spherical coordinates. The angular
integration is trivial, such that the expectation value simplifies to

⟨k̂o⟩ = N2
nl

∫ ∞

0
dkko+2R2

nl(k). (3.70)

Indeed, this kind of expression for corrections to the spectrum of the Hamiltonian is
generic for every central potential. In this specific case, the integral is over polynomials
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multiplying a Gaussian akin to moments of a normal distribution. Thus, introducing the
dimensionless k̄ = k/

√
Mω, we can solve the integral in all generality with the help of an

analogue to a source J such that

⟨k̂o⟩ =(Mω) 3+2l+o
2 N2

nl lim
J→0

∂o+2l+2

∂Jo+2l+2

[
L

1
2 +l
n−l

2

(
∂2

∂J2

)]2 ∫ ∞

0
dk̄e−k̄2+Jk̄, (3.71)

=(Mω) o
2
2 2+n+l

2
(

n−l
2

)
!

(n+ l + 1)!! lim
J→0

∂o+2l+2

∂Jo+2l+2

[
L

1
2 +l
n−l

2

(
∂2

∂J2

)]2

e
J2
4

[
1 + Erf

(
J

2

)]
, (3.72)

with the error function Erf(x). The generalised Laguerre polynomials have the closed-form
expression

Lα
n(x) =

n∑
n′=0

(−1)n′
(
α + n

n− n′

)
xn′

n′! , (3.73)

with the binomial coefficient
(

m
n

)
. Furthermore, derivatives of the generating function can

be obtained in general, yielding

lim
J→0

∂o

∂Jo
e

J2
4

[
1 + Erf

(
J

2

)]
= Γ

(
o+ 1

2

)
. (3.74)

As as result, we can express the expectation value of powers of the momentum as

⟨k̂o⟩ = (Mω) o
2
2 2+n+l

2
(

n−l
2

)
!

(n+ l + 1)!!

n−l
2∑

n′,n′′=0
(−1)n′+n′′

(
n+l+1

2
n−l−n′

2

)(
n+l+1

2
n−l−2n′′

2

)Γ
[

3+o+2(l+n′+n′′)
2

]
n′!n′′! . (3.75)

Note that n − l is an even number such that the sum is well-defined. For the MDRs
associated with ξ2, this expression simplifies significantly. In fact, it is possible to provide
a closed-form expression even in the case of nonvanishing, but constant Ai such that

∆En|ξ1=ξ3=0 = −ξ2

2 (Mc)ℓ
[
MA2 + ω

(
n+ 3

2

)]
= −ξ2

2 (Mc)ℓ
[
MA2 + En

]
. (3.76)

Here, the corrections introduced by nonvanishing Ai are constant, and can therefore be
absorbed into a redefinition of the zero-point energy.

The harmonic oscillator holds significance beyond its pedagogical value. In recent years,
considerable research has focused on investigating the potential of macroscopic harmonic
oscillators as a means to examine minimal-length deformations [8, 120, 121]. Notably, in
[120], bounds on the quadratic GUP-parameter β were derived through such investigations.
It is important to note that these analyses did not incorporate the necessary rescaling
of the minimal length for compounds provided in Eq. (A.4). Taking into account this
rescaling, the ensuing constraint becomes

β < O(1048), (3.77)
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bearing testament to the elusiveness of minimal-length deformations in the nonrelativistic
regime. In order to shed light on the potential implications of quantum gravity phenomenol-
ogy at low energies, we aim to establish a preliminary estimate of how the obtained results
could be translated into constraints on the various MDR-parameters ξn. To accomplish
this, we begin by deriving an approximate bound on the linear GUP-parameter α, which,
as discussed in Section 3.5, essentially corresponds to ξ3. Subsequently, we proceed to
approximate the resulting constraints on ξ1 and ξ2. We stress that these considerations
cannot replace a full phenomenological derivation of the effect.

On the level of order-of-magnitude estimates, the linear and the quadratic GUP imply
perturbative corrections ∆GUPO to the predicted value of any observable O which go like

(∆O)GUP ∼ Oαℓk̄ and (∆O)GUP ∼ Oβ
(
ℓk̄
)2
, (3.78)

respectively, with some momentum scale k̄. If this observable has been measured to a
relative precision δO = ∆O/O, and no deviation from the case ℓ = 0 has been detected,
the model parameters can be constrained as

α ∼ δO

ℓk̄
and β ∼ δO(

ℓk̄
)2 . (3.79)

Above, we have provided an upper bound to the quadratic GUP of the form β ≤ β0. By
virtue of Eq. (3.79), such a bound can be roughly translated to the linear GUP as

α ≤
√
β0δO. (3.80)

In [120], the observable in question is given by the frequency ω which is measured to a
relative precision of δω ∼ 10−7, thus leading to a bound

α ≤ 1021. (3.81)

Bounds on the other MDR-parameters can be obtained considering that we can estimate
⟨pσ⟩ ∼ (Mv)σ, with the velocity v ∼ Āω, and the maximal amplitude Ā. From this
consideration, we infer that bounds on ξ3 may be roughly translatable to the other MDRs
by the recipe

α ∼ ξ3 ∼ c

v
ξ2 ∼

(
c

v

)2
ξ1. (3.82)

As expected, we see an enhancement of the effect for other MDRs. For instance, in
[120], the considered oscillator moves at a velocity v ∼ 10−11c. Thus, our preliminary
considerations indicate that we may obtain bounds of the orders of magnitude

ξ1 ≤ O(10−1), ξ2 ≤ O(1010), ξ3 = O(1021). (3.83)
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Thus, even though the input constraint in Eq. (3.77) appears to be far below the Planck
scale, it could actually rule out those MDRs associated with the parameter ξ1. We find a
clear indication that nonrelativistic experiments are more than competitive in some areas
of quantum gravity phenomenology.

3.6.2 Equivalence Principle

We now investigate the impact of MDR-induced corrections on the Weak Equivalence
Principle (WEP). For simplicity, we assume that the corrections are isotropic, in other
words, Ai = 0, and that electromagnetic interactions are negligible (Ae

i = ϕe = 0).
Near the surface of a very massive body, the gravitational potential can be approximated

as ϕ = gz, where g is the gravitational acceleration. From Eq. (3.43), the corresponding
Hamiltonian reads:

Ĥℓ,NR,N = p̂2

2MI

+Mgz − ℓ

2

(
ξ1p̂Mc2 + ξ3

p̂3

M

)
, (3.84)

where the deformed inertial mass is defined as

MI ≡ M

1 − ξ2ℓMc
≃ M (1 + ξ2ℓMc) . (3.85)

The corresponding Heisenberg equations of motion are:

MI
˙̂xi = p̂i

[
1 − ℓMI

2

(
ξ1Mc2

p̂
+ 3ξ3p̂

M

)]
, ˙̂pi = −Mgδiz. (3.86)

Assuming the particle starts from rest at time t = 0, the expectation value of the
absolute acceleration, a = ⟨|¨̂xi|⟩, becomes:

MIa = (1 − 3ξ3ℓgMIt)Mg ≡ Mg(t)g, (3.87)

where the last equality defines a time-dependent effective gravitational mass Mg.
This result clearly demonstrates that the Weak Equivalence Principle, one of the most

stringently tested principles in physics, is violated under Planck-scale corrections induced
by MDRs.

The violation of the Weak Equivalence Principle (WEP) can be quantified via the
Eötvös parameter, η(A,B), for two freely falling bodies A and B:

η(A,B) = 2
〈Mg,A

MI,A
− Mg,B

MI,B
Mg,A

MI,A
+ Mg,B

MI,B

〉
≃ cℓ(MB −MA) (ξ2 + ξ3βrel) , (3.88)
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where βrel ≃ gt/c is the ratio of the test mass velocity to the speed of light.
The MICROSCOPE collaboration has placed the most stringent bound on the Eötvös

parameter to date:
|η| < 10−14. (3.89)

Future experiments are expected to improve this limit by at least one additional order of
magnitude.

Notably, MICROSCOPE involves macroscopic test masses. To account for the suppres-
sion of quantum-gravity effects with the increasing number of elementary constituents N ,
we rescale the minimal length as ℓ → ℓ/N . Under this assumption, the Eötvös parameter
becomes:

η(A,B) = cℓ

N
(Mg,B −Mg,A)

(
ξ1
c

A
+ ξ2 + ξ3A

)
, (3.90)

where
A ≡

√
hijAiAj ≳ 10−3c (3.91)

is a lower bound for the center-of-mass velocity of the constituents.
Considering MICROSCOPE operates with mass differences of order ∼ 1 kg and a

maximal relative velocity resolution of ∆βrel ∼ 10−17, the resulting bounds are:

|ξ2| ≤ O(104), |ξ3| ≤ O(1021). (3.92)

Thus, MDRs associated with ξ2 are constrained to energy scales up to three orders of
magnitude below the Planck scale, while constraints on GUP-like MDRs (associated with
ξ3) remain relatively weak.

The suppression with increasing N can be circumvented by employing microscopic
systems. For single atoms (N ∼ 1), the best constraints to date yield |η| ≤ O(10−12) with
velocities up to v ∼ 10−7c. This leads to the bounds:

|ξ2| ≤ O(108), |ξ3| ≤ O(1015). (3.93)

Interestingly, the constraint on ξ2 is weaker than the macroscopic bound, while the bound
on ξ3 is significantly improved. This discrepancy arises from the higher velocities achieved
in atomic interferometry compared to macroscopic setups.

3.6.3 Landau Levels

First, to facilitate a detailed analysis of the deformed dynamics described by Eq. (3.43),
we make a number of simplifying assumptions. Specifically, we assume that the electric
and gravitational potentials (ϕ and ϕg) vanish, and the Lorentz-violation is aligned along
the global time-direction (Ai = 0). With these assumptions in place, the corrections in
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the dynamics depend solely on the undeformed Hamiltonian. In other words, we obtain

Ĥℓ,NR,EM = Ĥ0,NR,EM − ℓ

2M

3∑
n=1

ξn(Mc)3−n(2MĤ0,NR,EM)n/2. (3.94)

It is reasonable to expect that this property continues to hold at the nonperturbative level.8

Consequently, stationary states remain unmodified. Since Ĥℓ,NR,EM = Ĥℓ,NR,EM(Ĥ0,NR,EM),
it is evident that the eigenstates of Ĥ0,NR,EM are identical to the eigenstates of Ĥ0,NR,EM.
Yet, their eigenenergies are modified as

Eℓ,ki
= E0,ki

− ℓ

2M

3∑
n=1

ξn(Mc)3−n(2ME0,ki
)n/2

= E0,ki
− ℓ

2M

3∑
n=1

ξnc
3−nM3− n

2 (2E0,ki
)n/2,

(3.95)

with the eigenvalue of the unperturbed Hamiltonian E0,ki
, which depends on some possibly

discrete variable ki, the eigenvalue of the momentum operator. Note that this modification
of the energy can, in general, not be absorbed into a redefinition of the time parameter
because this redefinition would be dependent on the mass of the particle at hand. Once
we consider particles of different masses, the correction reappears. Curiously, an energy
dependence of physical “constants” may be possible in the rainbow-gravity approach [122].

As an illustrative example, we consider the configuration of a particle with charge
−|e| in a spacetime endowed with a static electric or magnetic field. Specifically, we can
examine the scenario of a cosmic string coupled to an axial magnetic field [123, 124]. In
cylindrical coordinates, the line element is given by

ds2 = −dt2 + dρ2 + α2ρ2dϕ2 + dz2 , (3.96)

where α ≤ 1 measures the angular deficit of this string, which defines a spacetime with
conical structure. The vector potential that furnishes a magnetic field B⃗ = ∇⃗ × A⃗ with
constant norm hijB

iBj = B2, defined just in the z-direction, has only one non-zero
component Aϕ(ρ) = Bρ/(2α). The energy levels of this system are characterised by the
discrete and continuous variables ki = (n, l, kz), where n ∈ N represents the radial, l ∈ Z

the angular and kz ∈ R the z-component of the momentum. For a detailed derivation
of the solution and the corresponding energy levels in the Minkowski case, we refer the
reader to [125], and for the cosmic string correction to [124] from which we recover the
energy levels

E0,(n,l,kz) = ℏωB

2α

(
2n+ |l|

α
− l

α
+ 1

)
+ ℏ2k2

z

2M , (3.97)

8Here, the term "nonperturbative" refers to expansions in both ℓ and 1/c.
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where ωB = |e|B/Mc is the cyclotron frequency of the configuration. Plugging this
expression into Eq. (3.95) implies the shifted energy levels

Eℓ,(n,l,kz)) = E0,(n,l,kz) − ℓ

2M

3∑
n′=1

ξn′c3−n′
M3− n′

2 (2E0,(n,l,kz))n′/2. (3.98)

The variable ki is of broader utility in the enumeration of stationary states, allowing
for the expression of a general state at t = 0, denoted as ψ(0), as follows

ψ(0) =
∑∫
ki

aki
ψki

(0), (3.99)

where the sum (integral) is over the discrete (continuous) enumerator ki, and the coefficients
aki

are chosen such that ∑∫
ki

|aki
|2 = 1. Then, the corresponding time evolved state (at

t = ∆t) becomes
ψ(∆t) =

∑∫
ki

eiEℓ,ki
∆taPψki

(0). (3.100)

As a result, these corrections introduce additional relative phases between stationary states
during time evolution, which makes them suitable for exploration through interferometric
table-top experiments. In this vein, the duration of the time evolution ∆t can be used as
amplifier for the effect.

3.7 Discussion

Modified dispersion relations are prominent candidates for low-energy signatures of
quantum gravity. Recent advances in measurement precision and quantum state control
now make the nonrelativistic quantum regime a viable testing ground, not just high-energy
experiments beyond the LHC scale. As emphasised in [6], experimental amplifiers include
not only energy but also gains in precision, statistics, coherence time, and entangled
particle numbers.

To systematically explore this regime, we have developed a 1/c expansion for MDR-
inspired dynamics at first order in the Planck length . Our approach is model-agnostic,
encompassing all analytic MDRs permitted at this order. We employed two complementary
derivations to ensure

(i) a classical nonrelativistic limit followed by canonical quantisation,

(ii) a WKB-type reduction of a deformed Klein–Gordon equation describing the single-
particle sector of a bosonic field theory.

The results from both methods agree for backgrounds with non-evolving induced geometries
on spatial hypersurfaces. Although subtleties arise for general time-dependent backgrounds,
these are not specific to MDRs and do not affect the core formalism.
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An important result is the clarification of the relationship between modified dispersion
relations (MDRs) and minimal-length models. As previously noted [80], generalized
uncertainty principles (GUPs) with commutative geometry constitute a specific subset of
MDRs, characterized by the weakest nonrelativistic signatures, which are further suppressed
by factors of 1/c. Constraints from high-energy astrophysical time-delay observations
yield α ≲ O(1) for the linear GUP [89] and β ≲ O(1016) for the quadratic GUP [37].
Consequently, the linear GUP is excluded up to the Planck scale, and the improved bound
on the quadratic GUP strengthens previous limits by 17 orders of magnitude.

The formalism has been applied to several physical configurations:

• Landau levels in static spacetimes, where we found formulas for the corrections.

• Flat-space quantum systems, like the harmonic oscillator, show that some MDRs
could be limited up to the Planck scale by table-top experiments.

• We found changes to the Schrödinger equation in a Newtonian potential. The
resulting weak equivalence principle violations produce limits up to one order
of magnitude below the Planck scale for some MDRs, while models tied to the
bicrossproduct basis of deformed special relativity [85] are limited to scales of about
1015 GeV.

These results affirm that nonrelativistic experiments are competitive in quantum gravity
phenomenology, extending the scope beyond approaches based exclusively on quantum
superpositions [126, 127].

A conceptual distinction emerges between UV and IR signatures. In the far UV
(E ≃ kc), high-energy behaviors in different models become nearly identical. For example,
the κ-Poincaré bicrossproduct basis [85] and certain Lorentz invariance violating scenarios
[86] show similar predictions, leading to model degeneracy. In contrast, IR (E ≃ Mc2)
signatures are distinct. Only Ek2-type MDRs induce sizeable weak equivalence principle
violations, highlighting the unique sensitivity of the low-energy regime.

MDRs exhibit a rich phenomenology in the IR that has yet to be explored. In contrast,
the GUP, whose nonrelativistic effects have been extensively studied over the past 30 years,
is most observable in the UV, not the IR. MDRs that produce significant effects in the
nonrelativistic regime warrant further investigation.

Among the deformations arising from nonrelativistic dynamics, one case in particular is
that in which the corrections involve non-integer powers of momentum. Chapter 4 explores
this special regime, showing how certain MDRs naturally lead to an effective dynamics
described by fractional quantum mechanics.
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CHAPTER 4

Fractional Infrared Dynamics

In chapter 3, it was shown that corrections arising from modified dispersion relations
motivated by quantum gravity induce systematic deformations of quantum dynamics in
the nonrelativistic limit. Such deformations appear as additional contributions to the
effective Hamiltonian, whose dependence on momentum can depart significantly from
the usual quadratic kinematics. Notably, in certain scenarios, these corrections involve
non-integer powers of the momentum, which, upon quantization, give rise to nonlocal
differential operators [12].

This chapter explores the physical and conceptual consequences of these structures,
with special emphasis on an infrared regime in which the deformed terms may dominate
over the standard quadratic kinetic contribution to the effective dynamics. We show that,
in this context, the deformed Schrödinger equation can be reinterpreted, at the level of
the effective dynamics, within the formalism of fractional quantum mechanics, thereby
establishing a direct connection between quantum gravity phenomenology and nonlocal
quantum dynamics. This regime, which we refer to as the deep infrared regime, exhibits
properties qualitatively analogous to those associated with effective dimensional reduction,
commonly discussed in the ultraviolet sector of quantum gravity.

We discuss the origin of fractional operators from modified dispersion relations, the
physical motivation for corrections involving fractional powers of the Planck scale, and
possible experimental implications, as well as analogue models that capture the essential
features of this dynamics.

4.1 Fractional Operators from MDRs

We begin by considering the general structure of modified dispersion relations motivated
by quantum gravity, along with their nonrelativistic limit. As discussed in Chapter 3,
such relations describe Planck-scale suppressed corrections to the standard relativistic
dispersion relation, encoding effective interactions between matter degrees of freedom and
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an underlying quantum geometry. A general form of modified dispersion relation with
corrections linear in the inverse Planck momentum can be written as [128]

M2c2 =
(
E

c

)2
− p2 − p−1

P

2∑
n=0

3−n∑
m=0

an,m,3−n−m(Mc)npm
(
E

c

)3−n−m

, (4.1)

where M is the particle mass, E its energy, and p its momentum. This expression
encompasses a broad class of phenomenological models relevant for both high- and low-
energy probes.

Such modifications are not merely phenomenological artifacts, but arise naturally in
the semiclassical limit of several quantum gravity frameworks, including deformations of
relativistic symmetries and curved momentum space scenarios [129, 130, 131, 132, 133].
From an experimental standpoint, contributions beyond the first order in the inverse
Planck scale are typically subleading, as current tests do not reach sufficient sensitivity to
probe higher-order corrections [6, 16, 134].

Taking the nonrelativistic limit of Eq. (4.1), the dominant contributions reduce to
momentum-dependent corrections to the Galilean dispersion relation. A generic effective
expression for the energy in this regime can be written as [128]

E = p2

2M + p−1
P

2M

3∑
n=1

ξn(Mc)3−npn, (4.2)

where the dimensionless coefficients ξn are linear combinations of the parameters appearing
in Eq. (4.1). While the specific values of these coefficients depend on the underlying model,
their qualitative role is to control deviations from the standard quadratic kinetic term.

Upon canonical quantization, the momentum-dependent corrections in Eq. (5.2) lead
to modifications of the Schrödinger equation involving higher-order and, in certain cases,
non-integer powers of the Laplacian operator ∆ [128]. In particular, terms proportional
to pα in the dispersion relation give rise to operators of the form (−∆)α/2, introducing
intrinsically nonlocal contributions to the effective quantum dynamics.

This observation provides the starting point for the analysis developed in the remainder
of this chapter. Rather than focusing on specific bounds for the MDR parameters, we
emphasize how such momentum-dependent corrections naturally motivate a description of
the effective dynamics in terms of fractional quantum mechanics, especially in regimes
where non-quadratic contributions dominate.
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4.2 Fractional Powers of Planck-Scale Corrections
from Fractal Black Holes

Many approaches to quantum gravity predict corrections to physical observables that
scale with integer powers of the Planck length or energy. However, there exist physically
motivated scenarios in which quantum-gravity effects give rise to corrections involving
fractional powers of the Planck scale. Such behavior has been suggested, for instance, in
studies of quantum fluctuations of black hole horizons, where fluctuations of the horizon
radius may scale as ℓ2/3

P [135] or
√
ℓP [136]. These results point toward an effective fractal

structure of the horizon geometry, indicating that quantum gravity may modify the effective
dimensionality of spacetime at very small scales.

Building on these considerations, Barrow introduced a generalized entropy–area relation
in which black hole entropy is associated with a fractal horizon [137]. Within this framework,
the entropy is given by

Sfrac ∝
(
A

4ℓ2
P

)d/2

, (4.3)

where A is the horizon area and d ≥ 2 is an effective, generally non-integer, fractal
dimension. The standard Bekenstein-Hawking result is recovered for d = 2, while deviations
from this value encode possible quantum-gravity corrections to the microscopic structure
of the horizon.

The connection between modified black hole thermodynamics and modified dispersion
relations, or equivalently generalized uncertainty principles, has been extensively explored
in the literature [138, 139, 140]. Within this context, it has been shown that generalized
entropy–area relations can be consistently associated with dispersion relations involving
fractional powers of the momentum. In particular, dispersion relations of the form

E ∝ p d−1, (4.4)

lead to temperature–mass relations that reproduce the fractal entropy scaling above when
applied to Hawking radiation arguments.

From the perspective of quantum gravity phenomenology, these results provide a
concrete physical motivation for considering corrections suppressed by fractional powers
of the Planck scale. Rather than being regarded as purely mathematical generalizations,
such corrections may reflect an underlying fractal or multi-scale structure of quantum
spacetime. This observation motivates the introduction of phenomenological modified
dispersion relations containing both fractional momentum powers and fractional Planck-
scale suppression.

To explore the implications of this idea in the nonrelativistic regime, we consider a
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generalized modified dispersion relation of the form

E2 = c2p2 +M2c4 + ξα,β ℓ
−β
P c2(Mc)2+β−αpα, (4.5)

where α and β are real parameters. The exponent α controls the momentum dependence
of the correction, while β regulates the fractional power of the Planck scale. Integer values
of β may be associated with standard Taylor expansions in pℓP, whereas non-integer values
naturally arise in more general expansions, such as Puiseux series [10], and may encode
genuinely fractal features of quantum spacetime.

Taking the nonrelativistic limit of Eq. (4.5), one obtains an effective dispersion relation
of the form

E = p2

2M + ξα,β ℓ
−β
P

(Mc)2+β−α

2M pα .= p2

2M +D(β)
α pα, (4.6)

which generalizes the standard Galilean kinetic energy by including fractional momentum-
dependent corrections. For β = 1 and integer values of α, this expression reduces to
the class of nonrelativistic corrections discussed in Section 4.1. More generally, Eq. (4.6)
provides a unified phenomenological framework in which both integer and non-integer
Planck-scale corrections can be systematically investigated.

This generalized dispersion relation forms the basis for the analysis developed in the
following sections. In particular, upon quantization, the term proportional to pα leads to
fractional differential operators in the effective Schrödinger equation, establishing a direct
connection between modified dispersion relations and fractional quantum mechanics.

4.3 Fractional Quantum Mechanics and Quantum
Gravity Phenomenology

Fractional quantum mechanics offers a rigorous mathematical framework for quantum
systems with non-quadratic dispersion relations. This approach originates from a general-
ization of Feynman’s path integral quantization, where Brownian trajectories are replaced
by Lévy flights that exhibit anomalous diffusion. In this context, the scaling of the particle
trajectories is given by x(t) ∼ t1/α, with 0 < α ≤ 2, where α denotes the Lévy index. The
conventional Brownian scenario is recovered when α = 2.

Laskin demonstrated that quantum dynamics formulated on Lévy paths yields a
generalized Schrödinger equation, which can also be derived via canonical quantization of
a Hamiltonian of the form H = Dαp

α + V [141]. The corresponding fractional Schrödinger
equation is given by

iℏ
∂

∂t
Ψ(x, t) =

[
Dα(−ℏ2∆)α/2 + V (x, t)

]
Ψ(x, t). (4.7)
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This equation reduces to the standard Schrödinger equation when α = 2.
As outlined in previous sections, the nonrelativistic limit of modified dispersion relations

results in effective Hamiltonians with momentum dependent corrections of the form pα.
Quantization of these corrections produces a modified Schrödinger equation of the form

iℏ
∂

∂t
Ψ(x, t) =

[
− ℏ2

2M∆ + V (x, t) + ξα,βp
−β
P

(Mc)2−α+β

2M
(
−ℏ2∆

)α/2
]

Ψ(x, t), (4.8)

This equation explicitly includes a fractional kinetic term. The correspondence indicates
that the deformed nonrelativistic dynamics arising from modified dispersion relations
can be interpreted within the framework of fractional quantum mechanics at the level of
effective dynamics.

Although the fractional exponent α is limited to the interval 0 < α ≤ 2, this range
suffices for phenomenological applications. Corrections involving higher powers of momen-
tum are generally suppressed below current Planck-scale sensitivity and are therefore not
considered here [128].

The fractional Laplacian appearing in Eq. (4.8) can be rigorously defined in terms of
the Riesz derivative [10], whose action on the wave function is given by

∆α/2Ψ(x⃗, t) = − 1
(2π)3

∫
d3k eik⃗·x⃗kα Φ(k⃗, t), (4.9)

where Ψ(x⃗, t) and Φ(k⃗, t) are related through the Fourier transformation. The operator is
Hermitian and preserves parity, thus maintaining the fundamental symmetries of quantum
theory [142]. Its nonlocal nature leads to quantum dynamics that exhibit delocalization
effects, which are central to the phenomenological interpretation presented in the remainder
of this chapter.

4.3.1 The Deep Infrared Regime

Phenomenological studies of Lorentz invariance violation often employ modified dis-
persion relations as effective descriptions, without committing to a specific underlying
theory of quantum gravity. In this context, dispersion relations are frequently treated as
exact expressions within a given energy regime, allowing one to search for deviations from
standard relativistic or nonrelativistic dynamics [143].

From a complementary theoretical perspective, modified dispersion relations have also
been used to investigate dimensional flow phenomena in quantum gravity. In these studies,
exact dispersion relations are used to analyze diffusion processes or thermodynamic prop-
erties, revealing scale-dependent effective dimensions that typically manifest themselves in
the ultraviolet or transplanckian regime [144, 145, 146, 147].

In this analysis, we start from a relativistic modified dispersion relation and derive
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its nonrelativistic limit, leading to an effective Galilean invariance violating dispersion
relation. From a pragmatic phenomenological standpoint, the generalized nonrelativistic
dispersion relation

E = p2

2M +D(β)
α pα, (4.10)

may be regarded as an effective description of particle dynamics at low energies, where
the correction term is suppressed by fractional powers of the Planck scale. Similar
considerations may be extended to composite systems, in which the effective Planck scale
is modified by the number of constituents [148].

A central observation is that, for fractional exponents satisfying α < 2, the correction
term proportional to pα dominates over the standard quadratic kinetic term in the limit
of sufficiently small momenta. We define the deep infrared regime as the domain in which
this fractional contribution governs the effective dynamics. Quantitatively, this regime is
characterized by the inequality

p ≪
(
2MD(β)

α

) 1
2−α . (4.11)

In this limit, the dispersion relation simplifies to the pure fractional form

E ≃ D(β)
α pα, (4.12)

and the corresponding quantum dynamics is naturally described within the framework of
fractional quantum mechanics. The quadratic kinetic term becomes subdominant, and the
dynamics exhibits intrinsically nonlocal features.

To illustrate the phenomenological implications of this regime, one may consider a low-
temperature quantum system composed of N particles of mass M , such as a Bose-Einstein
condensate. Under standard assumptions from fractional statistical mechanics [142], the
internal energy scales as

E ∼ N
kBT

2α . (4.13)

Combining this relation with Eqs. (4.11) and (4.12) leads to a characteristic temperature
scale

T ≪ Tdir = α

MkB

[
ξα,β(Mc)2+β−αp−β

P

] 3−α
2−α , (4.14)

which defines an upper bound for the validity of the deep infrared regime. This temper-
ature scale should be interpreted as an order-of-magnitude estimate, dependent on the
phenomenological assumptions underlying the modified dispersion relation.

Figure 4.1 displays the dependence of Tdir on the parameters α and β for representative
choices of physical constants. The surface illustrates how fractional corrections can lead
to characteristic temperature scales well above or below experimentally accessible values,
depending on the location in parameter space.
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Figure 4.1: The dependence of Tdir on the parameters α and β is depicted by the orange
surface, while the safe ceiling is indicated by the blue plane.

Within this illustrative framework, regions of the (α, β) parameter space for which Tdir

exceeds a given reference temperature may be regarded as phenomenologically disfavored,
under the assumptions adopted. Figure 4.2 shows indicative regions corresponding to
different reference temperature ceilings. These regions should be interpreted with caution,
as they depend on the specific modeling choices and do not represent model-independent
exclusions.
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Figure 4.2: The exclusion regions formed by the α and β parameters for the temperatures
Tdir.

Overall, this analysis demonstrates that the deep infrared regime provides a concrete
phenomenological setting in which fractional quantum dynamics induced by dispersion
relations could, in principle, become relevant in low-energy quantum systems. While the
estimates presented here are illustrative, they highlight the potential interplay between
infrared quantum dynamics, nonlocality, and Planck-scale physics.
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4.3.2 Fractional Harmonic Dimension

Regarding pure fractional quantum mechanics, several results have been derived, in-
cluding the spectrum of the harmonic oscillator and the hydrogen atom [11]. For the
harmonic oscillator with a potential V (x) = q2x2, the Bohr-Sommerfeld quantization
rule, 2πℏ

(
n+ 1

2

)
=
∮
p dx, can be employed to calculate the spectrum of the fractional

harmonic oscillator in one spatial dimension. In this case, the energy eigenvalues are given
by

E
(α)
n,1 =

 πℏD(β)1/α

α q

B
(

1
2 ,

1
α

+ 1
)
 2α

2+α (
n+ 1

2

) 2α
2+α

, (4.15)

where the subscript 1 indicates one dimension, and the B-function is defined as

1
γ
B

(
1
γ
,

1
α

+ 1
)

=
∫ 1

0
dy (1 − yγ)1/α .

Observe that Eq.(4.15) reduces to the standard energy spectrum when α = 2, highlight-
ing the dimensional dependence of the oscillator:

E(2)
n = 2ℏq

√
D

(β)
2

(
n+ d

2

)
, d = 1, (4.16)

such that if D(β)
2 = 1/(2M) and q = ω

√
M/2, we obtain the textbook energy levels

E(2)
n = ℏω(n+ d/2), where d is the oscillator dimension, which in this case is d = 1.
In the standard case, knowing the energy spectrum E(2)

n and the harmonic frequency ω
allows us to determine the oscillator’s dimension using the formula d = 2E0/(ℏω). However,
this property is not valid in the fractional case. The concept of dimension becomes tricky in
fractional quantum mechanics, where a fractal dimension often emerges naturally (see, e.g.,
the fractal dimension of the black hole and cosmological horizons [137, 149, 150, 151, 152],
and the fractal dimension of Lévy paths [142]). Thus, a similar phenomenon might occur
in this approach.

The natural candidate for an undeformed observable that depends on the system’s
dimension is the energy levels of the oscillator. To derive a meaningful formula for
the dimension, we compare the deformed energy levels with the undeformed ones in d

dimensions, depending only on the Lévy index α. Using the dimensionless formulation
of fractional quantum mechanics and the energy levels of the harmonic oscillator from
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section 9.3 of [142], we define the dimensionless energy as

ϵ
(α)
n,1 =

E
(α)
n,1(

(D(β)
α )2ℏ2q2α

)1/(2+α)

=
 π

B
(

1
2 ,

1
α

+ 1
) (n+ 1

2

)2α/(2+α)

. (4.17)

This expression should be compared with the case α = 2 in dα dimensions, given by

ϵ
(α)
n,dα

= 2ℏq
√
D

(β)
2(

(D(β)
2 )2ℏ4q4

)1/4

(
n+ d

2

)
= 2

(
n+ dα

2

)
. (4.18)

Equating (4.17) and (4.18) as ϵ(α)
n,1 = ϵ

(α)
n,dα

and setting n = 0 for simplicity, we find

dα =
 π

B
(

1
2 ,

1
α

+ 1
) (n+ 1

2

)2α/(2+α)

. (4.19)

The dependence of this dimension on α is depicted in Fig.4.3. At this extreme regime,
this dimension depends solely on the MDR power and not on the system’s physical
properties. This feature also occurs in the spectral and thermal dimensions within the
UV limit [143, 147, 153]. This quantity indeed resembles a fractal dimension, as it is
slightly larger than 1 for 0 < α < 2, approaching a 2-dimensional geometry, similar to the
Koch curve [154, 142]. The maximum value is d0.413 ≈ 1.167, and the linear case gives
d1 ≈ 1.115.
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Figure 4.3: Harmonic fractional dimension dα as a function of the Lévy index α.

Given that similar fluctuations occur in the UV regime, this may represent an interplay
between the trans-Planckian UV and the deep IR behaviors, where similar properties
emerge.
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4.4 Experimental analogue

Despite the challenges in testing the existence of fractional quantum mechanics at the
Planck scale, we can gain insights by translating experiments conducted with fractional
quantum systems to the quantum gravity context. In [155], an experiment was conducted
using an optical apparatus in the temporal domain to realize a fractional Schrödinger
equation. The Schrödinger equation considered in [155] is

i
∂

∂z
Ψ =

−|β2|
2

∂2

∂τ 2 + i
β3

6
∂3

∂τ 3 + D

2

(
− ∂2

∂τ 2

)α/2
Ψ, (4.20)

where β2 and β3 are experimental parameters, D is the fractional dispersion coefficient, z
is the propagation distance and τ = T − z/Vgr is the reduced time, where T is the physical
time and Vgr is the group velocity of the carrier wave [156]. This equation describes the
slowly varying amplitude Ψ of the electric field triggered by the travel of an optical pulse
through a complex dispersive material.

In such optics experiments, the group velocity of the carrier wave Vgr is the natural
velocity scale, allowing us to map the propagation and temporal coordinates (τ, z) to new
coordinates (t, x) that will be used in our analysis as z = tVgr and τ = x/Vgr in (4.20).
This group velocity is found from the relation between the wavenumber k and frequency
ω of the carrier as k = (D/2)|ω|α − (β2/2)ω2 − (β3/6)ω3, which implies in

1
Vgr(α) = dk

dω
= αD

2 |ω(k)|α−1 − β2|ω(k)| − β3

2 |ω(k)|2 , (4.21)

where |ω(k)| is the frequency as a function of the wavenumber k found from the disper-
sion relation. Therefore, considering fixed wavelength λ = 1/k and other experimental
parameters D and β2,3, for each α, we have a different ω and, consequently, a different Vgr.

If we proceed with this map and multiply (4.20) by ℏ, it goes to

iℏ
∂

∂t
Ψ =

−
ℏ|β2|V 3

gr

2
∂2

∂x2 + i
ℏβ3V

4
gr

6
∂3

∂x3 + ℏD|Vgr|α+1

2

(
− ∂2

∂x2

)α/2
Ψ .

This expression is equivalent to

iℏ
∂

∂t
Ψ =

[
− ℏ2

2M
∂2

∂x2 − i
ξ3ℏ3

2MpP

∂3

∂x3 + ξα,βp
−β
P

(Mc)3−α+βℏα

2M

(
− ∂2

∂x2

)α/2 ]
Ψ,
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where the parameters are identified as

M = ℏ
V 3

gr

1
|β2|

, ξ3 = −
MV 4

grpP

3ℏ3 β3,

ξα,β = pβ
PMV α+1

gr ℏ1−α(Mc)α−β−2D. (4.22)

Except for the term proportional to ξ3, this equation is equivalent to the one described
in this chapter, given by Eq.(4.8). Hence, the experiment performed in [155] can be
considered an analog of testing the Lorentz-violating Schrödinger equation with an optical
system, representing an analogue model of in-vacuo dispersion.

In this chapter, we shall focus in the case in which β3 = 0. The experimental parameters
α , β2 , D and the wavelength of the carrier wave λ are

|β2| = 21 × 10−3 ps2/m, D = 21 × 10−3 psα/m,
λ = 810 nm, α = 0.25, α = 1.25. (4.23)

In both cases, the experimental results matched the behavior predicted by simulations.
The initial pulse, represented by a Gaussian function in time, showed delocalization after
traversing the nonlinear medium. For α = 1.25, the wave packet split and displayed an
interference pattern, while for α = 0.25, a soliton rain profile emerged, with each soliton
centered around different time values. This system, analogous to a wave packet traveling
in quantum spacetime, suggests that a wave packet would exhibit spatial delocalization in
a quantum spacetime. Such nonlocal behavior is not surprising, as the notion of locality
in quantum gravity has been questioned [48].

The frequency of the carrier wave can be found from the dispersion relation, but due to
the magnitude of the experimental parameters, it is basically the same for both α’s, being
ω ≈ 1.1 × 1010 s−1. Using this information in (4.21), we have Vgr = 4.4 km/s. Using the
experimental parameters in (4.23) and the mapping (4.22), this optical system effectively
describes a particle with mass M = 5.9 × 10−32 kg, which is roughly of the order of
magnitude of the electron mass Me = 9 × 10−31 kg.

The experimentally analyzed cases correspond to the dimensionless parameters ξ0.25,1 =
3.5 × 106 and ξ1.25,1 = 2.6 × 109. In order to have ξα,β ≈ 1 (which would be natural
for quantum gravity effects), we need to have β ∼ 0.75 (for α = 0.25) and β ∼ 0.6 (for
α = 1.25). Therefore, our conclusion is that such experiments are actually testing the
fractal nature of spacetime, by testing in-vacuo dispersion due to quantum gravity for
fractional powers in the momentum and fractional powers in the Planck scale.

Simulations show wave packet splitting in both scenarios, and we anticipate similar
experimental results. Furthermore, in the analysis carried out in [155], such splitting
increases with propagation, indicating an effect that accumulates over time in our analogy.
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4.5 Discussion

We revisited the modified Schrödinger dynamics induced by MDRs and extended it to
include corrections with noninteger powers of the momentum. We showed that, in this
regime, the effective dynamics naturally fall within the formalism of fractional quantum
mechanics, a rich area of research with numerous experimental possible tests.

Conceptually, these results indicate that the IR limit of quantum gravity may exhibit
qualitative features beyond small polynomial perturbations of the standard Schrödinger
Hamiltonian. The MDRs do not necessarily produce only higher-order analytic corrections.
Instead, they can induce genuinely new structures in the effective theory, such as fractional
or intrinsically nonlocal kinetic operators.

From this perspective, the fractional dynamics derived in this chapter should not be
regarded as an ad hoc modification of quantum mechanics. Rather, they emerge from
the same kinematic formalism introduced in the previous chapters. This observation
suggests the presence of a distinct deep infrared regime. In this regime, nonanalytic terms
dominate over the usual Galilean kinetic contribution. There, the dynamics may exhibit
scale-invariant or fractal-like features, conceptually analogous but physically very different
from the transplanckian behavior expected in the UV.

By identifying a Planck-scale modified Schrödinger equation with fractional quantum
mechanics, we recognized that experiments testing this approach serve as analog models
of quantum gravity, where nonlocal behavior of the wave function emerges.

Up to this point, we have considered systematic corrections to MDRs. However, in many
quantum gravity approaches, Planck-scale effects can manifest stochastically. Chapter 5,
therefore, abandons the systematic scenario and investigates how stochastic fluctuations
in MDRs can induce gravitational decoherence.
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CHAPTER 5

Stochastic Planck-Scale Effects in Gravcats

This chapter examines a complementary aspect of the framework by analyzing stochastic
realizations of Planck-scale effects and their influence on coherence and entanglement in
mesoscopic quantum systems. While the previous chapters focused on systematic Planck-
scale modifications of quantum dynamics, here we address how quantum-gravitational
stochasticity can alter the dynamics of bipartite systems in which gravity itself mediates
quantum correlations [6, 157].

Specifically, we study how Lorentz Invariance Violation (LIV) can cause decoherence in
gravitational cat states [126, 127]. In these states, massive particles are placed in spatial
superpositions and interact only through their shared gravitational potential. The analysis
in this chapter is based on the results presented in [158].

5.1 Master Equation from Stochastic Dispersion Re-
lation

As discussed throughout this thesis, one of the most promising avenues of research in
quantum gravity lies in the phenomenological perspective, whereby the quantum nature of
spacetime may imprint itself on the kinematic properties of particles. These deviations from
the classical behavior are coupled to the energy and momentum of the test particles and
are suppressed by the quantum gravity energy scale. This phenomenon can be represented
by an effective modification of the Hamiltonian. Various quantum gravity models predict
different mechanisms for such deviations. To capture these corrections and analyze their
observable signatures, a phenomenological approach often considers a modified dispersion
relation for particles with energy E, momentum p, and mass M of the form:

M2c2 =
(
E

c

)2
− p2 − ℓξn(Mc)n−3p3−n, (5.1)
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where ℓ−1 is the quantum gravity scale, which here has dimensions of momentum and
we expect it to be of the order of the Planck momentum EP/c ≈ 6.5 kg m/s, where
EP ≈ 1.22 × 1019 GeV is the Planck energy, c is the speed of light, and ξn are parameters
expected to be of order unity. As discussed previously, this expression incorporates general
corrections that depend on the energy and momentum of the test particles.

Relativistic astrophysics provides the most common scenario for searching for effects
resulting from these corrections, as they are amplified by particle energies. However, recent
studies have suggested that such corrections might also leave imprints at nonrelativistic
scales, which are currently being constrained with Planck-scale sensitivity. In this case, as
discussed in [128], the most relevant contributions come from corrections proportional to
powers of the momentum and mass:

E = p2

2M + ℓ

2Mξn(Mc)3−npn. (5.2)

Quantum systems have provided the most important window for investigating these
infrared effects. By performing a spacetime foliation and either quantizing Eq. (5.2) or
calculating the nonrelativistic limit of the Klein-Gordon equation compatible with (5.2),
the Schrödinger equation takes the form [128]

Ĥ = K̂ + eϕe +Mϕg − ξnℓ(Mc)3−n(2M)n−2
2 K̂n/2, (5.3)

K̂ = − hij

2M (∇i − ieAe
i )
(
∇j − ieAe

j

)
(5.4)

where K̂ is the kinetic energy with a minimal coupling with the electromagnetic potential
(in this case, we do have contributions from a gravitomagnetic potential), ϕe is the
electromagnetic scalar potential on a particle of charge e, ϕg is the scalar gravitational
potential on a particle of mass M and hij are the space components of the metric in a
3 + 1-decomposition.

We refer to Ĥ0 = K̂ + eϕe + Mϕg
.= K̂ + V̂ as the undeformed Hamiltonian, and

Ĥℓ,n = −ξnℓ(Mc)3−n(2M)n−2
2 K̂n/2 represents the Hamiltonian correction due to MDR.

This Hamiltonian governs the time evolution of the state vector |ϕ⟩, and its corresponding
pure state density matrix ϱ = |ψ⟩⟨ψ| follows the Liouville-von Neumann equation

iℏ∂t|ψ⟩ = (Ĥ0 + Ĥℓ,n)|ψ⟩ ⇒ ∂tϱ = − i

ℏ
[Ĥ0 + Ĥℓ,n, ϱ]. (5.5)

In order to analyze this equation, we follow the steps described in [159]. We define a
new Hamiltonian and its stochastic perturbation as

Ĥ ′
0 = Ĥ0 + g(K̂) , (5.6)

Ĥ ′
ℓ,n = Ĥℓ,n − g(K̂) , (5.7)
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where g(K̂) = ⟨Ĥℓ,n⟩ and ⟨∗⟩ means averaging over the stochastic process. This guarantees
that ⟨Ĥ ′

ℓ,n⟩ = 0.
The stochastic nature of ξn will induce a master equation describing an open quantum

system, as we now demonstrate. Following the approach in [157], we treat the deformed
Hamiltonian contribution Ĥℓ,n as describing the particle’s interaction with the gravitational
degrees of freedom. We work in the interaction picture by defining the state |ψI⟩ as

|ψ⟩ = e−iĤ′
0t/ℏ|ψI⟩. (5.8)

This allows us to write the Schrödinger equation as

iℏ∂t|ψI⟩ = eiĤ′
0t/ℏĤ ′

ℓ,ne
−iĤ′

0t/ℏ|ψI⟩ .= Ĥ ′I
ℓ,n|ψI⟩. (5.9)

Consequently, the Liouville-von Neumann equation for the density matrix ϱI = |ψI⟩⟨ψI |
in the interaction picture becomes

∂tϱ
I = − i

ℏ
[Ĥ ′I

ℓ,n, ϱ
I ]. (5.10)

The formal solution to this equation is

ϱI(t) = ϱI(0) − i

ℏ

∫ t

0
[Ĥ ′I

ℓ,n(t′), ρI(t′)]dt′. (5.11)

Substituting (5.11) back into (5.10) yields

∂tϱ
I(t) = − i

ℏ
[Ĥ ′I

0 (t), ϱI(0)] − 1
ℏ2

∫ t

0

[
Ĥ ′I

0 (t), [Ĥ ′I
0 (t′), ϱI(t′)]

]
dt′, (5.12)

where we employ the Born-Markov approximation to insert Ĥ ′I
0 (t) inside the integral as

a function of t only. We treat ξn = √
tQGχn(t) as Gaussian noise with fixed average and

sharp autocorrelation:

⟨ξn(t)⟩ = 1, ⟨χn(t), χn(t′)⟩ = δ(t− t′), (5.13)

where tQG is the quantum gravity timescale, presumably of Planck-time order.
Since the evolution equation fluctuates, we consider the average density matrix ⟨ϱ⟩ .= ρ

to study the quantum system. The average differential equation can be found using the
cumulant expansion method, expanding ρI ’s equations of motion in terms of the cumulant
of the operator [Ĥ ′I

ℓ , ∗] [160]:

∂tρ
I = −

∫ t

0
⟨
[
Ĥ ′I

ℓ,n(t), [Ĥ ′I
ℓ (t′), ρI(t)]

]
⟩dt′. (5.14)
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Assuming Ĥ ′I
ℓ,n(t) follows Gaussian white noise statistics yields the evolution equation:

∂tρ
I = −σ2

n

ℏ2 tQG

[
(K̂I)n/2, [(K̂I)n/2, ρI ]

]
, (5.15)

where σn = ℓ(Mc)3−n(2M)
n− 2

2 . For the density matrix ρ = e−iĤ′
0t/ℏρIeiĤ′

0t/ℏ, we obtain
our main result, a Lindblad equation:

∂tρ(t) = − i

ℏ
[
K̂ + V̂ − σnK̂

n/2, ρ(t)
]

− σ2
n

ℏ2 tQG

[
K̂n/2(t),

[
K̂n/2(t), ρ(t)

]]
. (5.16)

This equation describes an open quantum system experiencing decoherence due to
quantum spacetime fluctuations. The interaction strength with the environment is charac-
terized by σn, which depends on the system’s mass. For n = 1, our Lindbladian

√
K̂ ∝ p̂

resembles that in [161], though the latter uses momentum components p̂i as Lindbladians.
For n = 2, the Lindblad term becomes similar to [162], with p̂2 ∝ K̂ as the Lindbladian.
The n = 3 case introduces a novel K̂3/2 term.

To estimate the decoherence timescale, we consider a free nonrelativistic particle
with Ĥ0 = K̂ − σnK

n/2. In the momentum representation, the density matrix elements
ρp,q = ⟨p|ρ|q⟩ (where |p⟩ is a momentum eigenstate) evolve as:

ρpq(t) = ρpq(0) exp
[
− i

ℏ
(
∆Ẽ

)
t
]

exp
[
−σn

(
∆En/2

)2
t
]
. (5.17)

where Ẽ = E − σnE
n/2, ∆Ẽ = Ẽ(p) − Ẽ(q) and

(
∆En/2

)2
=
(
En/2(p) − En/2(q)

)2
.

Off-diagonal elements are suppressed by the σn damping factor, with decoherence time
τD = 1/(σn

(
∆En/2

)2
). Substituting ℓ = c/EP , the decoherence time becomes:

τD,n = 22−nℏ2

(Mc2)4−n (∆En/2)2
E2

P

tQG

. (5.18)

For comparison with relativistic quantum gravity decoherence models, we set M = E/c2

and ∆En/2 ∼ En/2. Taking tQG = tP = ℏ/EP yields an n-independent decoherence time:

τD ∝ ℏ
E3

P

E4 , (5.19)

sharing the energy dependence of the Ellis-Mohanty-Nanopoulos model [163]. Our goal is
to examine LIV effects on entanglement in gravitationally interacting massive quantum
states.
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5.2 Gravitational Cat States

Consider a system of two particles, each confined in a double-well potential with local
minima at positions xmin = ±L/2 that interact gravitationally as in Fig.5.1. Under the
conditions discussed in [164], where the second excited energy level lies far above the
first excited and ground states, we can approximate each particle as a two-level system.
The Hamiltonian for a two-level particle is given by the z-Pauli matrix K̂ = ϵ

2σz, with
eigenstates |0⟩ and |1⟩ corresponding to eigenenergies ±ϵ/2, where ϵ represents the energy
gap between states. These states define the computational basis.

L

dd
′

Figure 5.1: Representation of the gravcat states. The two particles are located in an even
double-well potential with minima separated by distance L. The interparticle distance is
d or d′ when the particles occupy the same or different potential minima, respectively.

Since the particles can be well-localized in the left or right well of the double-well
potential, they can also be described by superpositions of the eigenstates of the left and
right positions, denoted |±⟩. These particles are in a superposition of positions and energies.
Due to the uncertainty in the location of each particle, there is a superposition in the
gravitational potential that describes their interaction. We refer to these as gravitational
cat (gravcat) states.

The system Hamiltonian is given by [164]:

Ĥ0 = (E − Γ)1 ⊗ 1 + ϵ

2(1 ⊗ σz + σz ⊗ 1) − Ωσx ⊗ σx, (5.20)
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where E > ϵ is a reference energy shifted by ±ϵ, Γ = 1
2α

(1
d

+ 1
d′

)
, Ω = 1

2α
(1
d

− 1
d′

)
,

and α = Gm2. While the constant terms proportional to E and Γ do not contribute to
Lindblad evolution, we retain them in the Hamiltonian because in the following section we
will consider K̂n/2 as the Lindbladian, which requires a positive definite kinetic energy
operator.

The Liouville-von Neumann evolution ∂tρ = −i[Ĥ0, ρ(t)] for the initial state |ψ0⟩ =
sin(θ)|00⟩ + cos(θ)|11⟩

ρ(0) =


cos2(θ) 0 0 sin(θ) cos(θ)

0 0 0 0
0 0 0 0

sin(θ) cos(θ) 0 0 sin2(θ)

 (5.21)

yields the following non-zero matrix elements:

∆ =
√

Ω2 + ϵ2, ω = 2∆
ℏ
,

A = Ω cos(2θ) + ϵ sin(2θ)
B = Ωϵ cos(2θ) + ϵ2 sin(2θ)
C = −Ωϵ cos(2θ) + Ω2 sin(2θ)

ρ11(t) = 1
2 + −Ωϵ sin(2θ) + ϵ2 cos(2θ) + ΩA cos(ωt)

2(Ω2 + ϵ2) (5.22)

ρ44(t) = 1
2 + Ωϵ sin(2θ) − ϵ2 cos(2θ) − ΩA cos(ωt)

2(Ω2 + ϵ2) (5.23)

ρ14(t) = 1
2(Ω2 + ϵ2)

[
−i∆

ℏ
A sin(ωt) +B cos(ωt) + C

]
(5.24)

For the initial condition with θ = 0 (an unentangled state), the system evolves into an
entangled state, as quantified by the concurrence [165]:

C(t) = 2 max {|ρ23| − √
ρ11ρ44, |ρ14| − √

ρ22ρ33, 0} . (5.25)

The characteristic timescale for entanglement generation is:

τE = ℏ√
Ω2 + ϵ2

. (5.26)

This timescale τE determines the oscillation period of the entanglement, while Ω governs
the entanglement strength.
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For an initially unentangled state θ = 0, we obtain:

Cθ=0(t) = 2 Ω
ℏ2 τ

2
E| sin(t/τE)|

√
ϵ2 + Ω2 cos2(t/τE). (5.27)

Notably, when θ = 0 and Ω = 0, we find C = 0. This observation underlies the concept
that particles in position superposition states can develop entanglement mediated by their
gravitational interaction.

The next step involves investigating the effects of Lorentz invariance violation on this
system.

5.3 LIV Effect on Entanglement Between Gravcat
States

Consider that the double-well potential of each particle is generated by the interaction
of our system with an electromagnetic field. This could be realized, for instance, via
the minimal coupling to a magnetic vector potential in the y direction of the form
A⃗ = (0, bx2, 0) in Cartesian coordinates. In fact, according to the prescription (5.4), in
the position representation, the Hamiltonian (kinetic term with minimal coupling) of this
system is of the form

K̂ = 1
2M

[
p2

z + P̂ 2
x + e2b2

(
py

eb
− x2

)2
]
, (5.28)

where py and pz are the momenta of the particle and P̂x is the momentum operator in
the x-direction. Apart from the constant displacement given by pz, the interaction term
e2b2(py/eb− x2)2 is a double well potential, whose shape can be controlled by py, e and b

and the interwell coupling occurs in the x-direction. An example of such system consists
in those found from Bose-Einstein condensation, for instance in [166], some conditions are
given on the potential such that, in each well, the two lowest energy states are closely spaced
and well separated from higher energy levels of the potential. Although experimentally
difficult due to electrostatic repulsion, in principle, this system can be formed under certain
conditions [167].

Therefore, assuming that the two-level configuration is generated by a minimal coupling
with A⃗, we can identify the kinetic energy operator as K̂ = E1 ⊗ 1 + ϵ

2(1 ⊗ σz + σz ⊗ 1).
From Eq.(5.16), powers of this operator will play the role of Lindbladians in this analysis.

Since K̂ is diagonal, we can directly consider its components raised to the power n/2,
which remain real-valued due to the condition E > ϵ. This ensures the Hermiticity of the
kinetic energy operator, which serves as the Lindblad operator in this approach.

Substituting this information into the Lindblad evolution some components of the
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density matrix evolve in an undeformed way:

ρ′
11(t) = −ρ′

44(t) = −iΩ (ρ14(t) − ρ41(t)) /ℏ,
ρ′

22(t) = −ρ′
33(t) = −iΩ (ρ23(t) − ρ32(t)) /ℏ,

ρ′
23(t) = −iΩ (ρ22(t) − ρ33(t)) /ℏ,

while the LIV effects are restricted to the component

ρ′
14(t) = −A2

ntQG

ℏ2 ρ14(t) − i
An

ℏ
ρ14(t) − i (Ωρ11(t) − Ωρ44(t) + 2ϵρ14(t))

ℏ
, (5.29)

where An = σn

[
(E − ϵ)n/2 − (E + ϵ)n/2

]2
quantifies the attenuation of the off-diagonal

component ρ14 and effectively determines the decoherence timescale of the model. The
parameter n exclusively influences the constant An, meaning that studying the qualitative
behavior of this Lindblad evolution only requires specifying initial conditions and values
for An.

The decoherence timescale in our approach is given by τD,n = A−2
n ℏ2/tQG, or equivalently

(recalling that ℓ = p−1
P = c/EP ):

τD,n = 22−n

[(E − ϵ)n/2 − (E + ϵ)n/2]2
ℏ2

(Mc2)4−n

E2
P

tQG

. (5.30)

In Fig. 5.2(b), we analyzed the systematic LIV case, i.e., in which the quantum gravity
scale does not fluctuate, which is achieved by requiring tQG = 0 in (5.29). The larger is
the LIV parameter, the more attenuated is the maximum of the concurrence. This means
that even in the absence of fluctuations of the quantum gravity scale in the dispersion
relation, the LIV parameter suppresses entanglement formation. From (5.29), we see that
the solution is given by Eqs. (5.22)–(5.24), where we map ϵ 7→ ϵ+ An/2.

For the stochastic case, i.e., when tQG ̸= 0, Fig. 5.2(c) demonstrates that the interaction
initially dominates the system’s evolution, generating entanglement between particles.
However, LIV effects gradually dampen the density matrix’s off-diagonal elements. The
oscillation extrema remain largely unchanged as they are governed by the entanglement
timescale (5.26), which depends solely on Ω and ϵ. The characteristic timescales depend
on the dispersion relation details encoded in parameter n through (5.30).

Figure 5.2(d) shows the population dynamics for θ = 0 (initially separable state). When
Ω > ϵ, the stronger interaction drives pronounced oscillations between ρ11 and ρ44 before
decoherence effects ultimately equilibrate them to 0.5.
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Figure 5.2: Figs.(a)-(c) describe the concurrence for an initially unentangled state (θ = 0)
for the cases without LIV (An = 0), with systematic LIV (tQG = 0), and with stochastic
LIV (tQG = 1), respectively. Fig.(d) describes the population with stochastic LIV (tQG = 1).
We set ℏ = c = 1.

5.3.1 Mesoscopic Particles

Following [126], we consider particles with separation d = 200µm, position shift L =
100µm, mass M = 10−14 kg, and frequency ω = ϵ/ℏ = 1 Hz. The resulting entanglement
timescale τE ∼ 1 s matches the requirements for measurable gravitationally induced
entanglement phases in the proposed experimental setup. While these numerical values
coincide, they represent distinct physical quantities. A shorter τE would simply compress
the oscillations shown in Fig. 5.2(c), with entanglement remaining observable on average
if decoherence is sufficiently suppressed.

For these parameters, the LIV decoherence timescale becomes τD,1 ≈ 2 × 1019 s ∼ 600
billion years for n = 1, increasing further for larger n. This represents a lower bound, as
arguments suggesting the quantum gravity energy scale should grow with particle number
would push this timescale even higher. Consequently, LIV effects would not produce
measurable decoherence in this configuration.

To assess the generality of this conclusion, we note that [126] predicts measurable
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gravitational entanglement between masses m1 and m2 over timescale τ when:

Gm1m2

ℏ(d− L)τ + Gm1m2

ℏ(d+ L)τ ∼ 1. (5.31)

For the reasonable τ ∼ 1s timescale, this requires Gm1m2/D ∼ ℏ s, where D is the

system length scale. Meanwhile, the LIV decoherence timescale becomes 22−nℏ
(Mc2)4−nEn

E3
P

when approximating (∆En/2)2 ∼ En and setting tQG = tP = ℏ/EP . For sufficiently
high energy scales E, this fundamental LIV decoherence could compete with coherence
maintenance requirements:

22−nℏ
(Mc2)4−nEn

E3
P ∼ 1 s. (5.32)

This corresponds to energy scales:

Table 5.1: Energy scales and corresponding frequencies for n = 1, 2, 3.

n Energy En (J) Energy En (eV) Frequency ωn (Hz)
1 2.5 × 10−15 15.6 keV ∼ 1018

2 1.0 × 10−6 6.2 TeV ∼ 1027

3 8.0 × 10−4 5 PeV ∼ 1030

This implies the need for a relativistic treatment beyond our Galilean framework
for practical reasons. For the considered mesoscopic system, collisional and thermal
decoherence sources dominate over LIV effects [168].

5.3.2 Generalization to Different Lindbladians

The parameter n, which determines the correction power, appears exclusively in the
decoherence factor An (Eq. (5.29)). This allows generalization to cases involving different
momentum operator powers K̂n/2 and alternative σn values. For example, a generic
Lindblad equation:

∂tρ(t) = − i

ℏ
[
Ĥ0, ρ(t)

]
− σn

[
K̂n/2(t),

[
K̂n/2(t), ρ(t)

]]
, (5.33)

with n = 4 and σn = σP I = 16M2ℓ4
P tP/ℏ6, recovers the Petruzziello-Illuminati model based

on the Generalized Uncertainty Principle [157]. The decoherence time τP I
D = 1/(σP I(∆E2)2)

becomes τP I
D ∼ 10141 s for our mesoscopic particles. Reference [159] analyzed similar

decoherence effects in mechanical oscillators.
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5.4 Discussion

Using tools presented in [157], we constructed a Lindblad equation based on a modified
dispersion relation with a fluctuating Planck-scale parameter. In this context, the quantum
spacetime, characterized by deviations from the standard relativistic expression, functions
as an unavoidable environment that necessarily interacts with every quantum system.
Equipped with this evolution equation, we analyzed its impact on a system composed
of two cat states interacting gravitationally in a superposition of position eigenstates
(gravcat states). For closed quantum systems, these particles evolve into an entangled pair
mediated by Newtonian gravitational interaction. We calculated the concurrence as an
entanglement quantifier for this system and observed its oscillatory behavior over time.

When incorporating terms originating from quantum spacetime effects, we examined
the system’s evolution and found that entanglement gradually vanishes due to the influence
of stochastic Planck-scale parameters. Our analysis revealed that because quantum gravity
effects are extremely small, the timescale for such fluctuations to dissipate quantum
correlations is remarkably long. Consequently, such systems would more likely experience
decoherence from other environmental factors before quantum spacetime effects become
significant in the infrared regime. (The ultraviolet regime appears to bring this timescale
to more accessible levels, though this would require more sophisticated analytical tools.)

The gravcat states we considered represent a simplified version of systems discussed in
the literature concerning interactions between spatial superposition states. Therefore, it
would be valuable for future investigations to examine more detailed proposals, such as
those in [126, 127, 169, 168], before drawing definitive conclusions. This is particularly
important because quantum gravity effects, even in the infrared regime, can sometimes
produce unexpected amplifications of apparently mild effects [170].

Beyond stochastic fluctuations, quantum gravity may also result in the noncommutativ-
ity of spacetime. Chapter 6 examines how deformation in the energy composition law, a
feature of noncommutative spacetimes, can generate and modulate quantum correlations
between physical systems, even without direct interaction.
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CHAPTER 6

Noncommutative Quantum Correlations

The central question this chapter explores is whether deformations in the symmetries of
quantum spacetime can affect quantum systems even in the absence of direct gravitational
interactions. In the previous chapters, we examined how MDRs alter single-particle motion
and how stochastic fluctuations induce decoherence.

In quantum mechanics, correlations between distinct particles arise from direct in-
teractions or from a shared environment. Free particles that evolve independently do
not become entangled. This principle forms the basis of both scattering theory and the
operational concept of locality in nonrelativistic quantum systems.

In the context of noncommutative or deformed spacetimes, the composition of energy
and momentum no longer follows the standard linear addition law. Instead, it is governed
by generalized algebraic structures such as Hopf algebras, leading to modified conservation
laws. This deformation implies that even for free particles, the total momentum of a
multiparticle system is not simply the sum of the individual contributions.

Such modifications can be encoded through a coproduct structure for the energy-
momentum operators. For example, within the κ-Poincaré framework, the deformed
addition of two single-particle momenta introduces non-linear terms proportional to
the deformation parameter, which is expected to be suppressed by the Planck scale.
Importantly, these deformations admit a nonrelativistic limit in which residual traces of
quantum spacetime effects may still be present.

A direct consequence of these deformed symmetries is that the time evolution of quantum
systems is altered. Instead of being fully governed by unitary Hamiltonian dynamics,
the system is effectively described by a Lindblad-type equation, reflecting the fact that
quantum spacetime behaves as an open environment. In this picture, decoherence arises
as a fundamental phenomenon, not due to conventional environmental interactions but as
a manifestation of the underlying quantum structure of spacetime.

This framework provides the foundation for the analysis developed in this chapter.
By focusing on two-particle systems, we aim to investigate how deformed symmetry
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transformations induce effective interactions that compete with decoherence, leading to
the emergence and persistence of quantum correlations. Throughout this chapter, we use
natural units ℏ = c = 1, unless otherwise stated.

6.1 Deformation of Spacetime Symmetries

One of the most studied examples of noncommutative spacetimes is the so called
κ-Minkowski spacetime given by the following commutation relation between coordinates

[
x0, xi

]
= iℓxi ,

[
xi, xj

]
= 0, (6.1)

where Latin indices span space coordinates, and ℓ is a length scale, supposedly of the
order of the Planck length.1 A generic feature of noncommutative spacetimes is that
the description of free particles as plane waves is generalized to noncommutative ordered
exponentials [130] : eikµxµ :, since the parameters appearing in these exponentials are
coordinates of a non-Abelian Lie group.

This means that if quantum states are given in the momentum representation, they are
labeled by momentum coordinates on the group |k(g)⟩ such that the action of the translation
generators, which are the spatial momentum operators, is Pµ|k(g)⟩ = kµ(g)|k(g)⟩. As
a consequence, these momentum eigenvalues obey a deformed composition law kµ(g) ⊕
kµ(h) = kµ(gh). From this, we can define the inverse group element k(g−1) in which
k(g)⊕k(g−1) = 0. The action of the momentum operator on the dual space elements allows
one to define the antipode operator S(P ) such that Pµ⟨k(g)| = kµ(g−1)⟨k(g)| = ⟨k(g)|S(Pµ).
Besides that, the representation of the momentum operator on a two-particle state is given
by the coproduct map

∆Pµ (|g⟩ ⊗ |h⟩) = kµ(gh) (|g⟩ ⊗ |h⟩) . (6.2)

This general approach finds a natural application in the κ-Minkowski spacetime (see,
for instance [171, 161] and references therein), in which these structures are given by

S(P0) = −P0 + ℓP2Π−1
0 , (6.3)

S(Pi) = −PiΠ−1
0 , (6.4)

∆P0 = P0 ⊗ Π0 + Π−1
0 ⊗ P0 + ℓ

∑
i

PiΠ−1
0 ⊗ Pi , (6.5)

∆Pi = Pi ⊗ 1 + 1 ⊗ Pi , (6.6)
1It is also commonly used the notation κ = ℓ−1 to refer the energy scale κ, in natural units, as the one

that governs quantum gravity corrections.
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where

Π0 = ℓP0 +
√

1 − ℓ2P µPµ , (6.7)

Π−1
0 =

√
1 − ℓ2P µPµ − ℓP0

1 − ℓ2P2 , (6.8)

P µPµ = −P 2
0 + P2 = −P 2

0 +
∑

i

PiPi . (6.9)

This way of expressing the generators of translations and its action on two-particle
states is called the classical basis of the κ-Poincaré algebra [172]. It is named this way
because the symmetry generators and, consequently, the mass Casimir operator of the
algebra is undeformed for single particle systems, and the modifications are concentrated
on the multi-particle sector. An interesting aspect of this approach is that it admits a
nonrelativistic limit that retains traces of the quantum gravity scale, i.e., after recovering
the speed of light c withing the symmetry generators and quantum gravity parameter ℓ,
one can consider the nonrelativistic (Galilean) limit by taking c → ∞. In this classical
basis, the nonrelativistic limit of the antipode and coproduct takes the form:

S(P0) = −P0 − iℓP2, (6.10)
S(Pi) = −Pi + ℓPiP0 , (6.11)
∆P0 = P0 ⊗ 1 + 1 ⊗ P0 − iℓ

∑
i

Pi ⊗ Pi, (6.12)

∆Pi = Pi ⊗ 1 + 1 ⊗ Pi . (6.13)

The form of the coproduct operators leads to a modified, non-Abelian conservation law
for energy and momentum. When applied to a composite system |g⟩ ⊗ |h⟩, the momentum
eigenvalues of the composite system are then given by:

g0 ⊕ h0 = g0 + h0 + ℓg⃗ · h⃗, (6.14)
gi ⊕ hi = gi + hi, (6.15)

where (g0, gi) represents the energy and momentum (in Cartesian coordinates) of the
single-particle state |g⟩ (and similarly for h).

6.1.1 Effective Lindblad Evolution

The presence of deformed symmetries induces a deformation of the commutator, given
by the adjoint action presented in [171, 161]. This action selects a representative of the
vector space RG, spanned by the generators of the symmetry algebra G ∈ RG, and acts
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on the quantum system AH defined on a Hilbert space H as:

ad♣♠ : RG × AH → AH, adGO = (id ⊗ S)∆G ⋄O, (6.16)

where id is the identity operator, ∆G is the coproduct operator, S is the antipode map,
and ⋄ is the operator defined as:

(a⊗ b) ⋄O .= aOb. (6.17)

When the coproduct operator is of the form ∆G = ∑
i ai ⊗ bi, then (id ⊗ S)∆G =∑

i ai ⊗ S(bi), which implies that adGO = ∑
i aiOS(bi). If O = ρ is the density matrix of a

quantum system and ∆G = P0 ⊗ 1 + 1 ⊗ P0, then adP0ρ = [P0, ρ]. This means that the
evolution equation of a system with Galilean invariance can be written as i∂tρ = adP0ρ.
For a quantum spacetime with deformed symmetries, the generalization of this evolution
equation in a way that preserves the hermiticity of ρ is:

i∂tρ = 1
2
{
adP0ρ− [adP0ρ]

†
}
. (6.18)

A straightforward calculation based on the above definition can be described as follows.
Using the coproduct and antipode in the nonrelativistic limit, the adjoint action reads

adP0ρ = (id ⊗ S)∆P0 ⋄ ρ = P0ρ− ρS(P0). (6.19)

Substituting the antipode S(P0) = −P0 − iℓP2, we obtain

adP0ρ = [P0, ρ] − iℓP2ρ. (6.20)

The generator of the dynamics is constructed by enforcing Hermiticity through

i∂tρ = 1
2
{
adP0ρ− [adP0ρ]

†
}
. (6.21)

Using (P2ρ)† = ρP2 and P2 = ∑
i P

2
i , this yields

∂tρ = −i[P0, ρ] − ℓ

2

(
P2ρ+ ρP2 − 2

∑
i

PiρPi

)
, (6.22)

which has the standard double-commutator structure of a Lindblad equation.
This implies that the noncommutative spacetime acts effectively as an environment

of an open quantum system. Considering a free nonrelativistic particle, we can describe
the elements of the density matrix in the momentum representation as ρpq = ⟨p|ρ|q⟩,
p represents the components of the particle’s momentum. From the dispersion relation
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E(p) = p2/2m, the evolution of these elements is

∂tρpq =
[
− i

ℏ
(E(p) − E(q)) − ℓ

2(p − q)2
]
ρpq. (6.23)

whose solution is

ρpq(t) = ρpq(0) exp
[
−it (E(p) − E(q)) − ℓt

2 (p − q)2
]
. (6.24)

We observe that the off-diagonal elements (p ̸= q) of the density matrix exponentially
decay. The time scale of such decay is called decoherence time, and in this model is given
by

τD = 2
ℓ(p − q)2 . (6.25)

Since the length scale of quantum gravity should be very small, the decoherence time
should be very large and the decoherence is suppressed by quantum gravity deformations.
The presence of a Lindblad equation implies that a quantum spacetime acts as a source
of fundamental decoherence in quantum systems [161]. In the next section, we shall deal
with corrections coming from the Hamiltonian side of the evolution equation, when we are
able to separate the quantum system in two sectors, defined by two particles, where the
conservation law implies a modified Hamiltonian of the system.

6.2 Two-Particle Model with Deformed Composition
Law

The modification of the energy conservation law, given by Eq. (6.14), leads to the
definition of the Hamiltonian for a system of two free particles as:

H = H0 ⊗ 1 + 1 ⊗H0 + ℓ
∑

i

Pi ⊗ Pi, (6.26)

where H0 is the Hamiltonian of a free particle. Notably, the new term in (6.26) resembles
a momentum-dependent potential that may induce correlations between the particles.

In the following, we will analyze the case of two interacting particles, each occupying a
defined energy state.

6.2.1 Two-Energy States

To estimate these effects, we consider a simple case of two particles, each modeled as
a two-level system. Individually, each particle can occupy energy states with energies
E(g) = ϵ− ω

2 or E(e) = ϵ+ ω

2 , where ϵ > ω ensures positive energies. If the energy
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composition were undeformed, the Hamiltonian of this system would be:

Hund = ϵ1 ⊗ 1 + ω

2 (σz ⊗ 1 + 1 ⊗ σz), (6.27)

where σz is the z-Pauli matrix. The two-particle state would then be described by two
indices |ij⟩, where (ij) = {g, e} labels whether the first or second particle is in the ground
or excited state.

Now, suppose the particles are in a superposition of momenta. Typically, this would
not affect the system’s description, but since the inner product of momenta influences
the energy of the composite system, the direction of each momentum becomes important.
For simplicity, we consider a one-dimensional case, which suffices for our purposes. Here,
each particle can move in either the positive (|+⟩) or negative direction (|−⟩), meaning
the composite system is described by a state |ijαβ⟩, where (α, β) = {+,−} labels the
direction of the first or second particle.

In our model, each particle can have either positive or negative momentum. This means
that the eigenvectors of direction for each particle can be written as a linear combination
of energy eigenstates:

|±⟩ = 1√
2

(|g⟩ ± |e⟩). (6.28)

This approximation is reasonable, as it can be verified by combining energy eigenfunctions
of a 1D harmonic oscillator in the momentum representation, showing that this combination
is concentrated in the positive or negative branch of momentum.

From the undeformed dispersion relation (since we are at the classical basis), we
construct an operator that gives the modulus of the momentum of a two-level state,
sharing the same energy eigenstates but with different energies for each level:

|P | = diag
(√

m(ϵ+ ω),
√
m(ϵ− ω)

)
. (6.29)

To account for the momentum direction, we note that the x-Pauli matrix has eigenstates
given by Eq. (6.28). Thus, the Hamiltonian describing the evolution of this system is:

H = ϵ(1)4 + ω

2 (σz ⊗ 1 ⊗ 1 ⊗ 1 + 1 ⊗ σz ⊗ 1 ⊗ 1) + ℓ|P | ⊗ |P | ⊗ σx ⊗ σx, (6.30)

where (1)4 = 1 ⊗ 1 ⊗ 1 ⊗ 1, and 1 is the 2 × 2 identity matrix. This Hamiltonian is a
16 × 16 matrix, such that a direct computation shows that it is constituted by four 4 × 4
block matrices as follows:

H =


H11 0 0 0
0 H−11 0 0
0 0 H1−1 0
0 0 0 H−1−1

 , (6.31)

66



where

Hab =


ϵ+ a+b

2 ω 0 0 ℓm
√

(ϵ+ aω)(ϵ+ bω)
0 ϵ+ a+b

2 ω ℓm
√

(ϵ+ aω)(ϵ+ bω) 0
0 ℓm

√
(ϵ+ aω)(ϵ+ bω) ϵ+ a+b

2 ω 0
ℓm
√

(ϵ+ aω)(ϵ+ bω) 0 0 ϵ+ a+b
2 ω


(6.32)

with (a, b) = {−1, 1}. Since the evolution of this system involves Lindblad operators,
we need to describe the momentum of the composite system. Given that the Lindblad
operators are multiplied by ℓ in (6.22) and are expected to contribute only slightly, the
momentum composition remains undeformed. The operator representing the sum of the
momenta of the two particles is:

P = |P | ⊗ 1 ⊗ σx ⊗ 1 + 1 ⊗ |P | ⊗ 1 ⊗ σx, (6.33)

where we account for the possibility that the particles may be moving in different directions.
This operator can also be expressed in block form, similar to the Hamiltonian in (6.34) as

P =


P11 0 0 0
0 P−11 0 0
0 0 P1−1 0
0 0 0 P−1−1

 , (6.34)

where

Pab =
√
m


0

√
ϵ+ aω

√
ϵ+ bω 0

√
ϵ+ aω 0 0

√
ϵ+ bω

√
ϵ+ bω 0 0

√
ϵ+ aω

0
√
ϵ+ bω

√
ϵ+ aω 0

 . (6.35)

Although Pab has not an X-shape, the matrix (Pab)2 has this form, just like the
Hamiltonian (6.32). As this operator appears explicitly in the Lindblad equation (6.22),
this suggests that a natural ansatz for the density matrix consists also in a block-diagonal
matrix ρ = diag (ρ11, ρ−11, ρ1−1, ρ−1−1), where each ρab is a 4 × 4 X-shaped matrix. In fact,
assuming this ansatz, the last term of the Lindblad equation (6.22) −2PρP also assumes
a block diagonal form of X-shaped matrices labeled by parameters (a, b) running {−1, 1}.

As a consequence of these observations, we can reduce the problem of handling the
system of differential equations described by a 16 × 16 matrix to four sets of systems of
differential equations given by 4 × 4 matrices, labeled by the parameters (a, b). Specifically,
for each block of matrices, obeys a Lindblad equation of the form:

∂tρab + i [Hab, ρab] + ℓ

2
(
P 2

abρab + ρabP
2
ab − 2PabρabPab

)
= 0. (6.36)
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Since the particles can move in any direction, there is a 25% probability for the system
to be in one of the four possible configurations of parameters (a, b) = {−1, 1}. Therefore,
the density matrix used to compute correlations must be averaged as:

ρ̄ = 0.25 (ρ−1−1 + ρ−11 + ρ1−1 + ρ11) . (6.37)

with elements

ρ̄ij
.= [ρ̄]ij = 0.25 ([ρ−1−1]ij + [ρ−11]ij + [ρ1−1]ij + [ρ11]ij) (6.38)

To analyze this state, we consider solutions to the Lindblad equation, following an ansatz
similar to the one adopted in [173], assuming the initial condition:

|Ψ⟩ = sin θ|eg⟩ + cos θ|ge⟩, (6.39)

which represents an unentangled state when θ = 0 and a maximally entangled state (Bell
state) when θ = π/4. Thus, the parameter θ allows us to control the initial level of
entanglement. The corresponding averaged matrix for this initial conditions is

ρ̄(t = 0) =


0 0 0 0
0 cos2(θ) sin(θ) cos(θ) 0
0 sin(θ) cos(θ) sin2(θ) 0
0 0 0 0

 . (6.40)

In appendix B.1, we solve this Lindblad equation analytically, and derive its asymptotic
behavior for late times.

6.3 Quantum Correlations

Quantum spacetime is typically responsible for introducing dissipation in the form of
decoherence in quantum systems (see, for instance, [157]). However, a unique signature of
the deformation of the relativity principle is the presence of modified composition laws for
energy and momentum. For single-particle states, decoherence emerges as a consequence
of the modified evolution equation (6.22), as discussed in [161]. However, for multiple
particles, the introduction of interaction-like terms that depend on the momenta of each
particle may introduce correlations that initially compete with decoherence effects. In
this section, we will consider four quantifiers of correlations: concurrence, as a measure of
entanglement; the l1-norm of coherence, quantum mutual information, and local quantum
Fisher information.
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6.3.1 Concurrence

Entanglement is the most profound quantum correlation between systems and was first
highlighted in the work by Einstein, Podolsky, and Rosen [174], which aimed to point out
an incompleteness in the quantum description of the world. The modern definition of
entanglement dates back to the works by Werner [175], where this concept was extended
to mixed states. Today, entanglement plays a fundamental role in quantum cryptography
[176], quantum computing [177], and quantum teleportation [178].

A useful quantifier of entanglement for a two-qubit state, described by an X-shaped
matrix, is the concurrence. For a 4 × 4 matrix, it reads [165, 179]:

C = 2 max
{
|ρ̄23| −

√
ρ̄11ρ̄44, |ρ̄14| −

√
ρ̄22ρ̄33, 0

}
, (6.41)

where the density matrix used is the averaged one described in (6.37). The system of
differential equations (6.36) for the initial condition (6.39) was solved analytically for
arbitrary θ in section B.1. The asymptotic behavior of the system is quoted below:

lim
t→∞

ρ11 = lim
t→∞

ρ22 = lim
t→∞

ρ33 = lim
t→∞

ρ44 = 1
4 , (6.42)

lim
t→∞

ρ14 = lim
t→∞

ρ23 = sin(θ) cos(θ)
2 = sin (2θ)

4 . (6.43)

We verify that the diagonal elements of the density matrix eventually larger than the
off-diagonal ones when θ ̸= π/4. This means that in a finite time, the concurrence becomes
null. For the case where θ = π/4, this happens asymptotically.

In Fig. 6.1, we observe the concurrence for different initial conditions. The qualitative
behavior of the quantities discussed in this chapter does not change significantly for
different values of the parameter ℓ. Only the scale in which they occur is modified.
Therefore, without loss of generality, we consider ℓ with the same order of magnitude of
the other parameters of the model. We see that a system of two particles can be prepared
in an unentangled state (θ = 0) and become entangled over time due to the modified
energy conservation in deformed relativity (black, solid curve). By increasing the angle to
θ = 0.05, we see that although the state is initially partially entangled, decoherence effects
reduce the concurrence to zero. However, the modified composition law effects are still
strong enough to reentangle the system before it becomes completely unentangled (blue,
dash-dotted curve). For θ = π/12, the system starts more entangled before experiencing
a drop in this correlation (purple, dashed curve). This behavior repeats for the initial
Bell state (θ = π/4) (red, dotted curve). We considered unrealistically large values of
the parameters for the sake of clarity of the figures, but this does not affect the main
results. In fact, we are considering a value of the ℓ-parameter of the same order of the
other parameters in this plot, but in reality, it should be much smaller, since it is related
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to the Planck length scale of quantum gravity.
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Figure 6.1: Concurrence for different initial conditions determined by θ. The parameters
used are ℓ = 1, m = 1, ϵ = 1, and ω = 0.5.

Notice that such mechanism is conceptually different than the one from the gravitationally-
induced entanglement procedure [126, 127] that we discussed in the previous chapter. In
that case, the Newtonian potential and a superposition of position states (which creates an
effective superposition of gravitational interactions) is responsible for creating entanglement
between the two massive particles. In our case, we interpret that after an interaction,
considering that the particles are in a momentum superposition, the initially separate state
of the two quantum particles, becomes entangled due to the noncommutative properties of
spacetime. In the former case, it has been argued that the Newtonian interaction creates
a communication channel that violates the Local Operation and Classical Communica-
tion (LOCC) theorem, which, as a consequence, therefore implies that the gravitational
interaction is of quantum nature in essence. In our case, we consider that the particles
are free, i.e., there is no interaction potential that serves as a channel for communication
between them. The term p⃗1 · p⃗2 that corrects the undeformed Hamiltonian is not, in fact,
an interaction term due to some force. Although it, in a broad sense, “interacts” the
particles through a scalar product, its presence here is purely kinematical in nature.

The extra, non-local term that deforms the energy conservation is introduced by the
same mechanism that creates decoherence between the particles, i.e., the underlying
quantum algebra that is responsible for the preservation of the relativity principle at the
Planck scale. In fact, as we verified in Fig.6.1, the time scale of the decoherence is the
same as the entanglement generation. This entanglement generation is due to the apparent
non-locality of this extra term in the conservation law. Non-local terms can, in fact, create
entanglement and circumvents the LOCC theorem [180].

The non-local nature of modified conservation laws in corrections of classical systems
due to quantum gravity has been a matter of debate in the past years [181], which

70



has led to the development of the Principle of Relative Locality [48], that states that
the locality of interactions is an observer-dependent statement, that can be effectively
described via modified composition laws. While the Relative Locality framework considers
energy-momentum conservation using classical mechanics tools, we are exploring the
possible non-local behavior from a quantum mechanical perspective (due to entanglement).
Although entanglement emerges in this approach, we also have the presence of decoherence
effects, that naturally suppresses such behavior to a limited time window.

If we consider the product state determined by θ = 0, then, from [182], the time scale
that governs the entanglement of this system is given by Tent = (ℓ∆P 2)−1, where ∆P is
the standard quantum uncertainty of the momentum. If we average the uncertainty of the
observable as ∆P = 0.25∑ab ∆Pab and express the result by restoring the speed of light
and Planck’s constant, we find:

Tent = ℏEQG

2mc2ϵ
, (6.44)

where EQG = ℓ−1 is the quantum gravity energy scale that measures deviations from
standard symmetries. Notice that this expression has an energy dependence similar to the
decoherence time found in [161], τD ∼ 2EQG/p

2 ∼ EQG/(mE). For the parameters used
in Fig. 6.1, Tent is of the order of 0.5 in natural units, which is consistent with Fig. 6.1. To
understand this, let us suppose that we prepare such an unentangled superposition of two
free particles. The uncertainty in the momentum of each particle translates into the time
that it takes to observe the entanglement generation between them.

If the energy scale of the particles is ϵ, then Tentϵ ∼ ℏEQG/(mc2). For instance, consider
a pair of ions [183] with a mass of the order m = 3.7 × 1010 eV, where the energy scale
of electronic transitions is of the order ϵ ∼ 1 eV, the Planck energy EQG = EPlanck =
1.2 × 1028 eV and ℏ = 6.6 × 10−16eV · s. We can estimate the entanglement time scale
Tent = 214 s ≈ 3.6 min. If an entangled pair of ions has approximately 100 elementary
particles and supposing that the quantum gravity energy scale grows linearly with the
number of particles [81, 148], the entanglement time becomes of the order of hours. This
means that it would be necessary to preserve the quantum properties of this superposition
of two particle system along this time scale in order to probe entanglement generation due
to the uncertainty in their momenta. Besides that, if the quantum gravity scale EQG grows
with the number of elementary particles, then the entanglement time scale grows too.
Notice that this time scale is larger than the one typically considered in the gravitationally
induced entanglement proposals [126, 127] of ∼ 1 s (also for different experimental setups,
of course). But if one is capable of designing such an experiment, it would be possible
at least to set interesting constraints on the quantum gravity scale not so far from the
Planck scale.

An interesting opportunity could be achieved when we consider long lived qubits, like
trapped ions. For instance, in [184] it is reported coherence time exceeding one hour
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for a single qubit. Coherence time of system of qubits can serve as laboratory tests for
deformations of the conservation of energy and deformed Hamiltonians. Of course, in
models in which ∆P can be enlarged would reduce the entangling time, which could be
interesting for experimental tests.

Curiously, if we make ϵ = mc2 in (6.44), and we compare it with the entanglement
time scale of the gravitationally induced setting TGIE = ℏL/(Gm2) (where L is the scale
of the relative distance between the particles of the system), a straightforward calculation
shows that L = ℓ. This means that at the Planckian regime, the gravitational interaction
between the particles involved in the scenario discussed in this chapter cannot be ignored.

6.3.2 The l1-Norm of Coherence

Coherence is an important ingredient in various areas of physics, such as quantum optics,
quantum information, solid-state physics, and biology [185]. The first axiomatic approach
to quantifying coherence was proposed in [186], and since then, several approaches have
been developed. For a review, we refer the reader to [187]. In this chapter, we use the
l1-norm of coherence, introduced by [188], which is a quantifier based on matrix norms
and can be straightforwardly applied to the type of density matrix we are analyzing.

For an X-shaped density matrix, it reads:

Cl1 =
∑
i̸=j

|ρ̄ij| = 2(|ρ̄14| + |ρ̄23|), (6.45)

which simply measures the magnitude of the off-diagonal elements of ρ̄.
In Fig. 6.2, we see that for θ < π/4, the Hamiltonian creates correlations and initially

dominates over decoherence effects, sharing the behavior of the concurrence discussed
in the previous subsection. Over time, the Lindbladian terms eventually balance the
deformed composition law contribution. Asymptotically, we observe a perfect balance
between the creation of correlations due to the Hamiltonian and decoherence effects due
to the Lindblad equation, which preserves the coherence of the system when θ ≠ 0. This
is due to the asymptotic behavior of the density matrix elements shown in appendix B.1.
Notably, for an initial Bell state (θ = π/4), since the system begins maximally coherent,
these two contributions balance each other from the outset. In fact, the open quantum
spacetime also creates correlations in this system, as we will discuss in Section 6.4, meaning
that while it dissipates entanglement, it helps maintain other correlations between the
particles for initially partially entangled states.

We observe that such behavior is due to the survival of the off-diagonal elements of
the density matrix as can be seen in Eq.(6.43). For an initially unentangled state, the
off-diagonal elements vanish in time as can be seen in Fig. 6.3a. In this case, we see
that the off-diagonal elements |ρ̄14| (orange curve) and |ρ̄23| (purple curve) asymptotically
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Figure 6.2: The l1-norm of coherence for different initial conditions determined by θ. The
parameters used are ℓ = 1, m = 1, ϵ = 1, and ω = 0.5.

survive and assume the same value. Also notice in Fig. 6.3a that, at initial times, the
element |ρ̄23| (purple curve) is indeed larger than ρ̄11ρ̄44 (blue curve), which is the reason
why there is an initial entanglement due to the modified composition law. Also notice in
Fig. 6.3b that for an initially partially entangled state, the off-diagonal elements grow
again and approach each other according to (6.43).
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(a) Behavior of the average density matrix
for θ = 0.
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θ = π/12.

Figure 6.3: Behavior of the average density matrix elements ρ̄ij for the initial condition
θ = 0 and θ = π/12. We assume parameters ℓ = 1, m = 1, ϵ = 1, ω = 0.5.

This behavior is not entirely new in condensed matter systems. For instance, a similar
phenomenon can be observed in [173], which considers a spin-1/2 Ising-XY Z chain model.
There, one also observes the disappearance and resurgence of entanglement and coherence,
with the stabilization of quantum correlations over time.
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6.3.3 Quantum Mutual Information

An important quantifier of quantum correlations beyond entanglement is the Quantum
Discord. By calculating it, we can determine whether the balance between the Hamiltonian
and the Lindbladian dissipates all quantum correlations or only entanglement. The
definition of quantum discord uses the concept of mutual information between two random
variables [189, 190], which is the correlations that we will consider in this subsection. For
a system consisting of two subsystems, say A and B (e.g., the two particles considered in
this chapter), the density matrix is written as ρAB, which in our case is ρ̄. The quantum
mutual information is given by:

I(ρAB) = S(ρA) + S(ρB) − S(ρAB), (6.46)

where S(ρ) = −Tr[ρ log2 ρ] is the von Neumann entropy, which measures the uncertainty
of a quantum state ρ.

The quantity ρA is the reduced density operator of subsystem A, defined as:

ρA = TrB[ρAB], (6.47)

where TrB is the partial trace over subsystem B, given by:

TrB[ρAB] =
d∑

k=1
(1A ⊗ ⟨kB|)ρAB(1A ⊗ |k⟩B), (6.48)

where d is the dimension of subsystem B, 1A is the identity operator of subsystem A (in
our case, diag(1, 1)), and {|k⟩B} is an orthonormal basis of subsystem B [191, 192]. In
our case, d = 2, and we consider the computational basis {|k⟩B} = {|0⟩, |1⟩}. For a 4 × 4
matrix with elements [ρAB]ij = ρij, we have:

ρA = TrB(ρAB) =
ρ11 + ρ33 ρ12 + ρ34

ρ21 + ρ43 ρ22 + ρ44

 , (6.49)

ρB = TrA(ρAB) =
ρ11 + ρ22 ρ13 + ρ24

ρ31 + ρ42 ρ33 + ρ44

 . (6.50)

This procedure provides a way to derive the state of A by tracing out the degrees of free-
dom of B, and vice versa. It ensures the correct measurement statistics for measurements
made on subsystems A and B [193].

For a classical system, there is an equivalent way to define mutual information. The
Shannon entropy is the classical counterpart of the von Neumann entropy. Consider a
classical system described by two random variables X and Y , where px is the probability
that X takes the value x, py is the probability that Y takes the value y, and px,y is the
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probability that a measurement of (X, Y ) yields (x, y). The Shannon entropy for X is
given by H(X) = −∑

x px log2 px.
From Bayes’ rule, the probability that X takes the value x, given that Y takes the

value y, is px|y = pxy/py. This allows us to write:

H(X, Y ) = −
(∑

y

py log2 py

)(∑
x

px|y

)
−
∑

y

py

(∑
x

px|y log2 px|y

)
= H(Y ) +H(X|Y ),

(6.51)

where H(X|Y ) = ∑
y H(X|y) is the conditional entropy, representing the amount of

information needed to describe the outcome of X given the outcome of Y . Thus, there are
two equivalent ways, I and J , to describe mutual information for a classical system:

I(X,Y ) = H(X) +H(Y ) −H(X, Y ), (6.52)
J(X,Y ) = H(X) −H(X|Y ). (6.53)

A quantum analog of the conditional entropy for a bipartite system ρAB was introduced
by Ollivier and Zurek [190]:

S(A|{ΠB
i }) =

∑
i

piS(ρA
i ), (6.54)

where {ΠB
i } are orthogonal measurement operators on subsystem B, and pi = Tr[ΠB

i ρ
AB]

is the probability of obtaining outcome i. Additionally, ρA
i = TrB[ΠB

i ρ
AB]/pi is the post-

measurement state of subsystem A. Thus, the quantum version of J defined in (6.53)
is:

J(ρAB){ΠB
i } = S(ρA) − S(A|{ΠB

i }), (6.55)

which depends on the measurement operator ΠB
i and represents the amount of information

gained about A by measuring B. The quantum discord is the difference between the
expressions (6.46) and (6.55), minimized over all von Neumann measurements 2. It is not
a simple task to minimize this difference and several works have been dedicated to finding
analytical expressions for this quantifier [194, 195, 196, 197]. To analyze study correlations
of the discord type, we will consider the Local Quantum Fisher Information in the next
subsection. Below, we will describe the quantum mutual information between the two
particles as a quantifier of correlations. In Appendix B.2, we express this quantity for any
X-state.

2A general quantum measurement is described by a collection {Ei} of measurement operators that
satisfy the completeness equation:

∑
i E

†
iEi = 1. For a projective measurement, the operators Ei are

orthogonal projectors: EiEj = δijEi. A von Neumann measurement is a special type of projective
measurement where the measurement operators Ei are orthogonal projectors with rank one (i.e., their
image is a column matrix).
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Figure 6.4: Quantum Mutual Information for different initial conditions determined by θ.
We assume parameters ℓ = 1, m = 1, ϵ = 1, ω = 0.5.

We depict the mutual information for different initial conditions in Fig. 6.4. It also
stabilizes over very long times, indicating that while entanglement degrades over time,
other quantum correlations between the two particles persist.

We also depict the behavior of the three correlations discussed in this chapter so far for
an initially unentangled state in Fig. 6.5. It is evident that there is a hierarchy between
coherence, quantum mutual information and entanglement.
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Figure 6.5: Comparison of the different quantifiers for coherence, quantum mutual in-
formation and entanglement studied in the chapter for θ = 0. The red/dotted curve
represents the l1-norm of coherence. The blue/dash-dotted curve represents quantum
mutual information. The black/solid curve represents concurrence.
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6.3.4 Local Quantum Fisher Information

The Quantum Fisher Information (QFI) is a fundamental concept in quantum estimation
theory, which measures how much information a quantum state carries about a parameter
to be estimated. It is related to the maximum precision with which we can estimate a
parameter through the quantum Cramér-Rao bound [198, 199, 200, 201, 202, 203].

In many applications of quantum mechanics and quantum information, we aim to
estimate a parameter ϕ that affects a quantum state ρ(ϕ). This parameter can represent,
for example: a magnetic field applied to a quantum system, an evolution time of a quantum
state or a phase shift in an optical system. The idea is to measure a quantum system to
obtain as much information as possible about ϕ.

The Quantum Fisher Information is a generalization of classical Fisher Information to
quantum states. The formal definition is:

FQ(ϕ) = Tr
(
ρ(ϕ)L2

ϕ

)
, (6.56)

where Lϕ is the quantum score operator, also called the Helstrom operator, defined
implicitly by the Lyapunov equation:

dρ(ϕ)
dϕ

= 1
2(ρ(ϕ)Lϕ + Lϕρ(ϕ)). (6.57)

The operator Lϕ represents the best choice of observable for estimating the parameter
ϕ.

The QFI is widely used in various areas of physics and quantum information, such
as: quantum metrology, for improving the precision of sensitive measurements, such
as interferometry and quantum sensors; quantum communication, for optimizing the
transmission and detection of signals encoded in quantum states; quantum computing,
for optimizing algorithms based on phase estimation and entangled states, quantum
thermodynamics, for understanding the efficiency of quantum heat engines.

In particular, when the parametric states ρϕ can be obtained from an initial probe state
ρ subjected to a unitary transformation Uϕ = eiHϕ dependent on ϕ and generated by a
Hermitian operator H, that is, ρϕ = U †

ϕρUϕ. In this case, the Quantum Fisher Information
F (ρϕ), which we denote by F (ρ,H), is given by:

F (ρ,H) =
∑
i̸=j

(pi − pj)2

pi + pj

|⟨ψi|H|ψj⟩|2 . (6.58)

Here, we use the spectral decomposition of ρ, that is,

ρ =
∑

i

pi|ψi⟩⟨ψi|, (6.59)
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with pi ≥ 0 and ∑i pi = 1 . The main terms here are:

• pi: eigenvalues of the density matrix ρ, obtained from its spectral decomposition
ρ = ∑

i pi|ψi⟩⟨ψi|.

• |ψi⟩: eigenvectors corresponding to ρ.

• H: Hermitian operator associated with the unitary evolution of the system.

• (pi−pj)2

pi+pj
: weight that quantifies the difference between the eigenvalues of the quantum

state ρ.

• |⟨ψi|H|ψj⟩|2: matrix element of H between the eigenvectors |ψi⟩ and |ψj⟩.

The important point here is that the QFI is independent of ϕ. The phase estimation
sensitivity, for any type of measurement, is limited by the Crámer-Rao bound (∆ϕ)2 ≥
1/F (ρ,H) [204, 205, 206]. Therefore, this quantity provides a lower bound on the precision
of the estimation. The knowledge of this limitation is of fundamental importance for
quantum metrology, when using quantum mechanics to describe physical systems. For
instance, considering the case in which one has an unknown parameter α that controls the
strength of a given Hamiltonian that acts on a system during a known time t, the unitary
evolution of the system is determined by the operator tαH = ϕH for a known observable
H. Since this argument can be applied for different operations, like rotations through the
angular momentum, for example, this estimator is of fundamental importance for several
areas of physics that employ different techniques, like interferometry [204].

Now, consider a bipartite quantum state ρAB of dimension 2 × d in the Hilbert space
H = HA ⊗HB. We assume that the dynamics of the first part is governed by the local
phase shift transformation e−iϕHA , where HA ≡ Ha ⊗ IB is the local Hamiltonian. In this
case, the QFI reduces to the Local Quantum Fisher Information (LQFI), given by:

F (ρ,HA) = Tr(ρH2
A) −

∑
i̸=j

2pipj

pi + pj

|⟨ψi|HA|ψj⟩|2 . (6.60)

The Local Quantum Fisher Information (LQFI) was introduced to deal with quantum
correlations of the discord type. This quantifier allows a deeper understanding of how
quantum correlations influence metrological precision. It has desirable properties that any
good quantifier of quantum correlations should satisfy:

• It is non-negative and vanishes for bipartite states without discord (classically
correlated states).

• It is invariant under local unitary operations.

• For pure states, it coincides with the geometric discord.
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The goal of choosing the local Hamiltonian was to capture the quantum correlations
between the subsystems. If the system is purely classical, then the LQFI will be zero, as a
local observer does not detect quantum effects.

The quantification of quantum correlations in terms of the Local Quantum Fisher
Information Q(ρ) is defined as the minimization of the QFI over all local Hamiltonians
HA acting on part A:

Q(ρ) = min
HA

F (ρ,HA) . (6.61)

The general form of a local Hamiltonian is

HA = σ⃗ · r⃗,

with |r⃗| = 1 and σ⃗ = (σx ≡ σ1, σy ≡ σ2, σz ≡ σ3) being the usual Pauli matrices.
It can be verified that

Tr(ρH2
A) = 1,

and the second term in equation (2) can be rewritten as:

∑
i̸=j

2pipj

pi + pj

|⟨ψi|HA|ψj⟩|2 = r⃗†Mr⃗,

where the elements of the symmetric matrix M of dimension 3 × 3 are given by:

Mlk =
∑
i̸=j

2pipj

pi + pj

⟨ψi|σl ⊗ IB|ψj⟩⟨ψj|σk ⊗ IB|ψi⟩. (6.62)

To minimize F (ρ,HA), it is necessary to maximize the quantity r⃗†Mr⃗ over all unit
vectors r⃗. The maximum value of this expression corresponds to the largest eigenvalue of
the matrix M .

Therefore, the minimum value of the Local Quantum Fisher Information Q(ρ) is given
by:

Q(ρ) = 1 − λmax(M),

where λmax represents the largest eigenvalue of the symmetric matrix M defined in equation
(6.62).

Fig. 6.6 illustrate the behavior of LQFI as a function of time t, comparing the LQFI
for the initial state (θ = 0) with that of the initial state (θ = π/4). This figure reveals
that the quantum correlations embedded in the LQFI for the initially non-entangled
state are more robust than those for the initially entangled state. This occurs because
entangled states are more sensitive to decoherence than separable states, causing the
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Figure 6.6: The local quantum Fisher information (LQFI) as a function of time t for
different initial quantum states. The black curve represents the LQFI for the non-
entangled initial state (θ = 0), while the red curve corresponds to the entangled initial
state (θ = π/4). The parameters used are ℓ = 1, m = 1, ϵ = 1, and ω = 0.5.

LQFI to degrade more rapidly.
We summarize the qualitative behavior of the correlations in Table 6.1.

Table 6.1: Qualitative summary of the behavior of the correlations.

Correlation Effect of contact with quantum spacetime envi-
ronment

Concurrence (entanglement) Destroyed in a finite time for θ ≠ π/4. Asymptotically
vanishes otherwise.

l1-norm of coherence Asymptotically preserved for θ ≠ 0. Asymptotically
vanishes otherwise.

Quantum Mutual Information Asymptotically preserved for θ ≠ 0. Asymptotically
vanishes otherwise.

Local Quantum Fisher Information Destroyed in finite time for θ = π/4. Asymptotically
vanishes or survives otherwise.

6.4 Competing Planck-Scale Effects

To better understand the effect of the deformed Hamiltonian in creating correlations
and the Lindbladians in destroying them, we introduce two deformation parameters, ℓH
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Figure 6.7: Concurrence for different initial conditions determined by θ. The parameters
used are ℓH = 1, ℓL = 0.05, m = 1, ϵ = 1, and ω = 0.5.

and ℓL, to control these contributions. The Hamiltonian is given by:

H = ϵ(1)4 + ω

2 (σz ⊗ 1 ⊗ 1 ⊗ 1 + 1 ⊗ σz ⊗ 1 ⊗ 1)

+ ℓH |P | ⊗ |P | ⊗ σx ⊗ σx, (6.63)

and the Lindblad equation is given by:

∂tρab + i [Hab, ρab] + ℓL

2
(
P2

abρab + ρabP2
ab − 2PabρabPab

)
= 0. (6.64)

6.4.1 Lindbladian Weaker than Hamiltonian (ℓL ≪ ℓH)

The effect of the different contributions to the Lindblad equation can be seen in Fig. 6.7,
where we assume different values for the deformation parameters. The dissipation effect
is described by ℓL = 0.05, while the deformed Hamiltonian is described by ℓH = 1. For
an initially unentangled state (θ = 0, black curve), we observe a dynamic phenomenon
of alternating sudden death and sudden birth of quantum entanglement between the
particles, whose amplitude is progressively attenuated by the dissipation introduced by the
Lindblad term. In contrast, for a partially entangled initial state (θ = π/6, blue curve),
the concurrence drops quicker until it vanishes.

Similarly, the l1-norm of coherence and quantum mutual information exhibit oscillatory
behavior, as shown in Figs. 6.8 and 6.9. For an initially unentangled state (θ = 0, black
curve) and for the partially entangled state (θ = π/6, red curve), the coherence oscillates
but tends to stabilize over time, as observed in the case where ℓH = ℓL. To further study
the role of these contributions, let us consider the opposite case.
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Figure 6.8: The l1-norm of coherence for different initial conditions determined by θ. The
parameters used are ℓH = 1, ℓL = 0.05, m = 1, ϵ = 1, and ω = 0.5.
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Figure 6.9: Quantum mutual information for different initial conditions determined by θ.
The parameters used are ℓH = 1, ℓL = 0.05, m = 1, ϵ = 1, and ω = 0.5.
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6.4.2 Hamiltonian Weaker than Lindbladian (ℓH ≪ ℓL)

In this case, when the system starts in an unentangled state, the deformed composition
law contribution is not strong enough to produce non-zero concurrence. For an initially
entangled state, the concurrence evolves similarly to the behavior shown in Fig. 6.1 for
the same set of parameters.

Regarding the l1-norm of coherence and quantum mutual information, the system
behaves similarly to Figs. 6.2 and 6.4. This provides evidence that the quantum spacetime,
which acts as an environment of the two-qubit system, actively preserving the coherence
of the system. Although it dissipates entanglement, it helps create and preserve classical
and quantum correlations beyond entanglement. The reason for this behavior is in the
fact that the Lindbladian Pab is not diagonal due to the superposition of momenta in
this model, as can be seen in (6.35). This property is responsible for giving a non-null
contribution from the open system represented by the quantum spacetime and creating
superpositions in this model.

6.5 Discussion

We analyzed how modifications to the Hamiltonian of a system of particles, arising from
deformations of the relativistic symmetries, influence quantum correlations. Specifically, we
constructed a model describing two particles in a superposition of energies and momenta,
corresponding to a system of four qubits. This system exhibits intriguing properties, such
as the emergence of entanglement due to the modified Hamiltonian and the role of the
quantum spacetime as an environment that dissipates entanglement while simultaneously
creating and preserving other classical and quantum correlations between the particles.
This behavior was observed when we individually examined the contributions of the
quantum gravity parameters from the deformed energy composition law (Hamiltonian)
and from the Lindblad equation.

The unique ability of the deformed Hamiltonian to generate entanglement between the
particles in the system is a distinctive effect of a deformation of relativistic symmetries. If
coherence is maintained during the time scale of the entanglement time described in this
chapter, then systems of qubits could be considered to test deformations of the composition
of energy due to quantum gravity. The study of N -partite systems could also be beneficial
to understand the effect of quantum gravity on more general systems [207].
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CHAPTER 7

Conclusions

This thesis examines the manifestation of Lorentz symmetry violations and deformations
at the Planck scale within nonrelativistic quantum systems. It specifies the conditions
under which effects, generally considered to be strongly suppressed, may become dynam-
ically significant in the infrared regime. Due to the limited experimental/observational
accessibility of the Planck scale, the analysis employs a phenomenological approach, con-
sidering low-energy quantum systems as potential amplifiers of Planck scale physics when
the appropriate kinematical and dynamical regimes are identified.

The central objective of this study is to translate modifications of relativistic kinematics,
inspired by quantum gravity, into experimentally meaningful signatures within nonrela-
tivistic quantum mechanics. The valuable contributions of this thesis are summarized
below.

Nonrelativistic limit of modified dispersion relations: A general and systematic
procedure was developed to obtain effective nonrelativistic Hamiltonians from broad classes
of modified dispersion relations. This approach shows that Planck-scale deformations
manifest as higher-order, generally nonlocal operators in the Schrödinger dynamics.

Emergence of fractional and nonlocal dynamics: Dispersion relations with non-
integer powers of momentum result in effective dynamics that qualitatively differ from the
standard quadratic kinetic structure. In the deep infrared regime, such contributions can
dominate the system’s evolution, leading to fractional and intrinsically nonlocal quantum
behavior. This relationship forms a conceptual link between Planck-scale kinematical
deformations and fractional quantum mechanics, indicating that anomalous geometric
or fractal-like properties of spacetime could produce observable effects in low-energy
dynamics.

Gravitationally induced decoherence from stochastic fluctuations: Planck-
scale fluctuations can be modeled as stochastic modifications of the dispersion relation,
leading to an effective open-system description in which quantum spacetime serves as an
environment that induces decoherence.
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Correlation and entanglement from deformed symmetry structures: In
scenarios with deformed momentum-composition laws or noncommutative spacetimes, the
structure of spacetime can generate effective interactions between otherwise free subsystems.
These interactions dynamically create correlations and entanglement, even in the absence
of direct coupling. This indicates that quantum spacetime may play an active dynamical
role, rather than serving as a passive background.

Table 7.1: Lorentz symmetry effects in NR quantum systems induced by MDRs.

Scenario Lorentz symmetry NR Infrared manifestation Chapters

Systematic effects
with integer power
in momentum

MDRs (LIV or DSR) Deformed Schrödinger dynamics;
non-quadratic kinetic terms

Ch. 3

Systematic effects
with fractional
power in momen-
tum

MDRs with fractional
powers (LIV)

Presence of fractional operators; non-
local quantum dynamics

Ch. 4

Stochastic effects Fluctuating MDRs
(LIV)

Lindblad dynamics; gravitational de-
coherence of quantum states

Ch. 5

Symmetry-
induced corre-
lations

Deformed energy com-
position laws (DSR)

Emergent interactions, entanglement
without direct coupling and decoher-
ence

Ch. 6

Table 7.1 provides an overview of the physical mechanisms examined in this study and
demonstrates that different forms of Lorentz symmetry breaking or deformation produce
qualitatively distinct signatures in the nonrelativistic regime.

The findings of this thesis suggest that nonrelativistic quantum systems serve not only
as approximations to relativistic theories but also as complementary tools for investigating
fundamental spacetime structure. Precision tabletop experiments, quantum optical plat-
forms, and mesoscopic systems, therefore, represent promising laboratories for advancing
quantum gravity phenomenology.
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APPENDIX A

Deformed macroscopic dynamics

The dynamics implied by Eq. (3.43) applies solely at the microscopic level, i.e. , to
elementary particles, and has to be amended to account for macroscopic objects. To
elucidate this point, in this appendix we study its classical counterpart in the absence of
external fields and curvature, and with aligning Lorentz-violation (Ai = 0). The resulting
Hamiltonian reads

H = 1
2M

(
k2 − ℓ

3∑
n=1

ξn(Mc)3−nkn

)
, (A.1)

where k2 = δijkikj. Applying the Legendre transform, we obtain the Lagrangian

L = Mv2

2

[
1 + ℓMc

(
ξ1
c

v
+ ξ2 + ξ3

v

c

)]
, (A.2)

with the velocity v. In order to study the kinematics of macroscopic objects, we consider
N particles of equal mass,such that

L =
N∑

I=1

Mv2
I

2

[
1 + ℓMc

(
ξ1
c

vI

+ ξ2 + ξ3
vI

c

)]
. (A.3)

In this context, the velocity of a single particle can be expressed as a sum of the macroscopic
center-of-mass velocity vmac and the relative velocity of the particle.For simplicity, we
assume the relative motion to be negligible. We are, thus, describing a macroscopic solid
in motion. As a result, on the macroscopic level the Lagrangian becomes

L =
N∑

I=1

Mv2
mac

2

[
1 + ℓMc

(
ξ1

c

vmac
+ ξ2 + ξ3

vmac

c

)]

= Mmacv
2
mac

2

[
1 + ℓMmacc

N

(
ξ1

c

vmac
+ ξ2 + ξ3

vmac

c

)]
.

(A.4)

where, in the last step, we introduced the mass of the macroscopic object Mmac = NM .
Hence, expressed in terms of the relevant variables for macroscopic objects, the quantum-
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gravity corrections deteriorate with the number of fundamental constituents, thereby
avoiding a possible soccer-ball problem [80, 44, 81, 82].1 As regards phenomenology, we
effectively have to shift the relevant length scale as ℓ → ℓ/N . As we generally compare
this diluted minimal-length scale to the macroscopic mass, this comes down to comparing
the mass of the fundamental constituents to the Planck scale. As this mass is generally
dominated by protons and the neutrons (both of which only encompass three elementary
particles), it is generically the proton mass that is compared to the Planck mass. This
fact which is compatible with other findings in the context of minimal-length models
[208, 209, 148, 67] and has to be accounted for, when considering macroscopic objects.

1Note that a resolution of the soccer-ball problem of this kind creates a new “inverse” soccer-ball
problem, for details see [67].
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APPENDIX B

Analytic solution of the Lindblad equation

B.1 Analytic solution of the Lindblad equation and
asymptotic behavior of the density matrix

The Lindblad equation is 
A11 0 0 A14

0 A22 A23 0
0 A32 A33 0
A41 0 0 A44

 = 0,

where

A11 = 2αℓm
[
(1 − i)ρ14 − ρ23 − ρ32 + (1 + i)ρ41

]
+ 4ℓmϵ

(
2ρ11 − ρ22 − ρ33

)
+ 4ρ′

11, (B.1)

A44 = 2αℓm
[
(1 + i)ρ14 − ρ23 − ρ32 + (1 − i)ρ41

]
+ 4ℓmϵ

(
2ρ44 − ρ22 − ρ33

)
+ 4ρ′

44, (B.2)

A14 = 2αℓm
[
(1 − i)ρ11 − ρ22 − ρ33 + (1 + i)ρ44

]
+ 4ℓmϵ

(
2ρ14 − ρ23 − ρ32

)
+ 4ρ′

14, (B.3)

A41 = 2αℓm
[
(1 + i)ρ11 − ρ22 − ρ33 + (1 − i)ρ44

]
+ 4ℓmϵ

(
2ρ41 − ρ23 − ρ32

)
+ 4ρ′

41, (B.4)

A22 = 2αℓm
[

− ρ14 + (1 − i)ρ23 + (1 + i)ρ32 − ρ41
]

+ 4ℓmϵ
(

− ρ11 + 2ρ22 − ρ44
)

+ 4ρ′
22, (B.5)

A23 = 2αℓm
[

− ρ11 + (1 − i)ρ22 + (1 + i)ρ33 − ρ44
]

+ 4ℓmϵ
(

− ρ14 + 2ρ23 − ρ41
)

+ 4ρ′
23, (B.6)

A32 = 2αℓm
[

− ρ11 + (1 + i)ρ22 + (1 − i)ρ33 − ρ44
]

+ 4ℓmϵ
(

− ρ14 + 2ρ32 − ρ41
)

+ 4ρ′
32, (B.7)

A33 = 2αℓm
[

− ρ14 + (1 + i)ρ23 + (1 − i)ρ32 − ρ41
]

+ 4ℓmϵ
(

− ρ11 + 2ρ33 − ρ44
)

+ 4ρ′
33. (B.8)

and α =
√
ϵ2 − ω2 + ϵ.
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Subtracting the equations for A11 and A44, we find

iαℓm(ρ41 − ρ14) + 2ℓmϵ(ρ11 − ρ44) + (ρ′
11 − ρ′

44) = 0 (B.9)

Subtracting the equations for A14 and A41, we find

iαℓm(ρ44 − ρ11) + 2ℓmϵ(ρ14 − ρ41) + (ρ′
14 − ρ′

41) = 0 (B.10)

Let us call ρ11 − ρ44 = A and ρ14 − ρ41 = B, where B is two times the imaginary part
of ρ14. We then have

− iαℓmB(t) + 2ℓmϵA(t) + A′(t) = 0 (B.11)
− iαℓmA(t) + 2ℓmϵB(t) +B′(t) = 0 (B.12)

With initial conditions A(0) = 0 = B(0), the solution is A(t) = 0 = B(t). This proves
that ρ11 = ρ44 and that ρ14 = ρ41 = Re(ρ14) is a real function. We shall call ρ11(t) = a(t)
and ρ14(t) = b(t).

Subtracting the equations for A22 and A33, we find

iαℓm(ρ32 − ρ23) + 2ℓmϵ(ρ22 − ρ33) + (ρ′
22 − ρ′

33) = 0 (B.13)

Subtracting the equations for A23 and A32, we find

iα ℓm (ρ33 − ρ22) + 2ℓmϵ (ρ23 − ρ32) + (ρ′
23 − ρ′

32) = 0 (B.14)

Let us call ρ22 − ρ33 = C and ρ23 − ρ32 = D, where D is two times the imaginary part
of ρ23. We then have

− iαℓmD(t) + 2ℓmϵC(t) + C ′(t) = 0 (B.15)
− iαℓmC(t) + 2ℓmϵD(t) +D′(t) = 0 (B.16)

With initial conditions C(0) = cos(2θ) and D(0) = 0, the solution is

C(t) = ρ22(t) − ρ33(t) = cos(2θ)e−2ℓmtϵ cos(αℓmt), (B.17)
D(t) = 2Im(ρ23(t)) = ρ23(t) − ρ32(t) = i cos(2θ)e−2ℓmtϵ sin(αℓmt). (B.18)

Now, let us sum up the terms from A23 and A32:

α ℓm
[
(ρ22 + ρ33) − (ρ11 + ρ44)

]
+ 2ℓmϵ

[
(ρ23 + ρ32) − (ρ14 + ρ41)

]
+
(
ρ′

23 + ρ′
32

)
= 0 (B.19)

Let us call ρ23(t) + ρ32(t) = F (t). Also, we notice that due to the property Tr(ρ) = 1,
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we have ρ22 + ρ33 = 1 − 2a(t). This means that we can simplify the above equation to

−2αℓma− 4ℓmϵb+ αℓm(ρ22 + ρ33) + 2ℓmϵ(ρ23 + ρ32) + ρ′
23 + ρ′

32 = 0. (B.20)

Expanding and grouping:

F ′(t) − 4αℓma(t) − 4ℓmϵb(t) + 2ℓmϵF (t) + αℓm = 0. (B.21)

Also, the equations from A11 and A14 can be written as

a′(t) + 4ℓmϵa(t) + αℓmb(t) − 1
2αℓmF (t) − ℓmϵ = 0, (B.22)

b′(t) + 2αℓma(t) + 2ℓmϵb(t) − ℓmϵF (t) − 1
2αℓm = 0. (B.23)

The solution of equations (B.22), (B.23) and (B.21) is for the initial conditions a(0) =
0 = b(0) and F (0) = sin(2θ) is

a(t) =ρ11(t) = ρ44(t) = 1
4 − 1

8e
−2ℓmt(

√
ϵ2−ω2+3ϵ)(1 + sin(2θ))

− 1
8e

−2ℓmt(ϵ−
√

ϵ2−ω2)(1 − sin(2θ)),
(B.24)

b(t) =ρ14(t) = 1
4 sin(2θ) − 1

8e
−2ℓmt(

√
ϵ2−ω2+3ϵ)(1 + sin(2θ))

+ 1
8e

−2ℓmt(ϵ−
√

ϵ2−ω2)(1 − sin(2θ)),
(B.25)

F (t) = 2Re(ρ23(t)) = 1
2 sin(2θ) + 1

4e
−2ℓmt(

√
ϵ2−ω2+3ϵ)(1 + sin(2θ))

− 1
4e

−2ℓmt(ϵ−
√

ϵ2−ω2)(1 − sin(2θ)).
(B.26)

This implies that

ρ23(t) =1
4 sin(2θ) + 1

8e
−2ℓmt(

√
ϵ2−ω2+3ϵ)(1 + sin(2θ)) − 1

8e
−2ℓmt(ϵ−

√
ϵ2−ω2)(1 − sin(2θ))

+ i

2 cos(2θ)e−2ℓmtϵ sin(αℓmt).
(B.27)

From (B.17) and ρ22 + ρ33 = 1 − 2a(t), we derive the following solutions

ρ22(t) =1
4 + 1

8e
−2ℓmt(

√
ϵ2−ω2+3ϵ)(1 + sin(2θ)) + 1

8e
−2ℓmt(ϵ−

√
ϵ2−ω2)(1 − sin(2θ))

+ 1
2 cos(2θ)e−2ℓmtϵ cos(αℓmt),

(B.28)
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ρ33(t) =1
4 + 1

8e
−2ℓmt(

√
ϵ2−ω2+3ϵ)(1 + sin(2θ)) + 1

8e
−2ℓmt(ϵ−

√
ϵ2−ω2)(1 − sin(2θ))

− 1
2 cos(2θ)e−2ℓmtϵ cos(αℓmt).

(B.29)

From these expressions, we can derive the asymptotic behavior of the density matrix
when t → ∞:

lim
t→∞

ρ11 = lim
t→∞

ρ22 = lim
t→∞

ρ33 = lim
t→∞

ρ44 = 1
4 , (B.30)

lim
t→∞

ρ14 = lim
t→∞

ρ23 = sin(θ) cos(θ)
2 . (B.31)

This means that asymptotically, the off-diagonal elements of the density matrix are
non-zero for an initially entangled (or partially entangled) state.

B.2 Quantum Mutual Information of an X-state

Following the steps described in Section 6.3.3, the quantum mutual information for a
bipartite system of X-shape (represented by a 4 × 4 density matrix):

I = 1
2 ln 2

[
− 2(ρ11 + ρ22) ln(ρ11 + ρ22) − 2(ρ11 + ρ33) ln(ρ11 + ρ33)

+
(
ρ22 + ρ33 −

√
(ρ22 − ρ33)2 + 4|ρ23|2

)
ln
(

1
2

(
ρ22 + ρ33 −

√
(ρ22 − ρ33)2 + 4|ρ23|2

))
+
(
ρ22 + ρ33 +

√
(ρ22 − ρ33)2 + 4|ρ23|2

)
ln
(

1
2

(
ρ22 + ρ33 +

√
(ρ22 − ρ33)2 + 4|ρ23|2

))
− 2(ρ22 + ρ44) ln(ρ22 + ρ44) − 2(ρ33 + ρ44) ln(ρ33 + ρ44)

+
(
ρ11 + ρ44 −

√
(ρ11 − ρ44)2 + 4|ρ14|2

)
ln
(

1
2

(
ρ11 + ρ44 −

√
(ρ11 − ρ44)2 + 4|ρ14|2

))
+
(
ρ11 + ρ44 +

√
(ρ11 − ρ44)2 + 4|ρ14|2

)
ln
(

1
2

(
ρ11 + ρ44 +

√
(ρ11 − ρ44)2 + 4|ρ14|2

))]
.

(B.32)
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