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Resumo

Neste trabalho, apresentamos uma introdução às teorias de dimensões extras de grande
escala, nas quais são previstas modificações da interação gravitacional em escalas mi-
croscópicas. Em seguida, revisamos a teoria do decaimento alfa proposta por Gamow e
a estendemos para um cenário que envolve dimensões extras, com o objetivo de inves-
tigar a influência de um potencial gravitacional modificado sobre a taxa de decaimento
de núcleos radioativos pesados. No regime de curtas distâncias, quando comparadas ao
tamanho das dimensões extras, a modificação do potencial gravitacional é descrita por um
comportamento do tipo lei de potência. No regime de longas distâncias, por outro lado,
empregam-se correções do tipo Yukawa para caracterizar o comportamento assintótico
do potencial gravitacional modificado. Com base nesse arcabouço teórico e utilizando
dados experimentais de decaimento alfa de 158 isótopos, foi possível estabelecer vínculos
experimentais independentes para os parâmetros dos modelos de dimensões extras por meio
da técnica de ajuste por mínimos quadrados. Em nossa análise, consideramos cenários com
diferentes números de dimensões extras e impusemos restrições aos principais parâmetros
do modelo, incluindo o raio nuclear efetivo, o comprimento de Planck em dimensões extras
e os parâmetros associados à parametrização de Yukawa.

Palavras-chave: Dimensões Extras de Grande Escala; Modelos de Branas; Interação
Gravitacional Modificada; Decaimento Alfa.



Abstract

In this work, we present an introduction to large extra-dimensional theories, in which
modifications to the gravitational interaction are predicted at microscopic scales. We
then review Gamow’s theory of alpha decay and extend it to a scenario involving extra
dimensions, with the aim of investigating the influence of a modified gravitational potential
on the decay rate of heavy radioactive nuclei. In the short-distance regime, compared
with the size of the extra dimensions, the modification of the gravitational potential is
described by a power-law behavior. In the long-distance regime, on the other hand, Yukawa-
type corrections are employed to characterize the asymptotic behavior of the modified
gravitational potential. Based on this theoretical framework, and using experimental
alpha-decay data from 158 isotopes, we were able to establish independent experimental
constraints on the parameters of extra-dimensional models by means of a least-squares
fitting technique. In our analysis, scenarios with different numbers of extra dimensions
were considered, and constraints were imposed on the main model parameters, including
the effective nuclear radius, the higher-dimensional Planck length, and the parameters
associated with the Yukawa parametrization.

Keywords: Large Extra Dimensions; Brane-world Models; Modified Gravitational
Interaction; Alpha Decay.
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1 Introduction

Below, we present a brief historical overview of the key ideas that led to the devel-
opment of extra-dimensional theories in modern physics, from their earliest formulations
to more recent models. We then offer a concise discussion of the alpha-decay process,
highlighting the theoretical aspects essential for its understanding. Next, we explain how
this nuclear phenomenon can be employed as a sensitive tool to probe potential signatures
of extra dimensions. Finally, we conclude the chapter by outlining the general structure
and organization of the remainder of this work.

1.1 A Historical Overview of Higher-Dimensional Physics
The idea that physical space might contain dimensions beyond the three observable

spatial ones has a long history, deeply intertwined with the development of modern
theoretical physics. The first attempts to incorporate extra dimensions emerged in the
early 20th century, motivated by the ambitious goal of unifying the fundamental interactions.
In the 1910s, the Finnish physicist Gunnar Nordström proposed a relativistic theory of
gravitation that, although based on a scalar field rather than a tensorial metric, introduced
for the first time the idea of an additional spatial dimension as a means to unify gravitation
and electromagnetism [1–4]. In 1914, he suggested that a five-dimensional universe, with
the extra dimension not directly observable, could reproduce in four observable dimensions
both gravitational effects and the behavior of electromagnetic fields. This proposal is now
recognized as the first extra-dimensional theory in physics.

Although Nordström’s theory of gravitation was considered experimentally inferior
to Albert Einstein’s General Relativity (GR), since it failed to predict phenomena such as
the bending of light observed during the 1919 solar eclipse, his work marked a crucial step
in the idea that physical laws could emerge from a spatial structure richer than the one
directly perceived. Nordström’s pioneering contribution paved the way for more robust
and mathematically consistent developments, most notably the celebrated Kaluza–Klein
(KK) theory.

Until the beginning of the 20th century, the two fundamental interactions known
were gravitational and electromagnetic interactions. It was during this period that, in 1919,
Theodor Kaluza sent Einstein a manuscript (published two years later, in 1921) presenting
the results of a hypothesis he had developed [5–7]. In this work, Kaluza proposed a
unification of Maxwell’s theory of electromagnetism with Einstein’s GR, showing that both
could be incorporated elegantly into a single mathematical framework if one assumed the
existence of an additional spatial dimension in the universe. To make this extension viable,
Kaluza introduced the so-called cylindricity condition, according to which no physical
quantity should depend explicitly on the fifth coordinate. This assumption removed
unwanted degrees of freedom and allowed Maxwell’s field equations to be recovered exactly
from the extended five-dimensional metric.

A few years later, in 1926, Oskar Klein made a crucial contribution to the model by
suggesting that this fifth dimension is unobservable because it is compactified into a tiny
circle of extremely small radius, on the order of the Planck length [8, 9]. Klein’s proposal
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not only provided a geometric explanation for the invisibility of the extra dimension but
also introduced a quantum character to the theory, consistent with the recent advances of
the time by Heisenberg and Schrödinger. In doing so, it transformed the Kaluza–Klein
model into the first concrete example of unification between fundamental interactions
through compactified extra dimensions.

Since then, two additional fundamental interactions have joined the set of forces
known in physics: the weak and strong nuclear forces. The weak interaction acts between
subatomic particles and is responsible for various radioactive decay processes, also playing
a significant role in phenomena such as nuclear fission and fusion. Although there exists a
formulation known as Quantum Flavordynamics (QFD) to describe it, this terminology is
rarely used, as the weak force is more comprehensively treated within the Electroweak
Theory (EWT). Its range is extremely short, smaller than the diameter of a proton, which
confines it essentially to the subatomic domain [10,11].

In turn, the strong interaction is described by Quantum Chromodynamics (QCD)
and constitutes the mechanism responsible for keeping protons and neutrons bound within
atomic nuclei, as well as for confining quarks and gluons inside hadrons. Its typical range,
about 10−15 meters, is very small, but its intensity is extraordinarily high: it is the most
powerful of the four fundamental interactions, being approximately 100 times stronger
than electromagnetism, 106 times stronger than the weak interaction, and 1038 times
stronger than gravitation [12–14].

With the establishment of these two new forces in the 20th century, it became
natural to seek a theory capable of unifying all fundamental interactions within a single
conceptual framework. Over the decades, several proposals emerged, and a remarkable
feature shared by many of these theories is the requirement, or at least the possibility, of
extra dimensions beyond the four familiar dimensions of spacetime. As an example, one
may mention string theory, in which elementary particles are not treated as point-like
objects but rather as vibrating one-dimensional entities.

String theory was originally developed in the late 1960s and early 1970s as an
attempt, ultimately never fully successful, to describe hadrons, that is, subatomic particles
such as protons and neutrons that interact via the strong nuclear force. However, with the
development of QCD, it became clear that the strong interaction could be more accurately
explained by a gauge field theory based on the dynamics of quarks and gluons [15].
This advance shifted string theory away from its initial purpose; nonetheless, the theory
gained new momentum when it was discovered that its mathematical structure provides a
natural framework for incorporating quantum gravity. Since then, modern formulations
of the theory, including superstring theory and M-theory, have required the existence
of compactified extra spatial dimensions, which allow for a consistent description of the
fundamental interactions together with supersymmetry and the presence of the graviton
as a vibrational mode of the string [16–18].

These theories robustly predict that spacetime contains more dimensions than
the four perceived macroscopically, thereby establishing a deep connection between the
quest for unification and the notion of additional dimensions. By the end of the 20th
century, the idea that extra dimensions might play a fundamental role in the structure of
the universe reemerged even more explicitly in the so-called brane theories, in which our
observable universe is interpreted as a “hypersurface” embedded in a higher-dimensional
space. This conceptual framework culminated, among other developments, in the Arkani-
Hamed–Dimopoulos–Dvali (ADD) model [19,20], which explores large extra dimensions
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as a possible solution to the hierarchy problem.
In 1998, the celebrated ADD model was proposed, redefining in an innovative

way the role of extra dimensions in fundamental physics. This model embraces the idea
of Large Extra Dimensions (LED) and suggests that, instead of being compactified at
imperceptibly small scales, the additional dimensions could in fact be relatively large,
which would drastically modify gravity at short distances. According to the ADD proposal,
only gravity could propagate freely through the multidimensional bulk, while the other
interactions (such as those described by QED) remain confined to our 3-D brane (or
3-brane). The supplementary space, consisting of the additional dimensions, is assumed to
be compact and characterized by a radius of size R. This hypothesis leads to an important
consequence: the theory predicts that, due to the existence of the extra dimensions, the
gravitational force would be amplified at length scales much smaller than R, potentially
producing deviations from the inverse-square law of gravitation [21, 22]. Depending on the
specific features of the model considered, this characteristic scale could be as large as the
submillimeter range without conflicting with observational data.

Our 3-D universe
Gravity

Gravity

Extra dimensions

Figure 1 – Our universe may exist on a brane, or membrane, within the extra dimensions.
The blue line running along the cylinder (below, on the right) and the horizontal
plane represent our three-dimensional universe, to which all known particles
and forces, except gravity, are confined. Gravity (red lines) propagates through
all dimensions. The extra dimensions can be as large as submillimeter scales
without conflicting with any existing observations. Source: Own authorship.

The approach introduced by the ADD model opened the door to revisiting
long-standing problems discussed within the scientific community using new theoreti-
cal tools, such as the hierarchy problem between the electroweak scale and the Planck
scale [19, 20, 23–25]. In this context, the ADD model emerges as a realistic candidate
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for progress toward a Grand Unified Theory (GUT) or even a Theory of Everything
(TOE), by embedding gravitation and the fundamental interactions within the same
higher-dimensional framework.

The Fig. 1 illustrates this concept: our three-dimensional brane appears as a
sheet, where matter and all non-gravitational forces are confined, whereas the extra
dimension is depicted as a cylinder through which gravity freely escapes, propagating
across the additional directions of the higher-dimensional spacetime. This geometric, and
simultaneously physical, perspective revived debates concerning the nature of space and
gravity, and provided the foundation for a wide range of proposals and experiments aiming
to search for signatures of extra dimensions at submillimeter, atomic, and nuclear scales.

In Section 2.1, we return to the discussion of the ADD model, exploring some of
its features in a bit more detail.

1.2 The Alpha Decay Process
Radioactive atoms that are nuclear-level unstable naturally tend to seek greater

stability. To reach a more stable state, such atoms emit particles and/or electromag-
netic radiation through processes known as decay reactions. When these processes occur
spontaneously, the emitted radiation may be of three types: alpha, beta, or gamma.

Heavy nuclei can undergo alpha decay. A representative example is the reaction
U238 → Th234 + α, illustrated in Fig. 2, in which Uranium-238 transforms into the isotope
Thorium-234 while emitting an alpha particle (a Helium nucleus). In the alpha-decay
model developed by G. Gamow [26], the parent nucleus (in this case, Uranium) is described
as a bound state composed of the daughter nucleus (Th) and the alpha particle. The
kinetic energy of the emitted particle, E, which consists of two protons and two neutrons,
is determined by the difference between the rest masses before and after the reaction,
according to the relativistic expression E = mc2 [27]. Inside the nucleus, the alpha particle
is subject to an attractive nuclear interaction, which Gamow approximated using a square
potential well. Outside the nucleus, however, it experiences a repulsive Coulomb interaction
of electrostatic origin.

The energy E of the alpha particle is lower than the height of the potential barrier,
which would classically prevent it from appearing outside the nucleus. Nonetheless, due to
quantum tunneling, there exists a finite probability for the alpha particle to penetrate the
barrier and be emitted. The lifetime of the parent nucleus is directly connected to this
transmission probability, which can be estimated by applying the WKB approximation to
the Schrödinger equation [28–32].

The central objective of this work is to investigate possible indications of the
existence of extra dimensions within the nuclear domain, examining how such dimensions
could modify the alpha decay of radioactive nuclei. To this end, we extend Gamow’s theory
of alpha decay by introducing an additional modification to the potential energy experienced
by the alpha particle. This modification arises from the brane-world framework (the ADD
model), which predicts an enhancement of the gravitational potential in a spacetime
containing extra spatial dimensions.

In the context of the brane-world model, the extra-dimensional space is compact
and characterized by a radius of size R. In this scenario, the gravitational interaction
becomes stronger at short distances (r ≪ R), and the modified gravitational potential
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acquires a power-law behavior proportional to 1/r1+δ, where δ is the number of extra
dimensions. Conversely, at large distances compared to R, the gravitational potential
must asymptotically return to its usual three-dimensional form. Nevertheless, even in
this regime, additional gravitational corrections appear. To first approximation, these
corrections can be described by a Yukawa-type term, α exp (−r/λ), where α represents
the interaction-strength amplification factor and λ defines the characteristic length scale
at which the correction becomes significant [22,33,34].

Thus, in a scenario with extra dimensions, in addition to the Coulomb interaction,
the only one considered in Gamow’s original model, the modified gravitational interaction
between the emitted alpha particle and the residual nucleus must also be taken into account
during the decay process. Based on this, we aim to determine the effects of this additional
term on the decay rate of radioactive nuclei and to compare the resulting theoretical
predictions with the available experimental data. This analysis will enable us to establish
independent constraints on the parameters of extra-dimensional models.

238
92 U

234
90 Th

4
2He

Radioactive Nucleus (j)

Alpha Particle (α)

Neutron

Proton

Rad
iati

on

New Nucleus

Figure 2 – Illustrative scheme of the alpha decay process. The unstable radioactive nucleus
emits an alpha particle, composed of two protons and two neutrons, which
escapes the nuclear potential barrier through the quantum tunneling effect.
This process results in the formation of a lighter and generally more stable
daughter nucleus. Source: Own authorship.

We have divided the content of this work into six chapters. In Chapter 1, Introduc-
tion, we present a brief historical overview of several prominent theories in physics that
involve extra dimensions, as well as an introduction to the alpha-decay process. The objec-
tives of the present work are also outlined within this context. In Chapter 2, Theoretical
Foundations, we provide a review of the foundations of large-extra-dimension theories,
with particular emphasis on the ADD model. In Chapter 3, The Alpha Decay Theory, we
revisit the theory of alpha decay as originally proposed by G. Gamow. In Chapter 4, Alpha
Decay in Extra-Dimensional Scenarios, we extend Gamow’s theory to frameworks involving
extra dimensions and present the possible effects that such dimensions may have on the
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alpha-decay process. In Chapter 5, Results and Discussion, using experimental alpha-decay
data from 158 isotopes, we obtain independent experimental constraints on the parameters
of the model and discuss the results obtained. Finally, in Chapter 6, Conclusion, we provide
a brief summary of the material presented throughout the work and discuss the relevance
of the results obtained. We also conclude with perspectives for future research in this area.
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2 Theoretical Foundations

In this chapter, we present the main theoretical elements that form the foundation
of this work. We begin with a brief introduction to the ADD model, highlighting its
motivations and fundamental assumptions. Next, we analyze the gravitational potential in
different scenarios with extra dimensions, including the study of long-distance corrections
that arise in such contexts.

Furthermore, we discuss the relationship between the Planck length and the
gravitational constant in spaces of different dimensionalities, as well as how the Newtonian
gravitational constant relates to the gravitational constant in models with compact extra
dimensions. Finally, we address the hierarchy problem and examine the possible size of the
extra dimensions by analyzing representative scenarios and their physical implications.

2.1 The ADD Model
The Arkani-Hamed–Dimopoulos–Dvali (ADD) model is one of the most well-known

large extra dimension models in the literature. Historically, the ADD model can be regarded
as one of the most influential proposals within the framework of theories that seek to
extend our understanding of gravity beyond the traditional paradigm [20,25]. Unlike the
original Kaluza–Klein (KK) formulation, in which the extra dimensions are compactified
at scales close to the Planck length and thus inaccessible to direct observation with current
technologies, the ADD model allows these additional dimensions to have significantly larger
compactification radii, potentially reaching the submillimeter scale without conflicting
with the available experimental data [5, 8, 9].

One of the main motivations for the development of this model is related to the
so-called hierarchy problem, which concerns the large disparity between the electroweak
scale and the Planck scale [19]. In the context of the ADD model, this discrepancy
can be alleviated by the hypothesis that gravity propagates freely through the extra
dimensions, while matter and the other fundamental fields remain confined to a four-
dimensional hypersurface, commonly referred to as a brane. This feature significantly alters
the strength of gravitational interaction at small scales, suggesting that gravity could
manifest itself much more intensely than predicted by Newton’s law in regimes below the
compactification radius.

This possibility opens the way for both theoretical and experimental investigations.
On the one hand, the amplification of the gravitational potential at microscopic scales
could introduce observable effects in systems where gravity is usually negligible, such as in
the atomic or nuclear domain. On the other hand, the absence of empirical evidence for
such deviations provides experimental bounds on the parameters of the model, namely the
number of additional dimensions and the value of the compactification radius. In this sense,
the ADD model stands out not only for offering an elegant alternative to the hierarchy
problem, but also for providing a theoretical framework that can be directly confronted
with experimental results at scales accessible to current technologies, such as, for example,
the LHC experiments at CERN [22].
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2.2 Gravitational Potential in an Extradimensional Space
The analysis of gravitational potentials in different scenarios is an essential tool for

understanding how gravity may manifest itself at scales beyond the usual regime. By first
establishing the Newtonian gravitational potential in a four-dimensional spacetime, we
can then explore its generalization to an arbitrary number of spatial dimensions. In this
section, we intend to discuss the effects of extra dimensions on the gravitational field.

Let us therefore begin our investigation by reviewing the calculation of the usual
Newtonian gravitational potential in a (3+1)-dimensional spacetime. According to the
differential form of Gauss’s law for gravity, the gravitational field g satisfies the following
relation:

∇ · g = −4πGρ, (2.1)

where ρ is the matter density (mass per unit three-volume) and G is the Universal
Gravitational Constant (UGC).

Suppose we are interested in determining the gravitational field of a body of mass
m with spherical symmetry [33–35]. Consider a body of mass m, a two-sphere S2(r) of
radius r centered around the massive body and a three-ball B3(r) whose boundary is the
two-sphere1. In the three-dimensional space R3 with coordinates x1, x2 and x3, we can
write the two-sphere and the three-ball as follows:

S2(r) = x2
1 + x2

2 + x2
3 = r2, (2.2)

and
B3(r) = x2

1 + x2
2 + x2

3 ≤ r2. (2.3)

According to the divergence theorem, we have∫
B3

(∇ · g)d3V =
∮

S2
g · dA = Φm, (2.4)

where Φm is the flux of g through S2. Let’s first solve the integral in S2. Using spherical
symmetry, we have ∮

S2
g · dA = grvol(S2(r)) = gr4πr2, (2.5)

where gr is the radial component of the gravitational field g and vol(S2(r)) = 4πr2 is the
area of the sphere. On the other hand, calculating the integral of the matter density over
the entire volume of the three-ball, we obtain the total mass of the body∫

B3
(∇ · g)d3V = −4πGm. (2.6)

Thus, from Eqs.(2.5) and (2.6), using spherical coordinates, we can write the gravitational
field in (3+1)-dimensions as:

g(r) = −Gm

r2 r̂. (2.7)

From the gravitational field g, we can determine the potential using the fact that g is a
conservative field. Thus, we can write g in terms of the gradient of a scalar field:

g = −∇ϕ. (2.8)
1 The superscripts in S or B denote the dimensionality of the space in question.
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Using spherical coordinates in Eq.(2.8), we can obtain the scalar field:

ϕ(r) = −Gm

r
. (2.9)

The Eq.(2.9) is the usual form for the Newtonian gravitational potential of a body of mass
m in a four-dimensional spacetime [33–37].

Now, we can use analogous reasoning and generalize this method to calculate the
gravitational potential generated by a body of mass m in a space with non-compact (n+1)
dimensions2. So, suppose we have an (n−1)-sphere Sn−1(r) of radius r centered on a body
of mass m, where Sn−1(r) is the contour of an n-ball Bn(r). In this more general scenario,
we can define spheres and balls as subspaces of Rn:

Sn−1(r) = x2
1 + x2

2 + · · · + x2
n = r2, (2.10)

and
Bn(r) = x2

1 + x2
2 + · · · + x2

n ≤ r2. (2.11)

Just like for the usual case, we will also have a Gaussian law for gravity in this scenario3:

∇ · g = −4πG(n+1)ρ(n), (2.12)

where ρ(n) is the matter density (mass per unit n-volume) and G(n+1) is the (n+1)-
dimensional gravitational constant [33,34]. Let’s compute the integral of Eq.(2.12) over
the n-ball. Then, ∫

Bn
(∇ · g)dnV = −4πG(n+1)

∫
Bn
ρ(n)dnV. (2.13)

The integral of the matter density ρ(n) over the entire volume of Bn gives us the total
mass of the body. Now, applying the divergence theorem to this scenario,∫

Bn
(∇ · g)dnV =

∮
Sn−1

g · dA = Φm, (2.14)

where Φm is the flux of g through Sn−1. Evaluating the integral in Sn−1, we obtain∮
Sn−1

g · dA = g(r)vol(Sn−1(r)), (2.15)

where vol(Sn−1(r)) is the volume of the (n−1)-sphere. With a little effort, it is possible to
show that the volume of the (n−1)-sphere is (see Appendix A):

vol(Sn−1(r)) = 2πn/2rn−1

Γ(n/2) . (2.16)

With this, we obtain the gravitational field generated by a mass m in a space with n
spatial dimensions:

g(r) = g(r)r̂ = −2Γ (n/2)G(n+1)m

π
n
2 −1rn−1 r̂. (2.17)

2 By “non-compact dimensions” we mean that the extra dimensions are “large” compared to the Planck
length.

3 It is important to emphasize that, even in a scenario with an arbitrary number of spatial dimensions,
physical quantities such as gravitational field and gravitational potential maintain the same physical
units as in the usual scenario.
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Now, let’s derive the gravitational potential for this scenario. To do this, we will start with
the fundamental theorem for gradients, which tells us that the line integral of the gradient
of a scalar function F evaluated along a path C is given by:∫ b

a
(∇F ) · dl = F (b) − F (a). (2.18)

Just as for the classical case, Eq.(2.8), let’s do g(r) = −∇ϕ. Considering infinity as the
initial position and r as the final position, we can write the following:

−
∫ r

∞
(∇ϕ) · dl = −[ϕ(r) − ϕ(∞)] = −ϕ(r). (2.19)

Using Eq.(2.17), we obtain the expression for the gravitational potential for long distances
generated by a mass immersed in a space of non-compact (n+1) dimensions:

ϕ(r) = −2Γ (n/2)G(n+1)m

(n− 2)π n
2 −1rn−2 . (2.20)

In Eq.(2.17), we can notice that for small values of r, the magnitude of the gravitational
field grows faster than in Eq.(2.7). Thus, Eq.(2.17) tells us that the gravitational interaction
becomes stronger for short distances, when compared to Eq.(2.7).4

2.3 Gravitational Potential in a Space with One Extra-Compact
Dimension
Let’s explicitly determine the potential generated by a mass located in a multi-

dimensional universe in which the extra dimension is compact. Up to this point, all our
analysis of the gravitational potential in scenarios with additional dimensions has not
taken into account the characteristic size of the extra dimensions. Now, however, we shall
treat these dimensions as finite, that is, compact. This condition, introduced in the ADD
model, has important implications for both the theory and its phenomenology. In this new
context, we assume that the extra dimension is compact with the topology of a circle of
radius l (illustration on the left in Fig. 3). Since gravity is the only interaction able to
access these dimensions, the behavior of its field lines will be determined by the resulting
cylindrical geometry [35,38].

Let us then consider an observer located at a point O, who observes a mass m
placed at a certain position in the universe. Due to the compact nature of the extra
dimension, the gravitational field lines originating from m travel around the circular space,
winding repeatedly until they reach the observer at point O. To visualize this situation
more clearly, imagine cutting the cylinder and unrolling it (see Fig. 4). We then obtain a
plane with the mass m placed at its center, while the observer at O is reached by several
field lines originating from the mass. From the observer’s point of view, the gravitational
influence does not come from a single mass alone, but rather from multiple masses (m1,
m2,· · · ) distributed along a line passing through the center of the original mass (illustration
at the center of Fig. 3). We refer to these apparent sources observed by O as topological
images. The minimum separation between two successive images is 2πl, which corresponds
precisely to the size of the compact extra dimension. If the observer is located at a distance
4 Note that for (n+1) non-compact dimensions we will have (n−3) supplementary dimensions.
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R much larger than l, the images will appear to be uniformly and continuously distributed
along the extra dimension (illustration on the right in Fig. 3). In this approximation,
Gauss’s law can be applied to calculate the field generated by this effective line of masses.

m

l

m

m1

m−1

O

2πl

2πl

L
m

Z

O

R

Figure 3 – On the left: mass located at a specific point in the universe. In the center:
the cylinder is represented by an “open” space with topological identifications
(the observer feels the influence of several topological images). On the right:
a situation where the observer is very distant from the mass and observes a
virtually continuous distribution of these masses. Source: Own authorship.

Figure 4 – Cylinder cut laterally, with the cut in the direction of its length. Source: Own
authorship.

The situation we will investigate can be represented as shown in the illustration
on the right of Fig. 3, where the masses are located on the axis representing the extra
dimension. The cylinder of height L corresponds to our Gaussian ‘surface’. Since the space
we are considering has four spatial dimensions, the base of the cylinder is a sphere, rather
than a circle. Let us consider again Gauss’s law, where the area integral is performed over
the Gaussian surface: ∮

g · dA = −4πG(5)Mint, (2.21)

where Mint is the amount of topological mass contained in the continuous line within
the cylindrical Gaussian surface. Since the topological masses are arranged along a line
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that passes through each of them, and since 2πl is the separation distance between one
topological image and another, the number of charges contained in a line of length L
(length of the cylindrical Gaussian surface) will be equal to L/2πl. Therefore, we have
that Mint will be:

Mint = L

2πlm. (2.22)

By the symmetry of the matter distribution, we have that g is perpendicular to the
additional dimension and will depend only on the radial coordinate R of the Gaussian
surface, where, in turn, we will have: g · dA = g(R)dA. With this, Eq.(2.21) becomes∮

g(R)dA = −4πG(5)
(
L

2πlm
)
. (2.23)

Since the base of the Gaussian “cylinder” we are dealing with is a sphere, its total area
will then be (4πR2)L. Therefore,

g(R)(4πR2)L = −4πG(5)
(
L

2πlm
)
. (2.24)

Isolating the radial component g(R), we can write the gravitational field for this scenario
as follows:

g(R) = −G(5)m

2πlR2 êR. (2.25)

To calculate the gravitational potential, we will proceed in the same way as we did in
Eq.(2.8), where we now have g(R) = −∇ϕ(R). Thus, using Eq.(2.18),

−
∫ R

∞
(∇ϕ(R′)) · dl = − [ϕ(R) − ϕ(∞)] = −ϕ(R). (2.26)

On the other hand, we have
∫ R

∞
g(R′) · dl = −

∫ R

∞

G(5)m

2πlR′2dR
′ = G(5)m

2πlR . (2.27)

With this, the gravitational potential will be

ϕ(R) = −G(5)m

2πlR . (2.28)

Let’s make the following identification5:

G(4) = G(5)

2πl . (2.29)

Therefore, we will have

ϕ(R) = −G(4)m

R
. (2.30)

Thus, for large distances compared to the radius of the extra dimension (R ≫ l), we
recover the expression valid in (3+1)-dimensional space [36–38].
5 We will see this type of relationship in more detail in the next sections.
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2.4 Long-Distance Gravitational Potential Corrections in the Brane
Model
In this section, we will determine an exact expression for the gravitational potential

produced by a mass m in a universe with compact extra dimensions. To do this, we will
use the method of topological images (or image masses), analogous to what we saw in the
previous section, which will allow us to obtain the total gravitational potential generated
by each of the system’s image masses in the covering space [33,34]. In this case, we will
assume that the extra dimensions are compact and have a circular topology, with R as
their radius.

In the brane model, the gravitational potential produced by a particle of mass m
in a space with δ non-compact extra dimensions, R3 × Rδ, follows a power law:

ϕ(r) = − G(4+δ)m

|r − r′|1+δ , (2.31)

where r′ is the vector that locates the mass m and the gravitational constant for this
scenario we are denoting by G(4+δ).

For a supplementary space with δ compact extra dimensions, R3×(S1×· · ·×S1), the
location of any point in this space is determined from its coordinates (x, y, z, w1, · · · , wδ).
So, in this case, we will have to consider the extra parameters (w1, w2, · · · , wδ) to determine
the position of the mass m in the supplementary space. The three-brane would correspond
to the space in which wi = 0, i = 1, · · · δ. Suppose the mass m is at the origin. Then, its
position vector will be given by:

r′ = (0, 0, 0, 0, · · · , 0). (2.32)

The effect of the compact topology S1 on the potential can be simulated by means of a
set of image masses that are scattered in the supplementary space Rδ. These images must
be separated from each other by a certain distance that is equal to an integer multiple of
the length of the extra dimension (2πR), that is, for each image mass, its position will be
given by:

r′
p1,··· ,pδ

= (0, 0, 0, 2πRp1, · · · , 2πRpδ), (2.33)
where each pi is an integer. The image mass (p1, · · · , pδ) produces a gravitational potential
of the form:

ϕp1,··· ,pδ
(r) = − G(4+δ)m∣∣∣r − r′

p1,··· ,pδ

∣∣∣1+δ . (2.34)

In ambient space, the position vector of any point is given by

r = (x, y, z, w1, ..., wδ). (2.35)

With this, we can calculate the norm of the vector r − r′
p1,··· ,pδ

:∣∣∣r − r′
p1,··· ,pδ

∣∣∣2 =
(
r − r′

p1,··· ,pδ

)
·
(
r − r′

p1,··· ,pδ

)
. (2.36)

Calculating the inner product in the above equation, it is simple to show that

∣∣∣r − r′
p1,··· ,pδ

∣∣∣ =
s2 +

δ∑
j=1

(wj − (2πR)pj)2

1/2

, (2.37)
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where s2 = x2 + y2 + z2. Thus, the potential generated by a single topological mass will be:

ϕp1,··· ,pδ
(r) = − G(4+δ)m[

s2 +∑δ
j=1 (wj − (2πR)pj)2

] 1+δ
2
. (2.38)

Therefore, the resulting gravitational potential is the sum of the potentials produced by
each of the image masses:

ϕ(r) = −
∑

(p1,··· ,pδ)∈Zδ

G(4+δ)m[
s2 +∑δ

j=1 (wj − (2πR)pj)2
] 1+δ

2
. (2.39)

Now, let’s explore Eq.(2.39) and obtain a simpler expression for the gravitational potential.
First, note that the function given above is periodic in the directions transverse to the
brane, that is, with respect to the coordinates w. Thus, we can represent it as a Fourier
series.

So, based on this line of reasoning, we will proceed with our analysis starting from
the Poisson Summation Formula (see Appendix B). As an example, let’s first consider a
function F (t). Suppose that F is a periodic function and therefore can be represented by
means of a Fourier series as follows:

F (t) =
+∞∑

p=−∞
f(t+ pT ) =

+∞∑
k=−∞

g(k/T )e
2πikt

T

T
, (2.40)

where T is the period of F and g(k/T ) is the Fourier transform of f(t) [39, 40]. With this,
we can make an analogy between Eq.(2.40) and our gravitational potential in the brane
model, through the following relations:

ϕp1,··· ,pδ
(r) ≡ f(t+ pT ) and ϕ(r) ≡ F (t). (2.41)

Thus, from Eq.(2.38),

f(t+ pT ) ≡ − G(4+δ)m[
s2 +∑δ

j=1 (wj − (2πR)pj)2
] 1+δ

2
. (2.42)

In our case, we have t ≡ wj and T ≡ 2πR.6 Therefore, the expression for f(t) ≡
f(w1, · · · , wδ) will be:

f(w1, ..., wδ) ≡ − G(4+δ)m[
s2 +∑δ

j=1 wj
2
] 1+δ

2
= − G(4+δ)m

[s2 + w2]
1+δ

2
, (2.43)

where w2 = |w|2 = ∑δ
j=1 wj

2. So, being ϕ(r) ≡ F (w1, · · · , wδ),

ϕ(r) =
+∞∑

p=−∞
f(w1 + p(2πR), · · · , wδ + p(2πR))

=
+∞∑

k1=−∞
· · ·

+∞∑
kδ=−∞

g

(
k1

2πR, · · · , kδ

2πR

)
e

2πik1w1
2πR

2πR · · · e
2πikδwδ

2πR

2πR

=
+∞∑

k1=−∞
· · ·

+∞∑
kδ=−∞

g

(
k1

2πR, · · · , kδ

2πR

)
e

i(k1w1+...+kδwδ)
R

(2πR)δ
,

6 Without loss of generality, let us consider that T is the same for all extra dimensions.
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or simply

ϕ(r) =
∑

k∈Zδ

g

(
k1

2πR, · · · , kδ

2πR

)
e

ik·w
R

(2πR)δ
, (2.44)

where
g

(
k1

2πR, · · · , kδ

2πR

)
=
∫
Rδ
f(w1, · · · , wδ)e− ik·w

R dδw. (2.45)

Using the relation in Eq.(2.43), we have that

ϕ(r) = −G(4+δ)m

(2πR)δ

∑
k∈Zδ

e
ik·w

R

∫
Rδ

e− ik·w
R

[s2 + w2]
1+δ

2
dδw. (2.46)

This is the simplified expression in Cartesian coordinates for the modified potential of
Eq.(2.39).

Now, let’s explore Eq.(2.46) a little further to obtain an expression for the modified
gravitational potential in spherical coordinates. First, recall that in three-dimensional
spherical coordinates (x, y, z) the radial coordinate r of a point is related to the Cartesian
coordinates of that point by the following expression: r2 = x2 + y2 + z2.

In Eq.(2.46), the integral is expressed in terms of w1, w2, · · · , wδ, and we know
that w2 = w2

1 + w2
2 + · · · + w2

δ . So, w is our radial variable for spherical coordinates in δ
dimensions. In turn, the angular variables will be θ1, θ2, · · · , θδ−1. Using Appendix C, it is
straightforward to show that Eq.(2.46) will be:

ϕ(r) =
−G(4+δ)m

(2πR)δ

∑
k∈Zδ e

ik·w
R
∫ 2π

0
∫ π

0 ...
∫ π

0
∫∞

0
e

− ik·w
R

[s2+w2]
1+δ

2
wδ−1 sinδ−2 θ1 sinδ−3 θ2... sin θδ−2dwdθ1dθ2...dθδ−1.

Computing the δ − 2 outer integrals7, as in Appendix C, by setting k′ = −k/R in the
above equation, and assuming that θ1 is the angle between k′ and w, we will have:

ϕ(r) = −G(4+δ)m

(2πR)δ

∑
k∈Zδ

e−ik′·wvol(Sδ−2)
∫ π

0

∫ ∞

0

eik′w cos θ1

[s2 + w2]
1+δ

2
wδ−1 sinδ−2 θ1dwdθ1. (2.47)

The integrals in the above equation can be solved by doing a separation:
∫ π

0

∫ ∞

0

eik′w cos θ1

[s2 + w2]
1+δ

2
wδ−1 sinδ−2 θ1dwdθ1 =

∫ ∞

0

wδ−1

[s2 + w2]
1+δ

2
dw

∫ π

0
eik′w cos θ1 sinδ−2 θ1dθ1.

(2.48)
We can use the following identity8 for the second integral in Eq.(2.48):

Jν(z) =

(
z
2

)ν

Γ
(
ν + 1

2

)
Γ
(

1
2

) ∫ π

0
e±iz cos θ sin2ν θdθ , Re

(
ν + 1

2

)
> 0,

7 The integrals involving the variables θ2, θ3, · · · , θδ−1.
8 Ch. 8, formula 8.411 (7) on page 912 of Ref. [41].
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where Jν is the Bessel function of the first kind, δ − 2 ≡ 2ν → ν ≡ δ
2 − 1, z ≡ k′w and

θ ≡ θ1. Thus, we will have

J δ
2 −1 (k′w) =

(
k′w

2

) δ
2 −1

Γ
(

δ−1
2

)
Γ
(

1
2

) ∫ π

0
eik′w cos θ1 sinδ−2 θ1dθ1.

In our case, we will use the following identities:

Γ
(
δ − 1

2

)
= 2π δ−1

2

vol(Sδ−2) and Γ
(1

2

)
= π1/2.

Thus, our integral can be written as follows:
∫ π

0
eik′w cos θ1 sinδ−2 θ1dθ1 = J δ

2 −1 (k′w) 2δ/2πδ/2w1−δ/2

k′ δ
2 −1vol(Sδ−2)

.

Substituting this result into Eq.(2.48), we will have
∫ ∞

0

wδ−1

[s2 + w2]
1+δ

2
dw

∫ π

0
eik′w cos θ1 sinδ−2 θ1dθ1 = 2δ/2πδ/2

k′ δ
2 −1vol(Sδ−2)

∫ ∞

0

wδ/2

[s2 + w2]
1+δ

2
J δ

2 −1 (k′w) dw.

(2.49)
Now, to evaluate the integral of Eq.(2.49), we will use the following identity9:

∫ ∞

0

xν+1

(a2 + x2)ν+3/2Jν(bx)dx = π1/2bν

2ν+1aeabΓ
(
ν + 3

2

) , Re(a) > 0, b > 0, Re(ν) > −1,

(2.50)
where we can identify the following terms: a ≡ s, b ≡ k′, x ≡ w and ν ≡ δ

2 − 1. Then,

∫ ∞

0

w
δ
2

[s2 + w2]
1−δ

2
J δ

2 −1(k′w)dw = π1/2k′ δ
2 −1

2δ/2sesk′Γ
(

1+δ
2

) . (2.51)

Substituting this result into Eq.(2.49), we will have
∫ ∞

0

wδ−1

[s2 + w2]
1+δ

2
dw

∫ π

0
eik′w cos θ1 sinδ−2 θ1dθ1 = π

sesk′ . (2.52)

Thus, the modified gravitational potential ϕ(r) of Eq.(2.47) can be rewritten as:

ϕ(r) = −G(4+δ)m

s

πvol(Sδ−2)
(2πR)δ

∑
k∈Zδ

e−sk′
e−ik′·w. (2.53)

For simplicity, we consider w = |w| = 0 and thus we have10

ϕ(r) = −G(4+δ)m

r

πvol(Sδ−2)
(2πR)δ

∑
k∈Zδ

e−rk′
. (2.54)

9 Ch. 6, formula 6.565 (3) on page 678 of Ref. [41].
10 In this case, setting |w| = 0 means we have r = s.
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where r2 = x2 + y2 + z2 and k′2 = (k1/R)2 + · · · + (kδ/R)2. Now, to obtain the usual
expression of the Newtonian gravitational potential with correction terms, we conclude
that we must relate G(4+δ) to the Universal Gravitational Constant G as follows:

G ≡ G(4+δ)πvol(Sδ−2)
(2πR)δ

. (2.55)

Thus, we are left with the following expression:

ϕ(r) = −Gm

r

∑
k∈Zδ

e−rk′
. (2.56)

This is the gravitational potential on the brane assuming that the brane is embedded in a
higher-dimensional space with δ compact extra dimensions. As a first approximation, we
can calculate the correction to the potential by taking only the largest terms, that is, the
terms with k′ = 0 and k′ = 1. By doing this, with some mathematical manipulations, it is
simple to show that the result obtained will be:

ϕ(r) = −Gm

r

(
1 + αe−r/R

)
. (2.57)

The factor α in Eq.(2.57) concerns degeneracy11, where in this case α = 2δ. The above
expression is known in the literature as a Yukawa-type expression12,13 [22, 32, 42–44]. Note
that for r ≫ R, the usual Newtonian potential is recovered. The Yukawa parameter would
give us the correction for long distances. In turn, for short distances the potential would
be given by Eq.(2.31).

Now, returning to Eq.(2.56), we can explore the summation to obtain a simpler
expression for the exact potential. To do this, we rewrite the summation as follows14:

∑
k∈Zδ

e−rk′ =
∑

k∈Zδ

e− rk
R −→

∑
k∈Z

e− rk
R =

+∞∑
k=−∞

(
e− r

R

)k
. (2.58)

It is possible to show that the summation in the second equality above can be expressed
by coth(r/2R). Therefore, the exact expression for the gravitational potential at long
distances generated by all the image masses of a system considering a single compact extra
dimension will be given by:

ϕ(r) = −Gm

r
coth

(
r

2R

)
. (2.59)

2.5 Gravitation and Planck’s Length
Gravitation is formally described by Einstein’s general theory of relativity, in which

the geometry of spacetime is determined by the distribution of energy and momentum.
11 Here, degeneracy means the number of compact extra dimensions that have the same compactification

radius R.
12 Named after Japanese physicist Hideki Yukawa, who was the first Japanese to receive a Nobel Prize in

Physics (1949) for formulating the meson hypothesis, based on theoretical work on nuclear forces. His
work pioneered the study of strong interactions.

13 Over the years, the Yukawa form has appeared so frequently in studies of natural phenomena that it
has come to be called Yukawa Parameterization.

14 For simplicity, we have considered the particular case of just a single compact extra dimension.
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However, in situations where gravitational fields are weak and the velocities involved are
small compared to the speed of light, the Newtonian formulation of gravity provides an
adequate description. In such regimes, the simplicity of the Newtonian framework allows
one to explore certain fundamental concepts in a more accessible way, without resorting
to the full apparatus of general relativity.

In this context, beginning in this section and extending through Sections 2.6 and 2.7,
we will employ Newtonian gravity to discuss the definition of the Planck length in different
scenarios and to examine how the gravitational constants are modified when additional
spatial dimensions are compactified. Although conducted within a simplified framework,
this analysis reveals essential properties of gravity in multidimensional settings and provides
valuable insights that also extend to the full relativistic treatment.

Newton’s law of gravitation in four dimensions states that the force of attraction
between two masses m1 and m2 separated by a distance r is given by

|F(4)| = Gm1m2

r
, (2.60)

where G is the Universal Gravitational Constant. Moreover, by analyzing the units not
only of G, but also of the physical constants c and ℏ, we observe that they can be expressed
in terms of three fundamental quantities: length, mass, and time:

[G] = L3

MT 2 , [c] = L

T
and [ℏ] = ML2

T
. (2.61)

The numerical value for the constant G is determined experimentally [34]:

G = 6.674 × 10−11 m3

kg · s2 . (2.62)

Thus, the three fundamental constants can be written as follows:

G = 6.674 × 10−11 m3

kg · s2 , c = 2.998 × 108 m
s , ℏ = 1.055 × 10−34 kg · m2

s . (2.63)

In the Natural System of Planck Units (NSPU), the physical quantities G, c and ℏ have
unitary values, being written as:

G = 1 l3P
mPt2P

, c = 1 lP
tP
, ℏ = 1mPl

2
P

tP
, (2.64)

where lP, mP, and tP are the Planck length, Planck mass, and Planck time, respectively.
With some mathematical manipulation, it is possible to show that the values of lP, mP,
and tP are:

lP =
√
Gℏ
c3 = 1.616 × 10−33cm, (2.65a)

mP =
√
ℏc
G

= 2.176 × 10−5g, (2.65b)

tP =
√
Gℏ
c5 = 5.391 × 10−44s. (2.65c)

These are the values of quantities in the NSPU in four-dimensional spacetime. Since these
quantities involve the constants G, which represents gravitation, c (Special Relativity),
and ℏ (quantum), it is commonly assumed that these values represent the scale at which
the effects of quantum gravity can be important.
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2.6 Planck’s Quantities in Various Dimensions
The Planck length in Eq.(2.65a) is a four-dimensional quantity. However, we can

calculate the Planck length, and the other Planck quantities, in any dimension using
the constants G(D), c, and ℏ. Here, D represents the number of dimensions of spacetime.
To determine the Planck length in multiple dimensions, we must first determine the
units of G(D). Consider the gravitational potential ϕ of a mass distribution in (3+1)-
dimensions [33–35]:

∇2ϕ = 4πGρ, (2.66)

where ρ is the volumetric mass density, that is, the mass per unit three-volume. Analogously
to this case, for a space with D dimensions, we will have:

∇2ϕ(D) = 4πG(D)ρ(D−1), (2.67)

where ρ(D−1) is the mass per unit (D−1)-volume. Since the units of ∇2ϕ and ∇2ϕ(D) must
be the same, by comparing the units of Eqs.(2.66) and (2.67), we conclude that G(D) must
have the following units:

[G(D)] = LD−4[G]. (2.68)

Since the constants G, c and ℏ have unitary values in the NSPU, and this relation is valid
for both (3 + 1) dimensions and D dimensions, with some algebraic manipulations, we can
rewrite the Planck quantities in D dimensions in terms of lP, mP and tP:

(
l
(D)
P

)D−2
= l2P

G(D)

G
, (2.69a)

(
m

(D)
P

)D−2
=
(
mD−3

P
cD−4

)2
GD−3

G(D) , (2.69b)

(
t
(D)
P

)D−2
= t2P

G(D)

GcD−4 . (2.69c)

where l
(D)
P , m(D)

P and t
(D)
P are the Planck length, Planck mass and Planck time in D

dimensions, respectively.

2.7 Gravitational Constants and Compactification
If string theory is correct, our world indeed possesses a multidimensional structure.

In this context, the fundamental theory of gravity is formulated in a multidimensional
space, characterized by a specific value of the corresponding Planck length. Since, however,
we observe only four dimensions, the additional ones must be compactified into a space
of small volume. The effective four-dimensional Planck length arises from this configura-
tion and depends both on the volume of the extra dimensions and on the value of the
multidimensional Planck length.

These observations indicate that the effective four-dimensional Planck length,
whose known value is on the order of 10−33 cm, may not coincide with the fundamental
Planck length defined in higher-dimensional theories. In this scenario, the fundamental
Planck length could be significantly larger than the value traditionally associated with the
four-dimensional world. In this section, we investigate how compactification influences the
gravitational constants.
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Our goal is to understand how the gravitational constant in four dimensions,
G(4) (which we shall denote simply by G), relates to the gravitational constant in five
dimensions, G(5). For an effectively four-dimensional spacetime to exist, it is necessary to
assume the compactification of one spatial dimension. The size of this extra dimension
plays a fundamental role in the relation between the gravitational constants. To analyze
this effect clearly, we consider a five-dimensional spacetime in which one of the dimensions
forms a circle of radius R. In this framework, starting from the value of G(5), we aim to
derive the corresponding expression for G.

Let (x1, x2, x3) denote the three spatial dimensions of infinite extent, and x4 a
compactified dimension of circumference 2πR (Fig. 5). A uniform ring of total mass M
is placed along the circle at x1 = x2 = x3 = 0, establishing a constant mass distribution
along the x4 dimension [34]. We are interested in the gravitational potential ϕ(5) generated
by this distribution. In this case, the gravitational potential does not depend on the
coordinate x4. The total mass M can then be expressed as:

total mass = M = 2πRλm, (2.70)

where λm denotes the linear mass density (mass per unit length).

x1 = x2 = x3 = 0 x1, x2, x3

x4

M

Figure 5 – A universe with four spatial dimensions, where the extra dimension x4 is
compactified into a circle of radius R. A uniform ring with total mass M
extends along this compactified direction. Source: Own authorship.

If we wanted to determine the mass density along x4, Eq.(2.70) would be enough,
since that is exactly what it tells us. However, since we want to determine the mass density
considering (x1, x2, x3, x4), which we will denote by ρ(4), we have to look at the points that
have mass and that relate to both (x1, x2, x3) and x4. As we can see in Fig. 5, of all the
points, the only one that satisfies the criteria mentioned above is x1 = x2 = x3 = 0.

Thus, given the configuration of the system in question, it is convenient that we
try to express ρ(4) in terms of the Dirac delta function15 [31, 39,40, 45]. In this case, since
the only point with mass that concerns (x1, x2, x3, x4) is the point x1 = x2 = x3 = 0, and
since λm is constant along x4, we will have:

ρ(4) = λmδ(x1)δ(x2)δ(x3). (2.71)
15 Recall that the delta function δ(x) can be viewed as a singular function whose value is zero except for

x = 0 and such that the integral
∫ +∞

−∞ dxδ(x) = 1. This integral implies that if x has units of length,
then δ(x) has units of inverse length.
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If we integrate ρ(4) over the whole space, we obtain Eq.(2.70):∫
ρ(4)d4V =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ 2πR

0
λmδ(x1)δ(x2)δ(x3)dx4dx1dx2dx3

= 2πRλm

= M.

(2.72)

For the effectively four-dimensional observer the mass is point-like, and it is located at
x1 = x2 = x3 = 0. To find the mass density in (3+1) dimensions, ρ(3) (which we will
denote simply by ρ), simply integrate ρ(4) over all x4:

ρ =
∫ 2πR

0
ρ(4)dx4 = Mδ(x1)δ(x2)δ(x3). (2.73)

From Eqs.(2.70), (2.71) and (2.73), we can note the following relationship:

ρ(4) = 1
2πRρ. (2.74)

Thus, we can apply the above relation to the calculation of gravitational potential in (4+1)
dimensions. In this scenario, Poisson’s equation for gravity will be:

∇2ϕ(5) = 4πG(5)ρ(4) = 4πG(5) ρ

2πR. (2.75)

As we noted earlier, ϕ(5) is independent of x4, so the above Laplacian is four-dimensional.
Since the four-dimensional effective gravitational potential is ϕ(5), the above equation
takes the form of the gravitational equation in (3+1) dimensions:

∇2ϕ = 4πGρ. (2.76)

Thus, from Eqs.(2.75) and (2.76), we conclude that

G(5)

G
= 2πR = lC , (2.77)

where lC is the length of the extra compact dimension. The Eq.(2.77) shows us a relationship
between the strength of the gravitational constants and the size of the extra dimension.
This relationship can be generalized to the case where there is more than one extra
dimension:

G(D)

G
= (lC)D−4 , (2.78)

where lC is the common length of each of the extra dimensions. When the extra dimensions
are compactified into circles of different radii, the expression on the right-hand side above
must be replaced by the product of these lengths. This product corresponds to the volume
VC of the compact extra dimensions, so that

G(D)

G
= VC . (2.79)
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2.8 Large Extra Dimensions and the Hierarchy Problem
One of the most persistent open questions in modern physics is the so-called

hierarchy problem, which concerns the enormous disparity between the strengths of the
fundamental interactions. Among these, gravity stands out as the weakest, exerting a neg-
ligible influence when compared with the other fundamental forces. Within the framework
of brane-world models, this apparent weakness could be understood as a consequence of
the existence of additional spatial dimensions, through which the gravitational field can
propagate [19, 20, 25, 46]. In this context, the relationship between the higher-dimensional
and the effective four-dimensional gravitational constants, and consequently between their
associated Planck lengths, becomes of central importance.

From the results obtained in the previous sections, we have established the relation
between the Planck length and the gravitational constant in different dimensions (Sec-
tion 2.6), as well as how these gravitational constants are related under compactification
(Section 2.7). We are therefore ready to determine how the fundamental Planck length in
a higher-dimensional theory with compactification is related to the Planck length in the
effectively four-dimensional theory.

Then, from Eqs.(2.69a) and (2.78), we can rewrite the length of the extra dimension,
lC , in terms of the Planck length in (3+1) dimensions, lP, and in D dimensions, l(D)

P , as
follows:

lC = l
(D)
P

 l(D)
P
lP

 2
D−4

. (2.80)

The hierarchy problem can be addressed by assuming that the Planck length in a D-
dimensional space is of the same order of magnitude as the electroweak scale, that is,
l
(D)
P ∼ 10−18 cm. By imposing this condition in Eq.(2.80), and considering that lP ∼ 10−33

cm, one obtains a relation between the size of the extra dimension, lC , and the number of
additional spatial dimensions:

lC ∼ 10−18
(
1015

) 2
D−4 cm. (2.81)

Considering the case of only one extra dimension (D = 5), we obtain lC ∼ 107 km, a
distance greater than twenty times the average separation between the Earth and the
Moon. Such a result makes the existence of only one additional dimension in this model
untenable, since a dimension of that scale would certainly have already been detected
experimentally. For the case of two extra dimensions (D = 6), the length of each additional
dimension would be

lC ∼ 10−3 cm. (2.82)

This value is close to the smallest distance at which Newtonian gravitational laws have
been accurately tested (the submillimeter scale) [22,38], making a model with two extra
dimensions compatible with experimental observations. Thus, any deviation from the
inverse-square law at this scale could serve as strong evidence for the existence of additional
dimensions.

It is noteworthy that as the number of extra dimensions increases, the characteristic
length of each of them decreases. Even in the case of D = 10 (six extra dimensions), as
proposed by superstring theories, the resulting size would be lC ∼ 10−13 cm, still much
larger than the Planck length lP.
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3 The Alpha Decay Theory

In the model proposed by G. Gamow, the alpha decay of radioactive nuclei is
interpreted as the result of the quantum tunneling of the alpha particle through a potential
barrier. This phenomenon, which has no analogue in classical physics, has become one of the
most remarkable examples of the probabilistic nature of quantum mechanics. The analysis
of tunneling is usually carried out using the WKB approximation, whose formulation and
application will be discussed below.

3.1 The WKB Approximation
The Wentzel–Kramers–Brillouin (WKB) approximation is a sophisticated mathe-

matical method used to obtain approximate solutions of differential equations in which
the highest-order derivative is multiplied by a small parameter ε [28–30,47]. Thus, for a
differential equation of the form:

ε
dny

dxn
+ a(x)d

n−1y

dxn−1 + · · · + k(x)dy
dx

+m(x)y = 0, (3.1)

we assume that the solution has the following form:

y(x) ∼ exp
[

1
δ

∞∑
n=0

δnSn(x)
]
, (3.2)

in the limit where δ → 0.

3.2 Application of the WKB Method to the Schrödinger’s Equation
The WKB approximation can be used to solve the Schrödinger’s equation and

obtain its approximate solutions. Consider the Time-Independent Schrödinger Equation
(TISE) in one dimension [32,44,48–51]:

− ℏ2

2m
d2

dx2ψ(x) + V (x)ψ(x) = Eψ(x). (3.3)

For convenience, let’s rewrite the eigenfunction ψ as an exponential of another function ϕ:

ψ(x) = eϕ(x). (3.4)

Using the notation ϕ′ for the first derivative of ϕ and ϕ′′ for the second derivative, it is
simple to show that Eq.(3.3) can be rewritten as:

ϕ′′(x) + (ϕ′(x))2 = 2m
ℏ2 [V (x) − E] . (3.5)

Suppose ϕ is a complex function. Without loss of generality, we can separate ϕ′ in terms
of its real and imaginary parts, introducing the real functions A and B:

ϕ′(x) = A(x) + iB(x), (3.6)
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where
ϕ(x) =

∫ x

x0
A(x′)dx′ + i

∫ x

x0
B(x′)dx′. (3.7)

Since ψ = eϕ, the amplitude of ψ will be

exp
[∫ x

x0
A(x′)dx′

]
.

On the other hand, the phase of ψ will be∫ x

x0
B(x′)dx′.

With this, Eq.(3.5) becomes

A′(x) + iB′(x) + [A(x) + iB(x)]2 = 2m
ℏ2 [V (x) − E] . (3.8)

Separating the Eq.(3.8) into two parts (real and imaginary), we have

A′(x) + A2(x) −B2(x) = 2m
ℏ2 [V (x) − E] , (3.9)

and
B′(x) + 2A(x)B(x) = 0. (3.10)

Now, we can expand A and B into power series of ℏ as follows:

A(x) = 1
ℏ

∞∑
n=0

ℏnAn(x) and B(x) = 1
ℏ

∞∑
n=0

ℏnBn(x).

To achieve a good classical limit, we must consider only the first terms in the expressions
above, that is, we will consider the following approximations:

A(x) ≈ 1
ℏ
A0(x) + A1(x) and B(x) ≈ 1

ℏ
B0(x) +B1(x). (3.11)

Therefore, from Eq.(3.9), we will have:
1
ℏ2

[
A2

0 −B2
0

]
+ 1

ℏ
[A′

0 + 2A0A1 − 2B0B1] + A′
1 + A2

1 −B2
1 = 2m

ℏ2 [V − E] . (3.12)

On the other hand, from Eq.(3.10), it results
2
ℏ2A0B0 + 1

ℏ
[B′

0 + 2A0B1 + 2A1B0] +B′
1 + 2A1B1 = 0. (3.13)

For very small ℏ, terms with some negative power of ℏ will dominate. Thus, from
Eqs.(3.12) and (3.13), we can equate terms with the same power in ℏ. For terms of
order ℏ−2:

A2
0 −B2

0 = 2m [V − E] , (3.14a)
A0B0 = 0. (3.14b)

Likewise, for terms of order ℏ−1:

A′
0 + 2A0A1 − 2B0B1 = 0, (3.15a)

B′
0 + 2A0B1 + 2A1B0 = 0. (3.15b)

Using Eqs.(3.14) and (3.15), we will consider two possible situations, which will lead us to
solutions with completely different physical interpretations [31,32,44].
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3.2.1 The “Classical” Region
Suppose the amplitude of ψ varies slowly compared to the phase. In this case, we

can make A0 = 0 in Eqs.(3.14) and, with that, we will have

B0(x) = ±
√

2m [E − V (x)]. (3.16)

On the other hand, from Eq.(3.15a), considering B0 ̸= 0, we have that

B1(x) = 0. (3.17)

Replacing Eq.(3.16) in Eq.(3.15b) it is possible to show that

A1(x) = d

dx

{
ln [2m (E − V (x))]−1/4

}
. (3.18)

In this way, we will have

A(x) ≈ d

dx

{
ln [2m (E − V (x))]−1/4

}
,

B(x) ≈ ±1
ℏ

√
2m [E − V (x)].

(3.19)

Now using Eqs.(3.7) and (3.4), we obtain the following solution for Schrödinger’s equation:

ψ(x) ≈ C1
4
√

2m [E − V (x)]
e

± i
ℏ

∫ x

x0

√
2m[E−V (x′)]dx′

, (3.20)

where C1 is constant. Note that, implicitly in Eq.(3.20), it is suggested that we must
have E > V , which is precisely the type of situation studied in Classical Mechanics (see
Fig. 6) [31,36,37].

3.2.2 The “Non-Classical” Region
Returning to Eqs.(3.14), suppose that the phase of ψ varies slowly compared to

the amplitude. In this case, we can make B0 = 0 and, from this, it follows that

A0(x) = ±
√

2m [V (x) − E]. (3.21)

From Eqs.(3.15a) and (3.21), it is possible to obtain

A1(x) = d

dx

{
ln [2m (V (x) − E)]−1/4

}
. (3.22)

On the other hand, from Eq.(3.15b), assuming A0 ̸= 0,

B1(x) = 0. (3.23)

Summarizing all these results, we have

A(x) ≈ ±1
ℏ

√
2m [V (x) − E] + d

dx

{
ln [2m (V (x) − E)]−1/4

}
,

B(x) ≈ 0.
(3.24)
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E

Turning points

︸ ︷︷ ︸
Classical region

x

V (x)

Figure 6 – Classically, the particle is limited to the region where E ≥ V (x). Source: Own
authorship.

From Eqs.(3.7) and (3.4)), we find the following solution to Schrödinger’s equation:

ψ(x) ≈ C2
4
√

2m [V (x) − E]
e

± 1
ℏ

∫ x

x0

√
2m[V (x′)−E]dx′

, (3.25)

where C2 is constant. Note that, unlike Eq.(3.20), the exponential is now real. The
Eq.(3.25), implicitly, suggests that we must have E < V , a situation that, classically, is
impossible, as the particle cannot have access to regions where its total energy is less
than its own potential energy. This phenomenon is known in the literature as Quantum
Tunneling [31, 32].

3.3 Quantum Tunneling
Consider the problem of a particle moving in the positive x-direction and scattering

from a rectangular potential barrier with a ripple on top, as shown in Fig. 7. For regions
of zero potential, the general solution of the Time-Independent Schrödinger Equation,
Eq.(3.3), is written as a linear combination of complex exponentials. Thus, for the region
x < 0, we will have the solution:

ψ(x) = Aeikx +Be−ikx , with k ≡
√

2mE
ℏ

. (3.26)

In Eq.(3.26) the coefficient A is interpreted as the amplitude of the incident wave and
B is the amplitude of the reflected wave. On the other hand, for the region x > a, the
eigenfunction ψ will be composed of just a single term, as we assume that in this region
there are no obstacles that could cause any reflection of the particle and, therefore, the
term with the reflection amplitude is discarded.
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0 a

E

A
B F

x

V (x)

Figure 7 – Spreading of a rectangular barrier with a ripple on top. Source: Own authorship.

Therefore, for the region x > a, we will have

ψ(x) = Feikx, (3.27)

where F is the amplitude of the transmitted wave.
Although we have E < V , quantum mechanics says that there is a non-zero

probability of the particle crossing the potential barrier and appearing on the other side
(transmission probability). To determine the particle transmission probability, we first
need to obtain the probability current density, which is calculated as:

J(x) = iℏ
2m

[
ψ
d

dx
ψ∗ − ψ∗ d

dx
ψ

]
. (3.28)

In terms of J , the particle transmission probability is given by:

T = |Jt(x)|
|Ji(x)| , (3.29)

where Ji is the probability current density for the incident wave and Jt the probability
current density for the transmitted wave. Thus, by Eqs.(3.26) and (3.27), we have

Ji(x) = ℏk
m

|A|2 and Jt(x) = ℏk
m

|F |2. (3.30)

That way,
T = |F |2

|A|2
. (3.31)

For the region 0 < x < a, the WKB approximation tells us that the eigenfunction should
be:

ψ(x) ≈ C
4
√

2m [V (x) − E]
e

1
ℏ

∫ x

0

√
2m[V (x′)−E]dx′+

D
4
√

2m [V (x) − E]
e− 1

ℏ

∫ x

0

√
2m[V (x′)−E]dx′

.

(3.32)

Now, if the potential barrier is very high or very wide, the probability of transmission will
be small. In this case, the coefficient of the exponentially increasing term (C) must be
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small (and would be zero if the barrier were infinitely wide). Therefore, it is reasonable to
consider only the term that decreases exponentially as an approximation. With that, we
can summarize the behavior of ψ as follows:

ψ(x) :



Aeikx +Be−ikx, x < 0,
D

4
√

2m [V (x) − E]
e− 1

ℏ

∫ x

0

√
2m[V (x′)−E]dx′

, 0 < x < a,

Feikx, x > a.

(3.33)

Figure 8 illustrates the behavior of the eigenfunction of Eq.(3.33) for the potential analyzed.

0 a

A F

x

Figure 8 – Qualitative eigenfunction structure for spreading a high barrier and broad.
Source: Own authorship.

3.3.1 Boundary conditions
Due to the continuity of ψ in x = 0, we have

A+B ≈ D
4
√

2m [V (0) − E]
. (3.34)

Since ψ must also be continuous at x = a, then

D
4
√

2m [V (a) − E]
≈ Feikaeγ. (3.35)

As long as V (0) and V (a) are approximately equal, from Eqs.(3.34) and (3.35),

A ≈ Feikaeγ ⇒ F

A
eika ≈ e−γ. (3.36)

Calculating the squared modulus on both sides of Eq.(3.36) and substituting in Eq.(3.31),
it is simple to show that the Probability of Particle Transmission through potential barrier
will be:

T ≈ e−2γ , with γ = 1
ℏ

∫ a

0

√
2m [V (x) − E]dx, (3.37)

where the tunneling exponent γ is known in the literature as the Gamow Factor, or
Gamow–Sommerfeld factor [52].
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3.4 Gamow’s Theory of Alpha Decay
In the early 20th century, it was already known that radioactive substances exhibit

characteristic exponential decay rates, or half-lives, and that the emitted radiation possesses
well-defined energies. In 1928, George Gamow, working in Göttingen with mathematical
assistance from Nikolai Kochin, developed the first theoretical explanation of alpha decay
(the spontaneous emission of an alpha particle, composed of two protons and two neutrons)
in terms of quantum tunneling [26]. Independently, Ronald W. Gurney and Edward
U. Condon arrived at a similar theoretical framework, although their results were less
quantitatively precise than Gamow’s [53,54].

From a classical standpoint, an alpha particle should remain confined within the
nucleus due to the immense energy required to overcome the strong nuclear potential barrier.
The disintegration of the nucleus, therefore, would not occur spontaneously. Quantum
mechanics, however, allows for a finite probability that the particle can penetrate, or
“tunnel through”, the potential barrier and escape. By solving a model potential for the
nucleus, Gamow derived from first principles a relation between the half-life of alpha
decay and the energy of the emitted particle, a result that had previously been established
empirically as the Geiger–Nuttall Law (GNL) [55].

Some years later, the term Gamow factor (or Gamow-Sommerfeld factor) was
introduced to describe the tunneling probability for incoming charged particles penetrating
the Coulomb barrier and participating in nuclear reactions.

Gamow’s theoretical framework treats the alpha decay process as a quantum
mechanical phenomenon governed by the principles of tunneling. In this model, the atomic
nucleus is regarded as a potential well in which the alpha particle is initially bound by the
strong nuclear force. Although classically the particle would remain trapped within this
potential, quantum mechanics allows for a finite probability of penetration through the
barrier, enabling the particle to escape and be emitted from the nucleus [31,32,44].

According to Gamow1, the nuclei of radioactive elements can be understood as a
combination of potentials that give rise to two distinct regions:

i. Internal region (attractive nuclear interaction): inside the nucleus, the alpha
particle is subjected to a short-range attractive force responsible for keeping it
confined. This region can be represented, to a first approximation, by a finite square
potential well whose outer boundary corresponds approximately to the radius of the
parent nucleus, r1.

ii. External region (repulsive Coulomb interaction): upon reaching the nuclear
boundary, the alpha particle, with charge 2q, begins to interact with the daughter
nucleus, of charge2 Zdq, through the repulsive electrostatic interaction. In this region,
the potential is dominated by the Coulomb term, which decreases inversely with
distance. For r1 < r < r2, the total energy of the particle, E, is lower than the
potential barrier, V , and the escape occurs via quantum tunneling through the
potential barrier. For r > r2, where E > V , the particle is no longer bound and
moves away from the daughter nucleus under the influence of the residual Coulomb

1 The analysis developed in this work is restricted to the case in which alpha decay occurs between the
ground states of the parent and daughter nuclei.

2 The subscripts “p” and “d” will be used to denote quantities referring to the parent and daughter
nuclei, respectively.
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potential, behaving approximately as a free particle with kinetic energy corresponding
to the difference between E and V (r).

Figure 9 illustrates the effective potential described above, showing the confinement
and barrier regions. The points r1 and r2 mark, respectively, the nuclear boundary and
the outer turning point, where the alpha particle emerges after the tunneling process.

E

r1 r2 r

Coulomb repulsion

Nuclear binding

V (r)

Figure 9 – Gamow’s model for the potential energy of an alpha particle in a radioactive
nucleus. Source: Own authorship.

Let E be the energy of the emitted alpha particle. The turning point r2 can be
determined from the Coulomb potential energy:

1
4πε0

2Zdq
2

r2
= E. (3.38)

To determine the probability of alpha particle transmission, we will use the result of
Eq.(3.37), where now the gamma factor will be as follows:

γ = 1
ℏ

∫ r2

r1

√
2µ [VC(r) − E]dr, (3.39)

where r1 is the radius of the parent nucleus, r2 the classical turning point (see Fig. 9),
µ = mαmd/(mα + md) the reduced mass, and VC the Coulomb potential energy. Thus,
using Eq.(3.38), we can write

γ =
√

2µE
ℏ

∫ r2

r1

√
r2 − r

r
dr. (3.40)

Let’s make the following change of variable:

r = r2 sin2 u ⇒ dr = 2r2 sin u cosudu. (3.41)
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With this, we will have
∫ √

r2 − r

r
dr = r2 [u+ sin u cosu] .

The Eq.(3.41) allows us to return to the variable r:

sin u =
√
r

r2
⇒ u = sin−1

√
r

r2
. (3.42)

Using the identity cosu =
√

1 − sin2 u and Eq.(3.42), we will have

∫ √
r2 − r

r
dr = r2 sin−1

√
r

r2
+
√
r(r2 − r).

Using this result in Eq.(3.40), we obtain

γ =
√

2µEr2

ℏ

{
π

2 − sin−1
√
r1

r2
− 1
r2

√
r1r2

(
1 − r1

r2

)}

=
(

q2

4πε0

)√
2µ
E

2Zd

ℏ

{
π

2 − sin−1 x− x
√

1 − x2
}
,

(3.43)

where x =
√
r1/r2. In Eq.(3.43), we can consider the following expansion for small x:

π

2 − sin−1 x− x
√

1 − x2 = π

2 − 2x+ x3

3 + x5

20 + x7

56 + · · · . (3.44)

In the literature, it is common to consider the terms of the expansion up to x3 [56], the
higher order terms are discarded because x ≪ 1 (which implies r1 ≪ r2). Thus, from
Eqs.(3.43) and (3.44), we will have:

γ =
(

q2

4πε0

)
π

√
2µ
ℏ

Zd√
E

−
(

q2

4πε0

)1/2 4√
µ

ℏ

√
Zdr1 +

(
q2

4πε0

)−1/2 √
µ

3ℏ

√
r3

1
Zd
E. (3.45)

To simplify the notation, we can define the following coefficients:

K1(µ) =
(

q2

4πε0

)
π

√
2µ
ℏ

, K2(µ) =
(

q2

4πε0

)1/2 4√
µ

ℏ
and K3(µ) =

(
q2

4πε0

)−1/2 √
µ

3ℏ .

(3.46)
With this, Eq.(3.45) becomes3

γ = K1(µ) Zd√
E

−K2(µ)
√
Zdr1 +K3(µ)

√
r3

1
Zd
E. (3.47)

We could also consider only the first two terms of the expansion in Eq.(3.44), which
would yield the first two terms of Eq.(3.47), corresponding to the terms with K1 and K2.
Although this simplified expression contains less information than the full result presented
3 Note that for Eq.(3.45) to be dimensionless the coefficients of Eq.(3.46) must have the following units

of magnitude: K1 must have units [energy]1/2, K2 must have units [length]−1/2 and K3 must have
units [length]−3/2 ∗ [energy]−1.
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in Eq.(3.47), it remains highly relevant, as its form directly recalls the empirical GNL,
Eq.(D.1).

Assuming that the alpha particle oscillates inside the nucleus with an average
velocity v, the mean time between “collisions” with the potential “wall” is approximately
2r1/v. Thus, the collision frequency is v/2r1. As previously discussed, the probability of
the particle escaping in a single collision is e−2γ (according to Eq.(3.37)), so the probability
of emission per unit time is (v/2r1)e−2γ. Consequently, the lifetime of the parent nucleus
can be expressed as [31,43]:

τ = 2r1

v
e2γ. (3.48)

Although the exact value of v is unknown, assuming v ≪ c (where c is the speed of light
in vacuum), we can employ the classical expression for the kinetic energy of the alpha
particle, E = (1/2)µv2, to estimate v. This approximation slightly underestimates the
true value of v, but it remains a reasonable approach within the non-relativistic regime
relevant to alpha decay.

In nuclear physics, it is more common to express results in terms of the half-life,
T1/2, rather than the lifetime τ , with both quantities related by T1/2 = τ ln 2. Thus, we
obtain the following theoretical expression for the half-life of the alpha-decay process:

T1/2 = r1

√
2µ
E
e2γ ln 2. (3.49)

The expression obtained in Eq.(3.49) encapsulates the central result of Gamow’s theory,
quantitatively establishing the connection between the tunneling factor and the half-life
of radioactive nuclei that emit alpha particles. Although highly successful, this model
relies exclusively on the nuclear interaction and the Coulomb potential, neglecting possible
corrections arising from other interactions. However, in broader physical scenarios, such
as those that admit compactified extra dimensions, additional contributions may modify
the shape of the potential barrier and, consequently, the very dynamics of alpha decay.
Thus, in the following chapter, we extend Gamow’s formalism to investigate how modified
gravitational potentials affect both the classical turning point and the Gamow factor,
allowing us to assess the consequences of these extensions for the observed half-lives.

3.5 Energy Dissipated in Alpha Decay
The energy released in alpha decay, commonly denoted in the literature by Q,

appears as the total kinetic energy of the system after emission, that is, the sum of the
kinetic energies of the alpha particle and the daughter nucleus. Let Mp be the mass of
the parent nucleus, md the mass of the daughter nucleus, and mα the mass of the alpha
particle.

Before the alpha particle is emitted, the initial system is composed solely of the
parent nucleus (see Fig. 2). Assuming that the parent nucleus is initially at rest, its total
energy is given only by its relativistic rest energy, according to Einstein’s well-known
expression [57,58]:

Etotal = Mpc
2, (3.50)

where c is the speed of light in vacuum.
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After emission, the system consists of two particles: the alpha particle and the
daughter nucleus. The total energy of the system remains conserved, but it is now
redistributed among the rest energies of the two final particles and the kinetic energy
released in the process. Thus, we can write:

Etotal = Q+mdc
2 +mαc

2. (3.51)

Hence, by energy conservation, the energy released in alpha decay is simply the difference
between the mass of the parent nucleus and the sum of the masses of the decay products:

Q = (Mp −md −mα) c2. (3.52)

As follows directly from Eq.(3.52), alpha decay can occur only if Q > 0, since only
in such cases is there sufficient energy to be converted into the kinetic energy of the
final particles [27]. For this reason, only certain heavy nuclei are energetically capable of
undergoing alpha decay.

Since the final system consists of just two particles, conservation of momentum
requires the alpha particle and the daughter nucleus to recoil with equal and opposite
momenta, which we denote by p. Thus, using energy conservation, we have:

Q = p2

2mα

+ p2

2md
= p2

2mα

(
1 + mα

md

)
= p2

2µ, (3.53)

where µ = mαmd/(mα +md) is the reduced mass of the system.
For heavy radioactive nuclei (md ≫ mα), the situation simplifies significantly.

Because the daughter nucleus is much more massive than the alpha particle, its kinetic
energy after emission is extremely small compared to that of the alpha particle. This
follows directly from the relation K = p2/2m: for the same momentum p, the more
massive particle acquires much less kinetic energy. Thus, when md ≫ mα, the term p2/2md
becomes negligible when compared to p2/2mα. Therefore, to an excellent approximation,
nearly all the energy released in alpha decay Q is carried by the alpha particle, and its
kinetic energy may be taken as

Kα ≈ Q. (3.54)

This approximation is widely used in nuclear physics literature, as it accurately reflects
the large mass asymmetry between the alpha particle and the daughter nucleus in alpha
decays of heavy nuclei.
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4 Alpha Decay in Extra-Dimensional Scenar-
ios

In this chapter, we extend Gamow’s theory of alpha decay to a framework that
incorporates extra dimensions, as proposed in the brane-world model of Arkani-Hamed–
Dimopoulos–Dvali (ADD model). Within this perspective, gravity can propagate through
the additional dimensions, modifying the effective potential experienced by the alpha
particle during the tunneling process. Our main goal is to investigate how this modification
affects the classical turning point and the Gamow factor, introducing corrections arising
from the anomalous gravitational interaction associated with the presence of hidden
dimensions.

4.1 Extended Gamow Theory of Alpha Decay
In Section 3.4, we saw that the decay model proposed by George Gamow describes

the parent nucleus as a bound state between the daughter nucleus and the alpha particle
[26, 31, 43]. In this model, the interaction potential consists of two main contributions: an
attractive nuclear interaction, which can be approximated by a finite square well, and a
repulsive electrostatic (Coulomb) interaction between the daughter nucleus and the alpha
particle, as illustrated in Fig. 9.

The total energy of the alpha particle is lower than the height of the potential
barrier; however, due to the quantum tunneling effect, there exists a finite probability for
the particle to be emitted. The lifetime of the parent nucleus is directly related to this
transmission probability, which is obtained through the WKB approximation, leading to
Eq.(3.48). Essentially, the tunneling probability depends on both the height and width of
the barrier, which in turn vary according to the energy of the emitted particle.

In the nuclear regime, the contribution of Newtonian gravity is completely negligible.
However, in the presence of extra dimensions (as described in the ADD model), the
gravitational interaction becomes enhanced at short distances. In fact, if R represents the
compactification radius, then for distances r ≪ R, the modified gravitational potential
energy between two particles of masses M and m follows a Power-Law behavior (see
Section 2.4):

VG(r) = −G(4+δ)Mm

r1+δ
, (4.1)

where G(4+δ) is the gravitational constant in this scenario and δ is the number of extra
dimensions1.

On the other hand, in the long-distance regime, where distances are much larger
than the compactification radius, the gravitational potential must asymptotically recover
its usual three-dimensional behavior. Nevertheless, even in this domain, corrections arise.
To first order (see Section 2.4), the correction terms to the modified gravitational potential
1 Without loss of generality, we assume that all extra dimensions have a circular topology with the same

compactification radius R.
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energy take a Yukawa-type form:

VG(r) = −GMm

r

(
1 + αe−r/λ

)
, (4.2)

where the parameter α represents the amplification factor of the interaction and λ denotes
the characteristic length scale over which the correction becomes significant.

Therefore, to investigate the effects of extra dimensions on the decay rate of
radioactive nuclei, it is necessary to account for the influence of the modified gravitational
potential energy on the alpha-particle tunneling process. Since the gravitational potential
contributes negatively to the total potential energy, it can be expected to modify both the
height and width of the barrier (see Fig. 10), effectively narrowing it and thus leading to
shorter nuclear lifetimes.

In a brane-world scenario, it becomes necessary to redefine the Gamow factor to
adapt it to this new theoretical framework. The modified factor must incorporate the
corrections arising from the presence of extra dimensions. Analogous to the conventional
case, it can then be expressed as:

γ′ =
√

2µ
ℏ

∫ r′
2

r1

√
V ′(r) − Edr, (4.3)

where r′
2 is the new turning point and V ′ = VC + VG is the total potential energy, with VG

being the modified gravitational potential energy.

E

r1 r′2 r2 r

Total potential energy in
the brane-world scenario

New turning point

V (r)

Figure 10 – Modified Gamow model for the potential energy of an alpha particle in a
scenario with extra dimensions. Source: Own authorship.

4.2 Calculation of the New Turning Point
Before proceeding with the analysis of γ′, we shall first determine the new turning

point. This requires evaluating its behavior in both regimes: at short distances, where the
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effects of the extra dimensions are dominant, and at long distances, where the compactifi-
cation radius becomes relevant and the gravitational potential approaches its asymptotic
three-dimensional form.

4.2.1 New Turning Point Considering the Power Law
In a short-distance regime, the modified gravitational potential energy will be given

by a power law: VG(r) = −G(4+δ)Mdµ/r
1+δ. Therefore, for simplicity, we can begin by

defining the following notations:

K ≡ Zdq
2

2πε0
and G ≡ G(4+δ)Mdµ. (4.4)

Let’s assume r′
2 = r2 + δr, where δr is small. Then, at the turning point, we will have

VC(r′
2) + VG(r′

2) = E. (4.5)

Since VG contributes only a small modification, without loss of generality, we can do

VC(r′
2) + VG(r2) = E. (4.6)

Using the notation from Eq.(4.4) and rewriting Eq.(4.6) in another way,

1
r′

2
= 1
r2 + δr

= 1
r2 (1 + δr/r2)

= E

K
+ G

Kr1+δ
2

.

Assuming δr ≪ r2, we can perform the following expansion:

1
r2 (1 + δr/r2)

∼=
1
r2

(
1 − δr

r2

)
.

With this, we will have
r2 − δr = Er2

2
K

+ G

Krδ−1
2

.

Using the identity K/r2 = E, with some mathematical manipulations, it is simple to show
that

δr = −
(

2πε0

Zdq2

)δ

G(4+δ)MdµE
δ−1. (4.7)

We can also express this result in terms of the Planck length in a scenario with extra
dimensions, l(D)

P . From Eqs.(2.69a) and (2.65a), setting D = 4+δ, we can find the following
relationship:

G(4+δ) =

(
l
(4+δ)
P

)2+δ
c3

ℏ
. (4.8)

Therefore, we can rewrite Eq.(4.7) as:

δr = −
(

2πε0

Zdq2

)δ
(
l
(4+δ)
P

)2+δ
c3MdµE

δ−1

ℏ
. (4.9)

Note that, as expected due to the fact that VG < 0, we have that r′
2 < r2, as the negative

sign in Eq.(4.9) suggests.
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4.2.2 New Turning Point Considering Yukawa’s Parameterization
In a long-distance regime compared to the compactification radius of the sup-

plementary dimensions, the gravitational potential of the system exhibits Yukawa-type
corrections, where the modified gravitational potential energy can be written as: VG(r) =
−GMdµ/r

(
1 + αe−r/λ

)
. To simplify the notation, let’s consider:

K ≡ Zdq
2

2πε0
and G ≡ GMdµ. (4.10)

Again, let’s assume r′
2 = r2 + δr, assuming that δr is small. Proceeding with reasoning

analogous to that of Eq.(4.6), we will have

VC(r′
2) + VG(r2) = E.

Using the notation of Eq.(4.10), we can write

1
r′

2
= 1
r2 + δr

= 1
r2 (1 + δr/r2)

= E

K
+ G

Kr2

(
1 + αe−r2/λ

)
.

Assuming δr ≪ r2 and proceeding similarly to what we did in the previous section, we
will obtain the following result:

δr = −GMdµ

E

[
1 + α exp

(
− Zdq

2

2πε0Eλ

)]
. (4.11)

4.3 Modified Gamow Factor
Returning to Eq.(4.3), we have that the alpha decay will be given in terms of the

new Gamow factor:
γ′ =

√
2µ
ℏ

∫ r′
2

r1

√
VC(r) + VG(r) − Edr. (4.12)

Assuming VG ≪ VC for the entire interval r1 < r < r′
2, we can calculate the variation of

the Gamow factor:
δγ = γ′ − γ, (4.13)

where it is implied that δγ is a small term. By writing γ and γ′ explicitly,

δγ/
(√

2µ/ℏ
)

=
∫ r′

2

r1

√
VC(r) + VG(r) − Edr −

∫ r2

r1

√
VC(r) − Edr

=
∫ r′

2

r1

√
VC(r) + VG(r) − Edr −

∫ r′
2

r1

√
VC(r) − Edr −

∫ r2

r′
2

√
VC(r) − Edr,

By rewriting the first two integrals in a single form, we will have

δγ/
(√

2µ/ℏ
)

=
∫ r′

2

r1

[√
VC(r) + VG(r) − E −

√
VC(r) − E

]
dr −

∫ r2

r′
2

√
VC(r) − Edr.

(4.14)
Now, we will follow a procedure similar to the calculation of variations, where we define
the following quantity analogous to a Lagrangian:

L(V ) =
√
V − E. (4.15)
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Thus, a change in V causes a change in L. For a small change in V , V ′ = V + δV , we can
write:

L(V ′) = L(V ) + δL.

Rewriting it another way,

δL =
√
V + δV − E −

√
V − E. (4.16)

Comparing Eq.(4.16) with the integrand in the first integral of Eq.(4.14), we can identify
the following terms:

V ≡ VC and δV ≡ VG. (4.17)

Returning to Eq.(4.16), let’s expand δL in a Taylor series around V . Then,

δL = δL(V ′) = δL(V ) +
[
∂

∂V ′ (δL(V ′))
] ∣∣∣∣∣

V ′=V

δV + 1
2!

[
∂2

∂V ′2 (δL(V ′))
] ∣∣∣∣∣

V ′=V

(δV )2 + · · ·

= 0 +
[
∂

∂V ′ (L(V ′))
] ∣∣∣∣∣

V ′=V

δV + 1
2

[
∂2

∂V ′2 (L(V ′))
] ∣∣∣∣∣

V ′=V

(δV )2 + · · ·

= ∂L

∂V
δV + 1

2
∂2L

∂V 2 (δV )2 + · · · .
(4.18)

Using Eq.(4.17), we can write:

∂L

∂V
= ∂

∂V ′L(V ′)
∣∣∣∣∣
V ′=VC

= 1
2

1√
VC − E

,

∂2L

∂V 2 = ∂2

∂V ′2L(V ′)
∣∣∣∣∣
V ′=VC

= −1
4

1
[VC − E]3/2 .

As we did in Eqs.(4.4) and (4.10), we will use the notation G for the terms involving the
gravitational constant. We will analyze the terms of the expansion in Eq.(4.18) separately,
considering their order of G within the integration interval [r1, r

′
2].

i) First Term: δL(1) = ∂L
∂V
δV .

δV = VG ∼ O( G) for the entire interval.
∂L
∂V

= 1
2

1√
VC(r)−E

∼ O( G−1/2), around r′
2, since VC(r) − E ∼ O( G) for r close to r′

2, by
Eq.(4.5).

In this way,

δL(1) = ∂L

∂V
δV ∼

{O( G1/2), around r′
2,

O( G), in the rest of the interval.

The interval where the variation of the Lagrangian is of order G1/2 is a short domain, with
a size on the order of G. If we denote this interval by I, we will have the following result:

∫
δL(1)dr =

∫ ∂L

∂V
δV dr ∼

{O( G3/2), integrating in I,

O( G), integrating in [r1, r
′
2] − I.
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Let’s now return to Eq.(4.14) to analyze the integral performed on the interval [r′
2, r2].

Since
√
VC − E ∼ O( G1/2) around r′

2 and [r′
2, r2] ∼ O( G), we will have∫ r2

r′
2

√
VC(r) − Edr ∼ O( G3/2).

Therefore, we arrive at the following conclusion:

δγ(1) ∼ O( G) + O( G3/2).

ii) Second Term: δL(2) = ∂2L
∂V 2 (δV )2.

(δV )2 = V 2
G ∼ O( G2) for the entire interval.

∂2L
∂V 2 = −1

4
1

[VC(r)−E]3/2 ∼ O( G−3/2), around r′
2.

Therefore,

δL(2) = ∂2L

∂V 2 (δV )2 ∼
{O( G1/2), around r′

2,

O( G2), in the rest of the interval.
Since we have I ∼ O( G), we conclude that

∫
δL(2)dr =

∫ ∂2L

∂V 2 (δV )2 dr ∼
{O( G3/2), integrating in I,

O( G2), integrating in [r1, r
′
2] − I.

In general, for any order n, it is possible to show that
∫
δL(n)dr =

∫ ∂nL

∂V n
(δV )n dr ∼

{O( G3/2), integrating in I,

O( Gn), integrating in [r1, r
′
2] − I.

Therefore, disregarding the higher-order terms in G, we can conclude that δγ ∼ O( G) +
O( G3/2). Thus, the first approximation can be calculated as follows:

δγ ≈
√

2µ
ℏ

∫ r′
2

r1

∂L

∂V
δV dr.

Considering only the G order terms, we can still do:

δγ ≈ 1
ℏ

√
µ

2

∫ r2

r1

VG(r)√
VC(r) − E

dr, (4.19)

where now the upper limit of the integral is r2 instead of r′
2.

4.3.1 Variation of the Gamow Factor by the Power Law
From Eq.(4.19), we will calculate the variation of the Gamow factor in a short-

distance regime compared to the compactification radius of the supplementary dimensions.
To simplify our analysis, we will again use the notation of Eq.(4.4) when convenient.

i) Case with one extra dimension (δ = 1):
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δγ ≈ −1
ℏ

√
µ

2E

∫ r2

r1

G/r2√
K/Er − 1

dr

= − G

ℏ

√
2µE
K

√
r2

r1

√
1 − r1

r2
.

(4.20)

Let’s define x ≡ r1/r2. In the regime r1 ≪ r2, we can consider the following expansion:

√
1 − x = 1 − x

2 − x2

8 + O(x3). (4.21)

Since we are considering that r1 is much smaller than r2, which is precisely what happens
for heavy radioactive atoms, the lower-order terms in Eq.(4.21) will dominate. Therefore,
Eq.(4.20) becomes:

δγ ≈ − G

ℏ

√
2µE
K

√
r2

r1

[
1 − r1

2r2

]
. (4.22)

ii) Case with two extra dimensions (δ = 2):

δγ ≈ −1
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2E
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Using the expansion of Eq.(4.21), just as we did to obtain Eq.(4.22), we will have

δγ ≈ − G

3ℏ

√
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. (4.23)

iii) Case with three extra dimensions (δ = 3):

δγ ≈ −1
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Using Eq.(4.21), we will have

δγ ≈ − G
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iv) Case with four extra dimensions (δ = 4):

δγ ≈ −1
ℏ
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Using Eq.(4.21) again, we will have

δγ ≈ − G

35ℏ

√
2µE

Kr3
1

√
r2

r1

[
5 + 7r1

2r2

]
. (4.25)

By carefully analyzing these results, we can observe the emergence of the following pattern:

δγ ≈ − 1
(2δ − 3)(2δ − 1)

G

ℏ

√
2µE

Krδ−1
1

√
r2

r1

[
(2δ − 3) + (2δ − 1) r1

2r2

]
.

By explicitly writing the physical quantities involved, and using the identity from Eq.(4.8),
we can rewrite the general expression for δγ as follows:

δγ ≈ − 2
(2δ − 3)(2δ − 1)

√
πε0µ

Zd

(
l
(4+δ)
P

)2+δ
c3Mdµ

ℏ2qr
δ− 1

2
1

[
(2δ − 3) + (2δ − 1)πε0r1E

Zdq2

]
, (4.26)

where δ = 1, 2, 3 · · · is the number of extra dimensions. As a first approximation, we could
take only the first term in brackets in Eq.(4.26), which would disregard the influence of
the energy of the emitted alpha particle on the effect caused by the extra dimensions for
radioactive isotopes.

4.3.2 Variation of the Gamow Factor by Yukawa Parameterization
Analogously to what we did in the previous section, we will start from Eq.(4.19)

using the modified gravitational potential energy with Yukawa correction to calculate the
variation of the Gamow factor. Furthermore, we will use Eq.(4.10) to simplify the notation.

So, we will begin by writing the potential energies of Eq.(4.19) explicitly:

δγ ≈ −1
ℏ

√
µ

2E

∫ r2

r1

G
r

(
1 + αe−r/λ

)
√

K/rE − 1
dr. (4.27)

Let’s separate the integral of Eq.(4.27) into two parts:

∫ r2

r1

1
r

(
1 + αe−r/λ

)
√
r2/r − 1

dr =
∫ r2

r1

1/r√
r2/r − 1

dr + α
∫ r2

r1

e−r/λ/r√
r2/r − 1

dr. (4.28)

Considering the first integral on the right-hand side of Eq.(4.28), we can rewrite it as
follows: ∫ r2

r1

1/r√
r2/r − 1

dr =
∫ r2

r1

dr√
(r2/2)2 − (r − r2/2)2

. (4.29)

Let’s now make the following change of variable:

x = r − r2/2 =⇒ dx = dr. (4.30)

Therefore, Eq.(4.29) will look like this:∫ r2

r1

1/r√
r2/r − 1

dr =
∫ r2/2

r1−r2/2

dx√
(r2/2)2 − x2

. (4.31)
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Let’s make another change of variable:
r2

2 sin θ = x =⇒ r2

2 cos θdθ = dx, (4.32)

where the new integration boundaries will now be:

θ1 = sin−1
(2r1

r2
− 1

)
and θ2 = π/2. (4.33)

For the case r1 ≪ r2, we will have sin−1 (2r1/r2 − 1) ≈ −π/2. Therefore, in the regime
r1 ≪ r2, we can write the integration limits as follows:

θ1 = −π/2 + δθ and θ2 = π/2, (4.34)

where δθ > 0 is small. The gray region in Fig. 11 illustrates the interval between the
integration limits θ1 and θ2. Thus, using Eqs.(4.32) and (4.34), we will have the following
result: ∫ r2

r1

1/r√
r2/r − 1

dr =
∫ θ2

θ1

r2
2 cos θ√

(r2/2)2 (1 − sin2 θ)
dθ = π − δθ. (4.35)
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Figure 11 – Integration interval between the upper and lower limits. Source: Own author-
ship.

Now, let’s analyze the second integral on the right-hand side of Eq.(4.28):
∫ r2

r1

e−r/λ/r√
r2/r − 1

dr =
∫ r2

r1

e−r/λ√
(r2/2)2 − (r − r2/2)2

dr. (4.36)

Using the change of variable from Eq.(4.30) in our integral, we will have:
∫ r2

r1

e−r/λ/r√
r2/r − 1

dr = e−r2/2λ
∫ r2/2

r1−r2/2

e−x/λ√
(r2/2)2 − x2

dx.
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We will also use the change of variable from Eq.(4.32) in this integral:∫ r2

r1

e−r/λ/r√
r2/r − 1

dr = e−r2/2λ
∫ θ2

θ1
e− r2

2λ
sin θdθ, (4.37)

where θ1 and θ2 are given in Eq.(4.34). With some mathematical manipulation, it’s easy
to show that we can rewrite the right-hand side of Eq.(4.37) as follows:∫ r2

r1

e−r/λ/r√
r2/r − 1

dr = e−r2/2λ
∫ π/2

−π/2
e− r2

2λ
sin θdθ − δθ

= πe−r2/2λI0 (r2/2λ) − δθ,

(4.38)

where I0 is the modified Bessel function of the first kind (see Fig. 12) [40, 59,60].

1
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1.2

I0(x)

−1 −0.5 0.5 1
x

Figure 12 – Modified Bessel function I0. Source: Own authorship.

Now, let’s do a brief analysis to obtain an expression for δθ. First, let’s look at the
following series expansion:

sin−1 (x− 1) = −π

2 +
√

2x+ x3/2

6
√

2
+ 3x5/2

80
√

2
+ 5x7/2

448
√

2
+ · · · (x ≪ 1). (4.39)

Therefore, from Eqs.(4.33), (4.34) and (4.39), we have that the term δθ can be written as
follows:

δθ = 2
√
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r2
+ 1

6
√

2

(2r1

r2

)3/2
+ 3

80
√

2

(2r1

r2

)5/2
+ · · · . (4.40)

Therefore, from the results obtained in Eqs.(4.35), (4.38) and (4.40), we have that the
variation of the Gamow factor for long distances compared to the compactification radius
of the extra dimensions will be:

δγ ≈ −GMdµ

ℏ

√
µ

2E

{
π − δθ + α

[
πe−r2/2λI0

(
r2

2λ

)
− δθ

]}
. (4.41)

The approximate expressions obtained in Eqs.(4.26) and (4.41) for the variation of
the Gamow factor play a fundamental role in the analysis developed in this chapter. In
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particular, these expressions allow for an analytical and transparent identification of how
the presence of extra dimensions modifies the Gamow factor in the regime where r1 ≪ r2,
a condition that corresponds to the situation most frequently encountered in experimental
alpha-decay data. In this limit, the approximations employed are physically well justified
and provide a direct interpretation of the influence of extra-dimensional gravitational
corrections on the quantum tunneling process.

Despite their conceptual relevance and analytical usefulness, we chose to reserve
the detailed presentation of the numerical results and the associated statistical discussion
based on these approximate expressions for Appendix F. This decision stems from the
fact that such results have a complementary character with respect to the main analysis,
serving primarily as a consistency check and as an auxiliary tool for interpreting the results
obtained from the complete treatment of the problem.

In the following chapter, whose main objective is to present and discuss the results
in a more comprehensive and general manner, without being restricted to the specific
regime r1 ≪ r2, we adopt a more complete and robust approach. To this end, we employ
Eq.(4.3) in its exact integral form, performing numerical calculations both for the new
turning point, r′

2, and for the integral that defines the modified Gamow factor itself. This
procedure was applied individually to each isotope analyzed, allowing for a more direct
and accurate comparison between the theoretical predictions of the extra-dimensional
model and the available experimental data.
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5 Results and Discussion

In this chapter, we move beyond the purely theoretical developments and apply
our extended framework to real experimental data, allowing us to test the behavior and
predictive power of the model in practice. With this in mind, we begin by examining
one of the key ingredients entering the calculation of the decay rate: the nuclear radius
r1. Although we have not emphasized it properly until now, one of the most relevant
physical quantities in Gamow’s theory of alpha decay is the nuclear radius. In the literature,
several expressions can be found to describe it. Among the most commonly used are the
following [31,56,61]:

r1 = R1A
1/3
p , (5.1a)

r1 = Rα +R2A
1/3
d , (5.1b)

r1 = R3
(
A1/3

α + A
1/3
d

)
, (5.1c)

where1 Ap is the mass number of the parent nucleus, Ad is the mass number of the daughter
nucleus, Aα is the mass number of the emitted alpha particle, Rα is the radius of the
emitted alpha particle (in fm), and R1, R2, and R3 are free parameters that can be adjusted
based on experimental data. Their values are generally found within the range of 1.0 fm
to 2.0 fm [56,62]. In this chapter, all results presented use r1 as expressed in Eq.(5.1a).

As mentioned at the end of Chapter 4, the main purpose of this chapter is to
advance toward a broader and more consistent analysis, without imposing the specific
restriction of the regime r1 ≪ r2. For this reason, all the results and fitting regions
presented in the figures of this chapter were obtained using Eq.(4.3) in its complete integral
form. This required performing numerical calculations, for each isotope considered, both
for the new turning point r′

2 and for the integral associated with the modified Gamow
factor, thereby allowing a more realistic treatment of the effects of extra-dimensional
corrections over the entire relevant range of the potential [63, 64].

For the analysis, we employed the Reduced Chi-Squared (RCS) statistical method2,
usually denoted by χ̃2 (see Appendix E), and used an experimental dataset corresponding
to the alpha decay of 158 isotopes with even atomic and mass numbers. These data were
obtained from the National Nuclear Data Center (NNDC) and the National Institute of
Standards and Technology (NIST) databases [65,66].

5.1 Results for the Power Law
We denote by χ̃2

0 the minimum value obtained for the RCS during the fitting
procedure. In the short-distance regime, where the modified gravitational potential energy
follows the power-law behavior given in Eq.(4.1), the free parameters of the model for each
scenario with δ extra dimensions are R1 and l

(4+δ)
P . The results of the fits, including the

optimal values of these parameters that minimize χ̃2
0, are presented in Table 1. Each line

in the table corresponds to a specific value of δ, allowing for a direct comparison across
different extra-dimensional frameworks.
1 See the second footnote on p. 43.
2 Also known as the least squares method.
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Table 1 – Parameter fitting in the short-distance regime using the RCS method. The values
shown for the free parameters R1 and l

(4+δ)
P are those that minimize the RCS.

δ χ̃2
0 R1 (fm) l

(4+δ)
P (m)

1 0.8543 1.27 4.4 × 10−17

2 0.8692 1.49 4.6 × 10−17

3 0.8692 1.49 1.6 × 10−16

4 0.8691 1.49 3.4 × 10−16

5 0.8689 1.49 6.0 × 10−16

6 0.8687 1.49 9.0 × 10−16

7 0.8671 1.48 1.4 × 10−15

A detailed inspection of the second column of Table 1 reveals that the values of
χ̃2

0 are quite similar across most scenarios, indicating a comparable level of agreement
between the model and the experimental data for different numbers of extra dimensions.
The only notable exception is the case δ = 1, where the minimum RCS value is slightly
smaller. This suggests that, within the context of the power-law potential, the model with
a single extra dimension provides a marginally better fit. The third column reinforces
this distinction: the fitted value of R1 for δ = 1 is somewhat smaller than those obtained
in the cases with more extra dimensions, although all values remain within a physically
reasonable range.

The fourth column of Table 1 contains another striking result. For δ = 7, the
fitted value of l(4+δ)

P reaches the femtometer scale, implying that the higher-dimensional
Planck length could be as large as typical nuclear distance scales. This is particularly
interesting because it indicates that, even for scenarios with many extra dimensions, the
model allows for compactification radii far above the conventional Planck length while
still remaining compatible with the observed alpha-decay data. This finding aligns with a
central feature of brane-world theories: they naturally accommodate large extra dimensions
without conflicting with established experimental constraints [67–70].

To visualize these behaviors more clearly, Fig. 13 displays four color maps corre-
sponding to different values of δ, each illustrating how χ̃2 varies throughout the parameter
space. The color bar beside each plot provides the scale for interpreting the RCS values,
with blue regions indicating better fits. Because the δ = 1 case exhibits a blue region that
extends slightly further to the left, toward smaller values of R1, than in the other scenarios,
we set the horizontal axis to show the interval 0.55 fm ≤ R1 ≤ 1.65 fm in all plots. This
unified choice facilitates a direct visual comparison across the four extra-dimensional cases.

A global comparison of the plots in Fig. 13 reveals several consistent patterns. The
lower segments of the blue best-fit regions have nearly identical widths for all values of
δ, and they are all centered around R1 ≈ 1.5 fm, suggesting a strong stability of this
parameter across different extra-dimensional models. Moreover, the left boundary of the
best-fit strip becomes increasingly curved and irregular as δ grows, indicating a heightened
sensitivity of the model to small changes in R1 when more extra dimensions are present.
Another important feature is the widening of the allowed range of l(4+δ)

P as δ increases. For
instance, in the δ = 4 scenario, the best-fit region encompasses values of l(4+δ)

P around 0.5
fm, reinforcing the possibility that the additional dimensions predicted by LED theories
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could be as large as femtometer-scale distances.
Taken together, these results strengthen one of the fundamental predictions of

the ADD model: extra dimensions need not be confined to ultramicroscopic Planck-scale
lengths. Instead, they may extend to nuclear scales while remaining fully consistent with
available observational and experimental data derived from alpha-decay systematics.
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Figure 13 – Color map showing the behavior of χ̃2 for four different scenarios. The white
constrained regions at the top of each plot indicate that, for those combinations
of values of R1 and l

(4+δ)
P , no tunneling occurs because the condition VC(r) +

VG(r) < E holds throughout the entire interval [r1, r
′
2].

5.2 Results for Yukawa Parameterization
In the long-distance regime, the modified gravitational potential energy recovers

its usual behavior with a Yukawa-type correction, as given in Eq.(4.2). In this case, the
free parameters of our model are R1, α, and λ. The parameter α is dimensionless, whereas
λ has dimensions of length, in accordance with Eq.(4.2). Performing the fit using these
free parameters, we obtained the results displayed in Table 2. Furthermore, in Fig. 14 we
present the corresponding fit regions3.
3 Note that the ranges shown on the α axis and on the λ axis are exactly the same in both the upper

and lower plots.
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Table 2 – Parameter fitting in the long-distance regime using the RCS method. The values
shown for the free parameters R1, λ and α are those that minimize the RCS.

χ̃2
0 R1 (fm) λ (m) α

0.8383 1.37 1.95 × 10−13 9.82 × 1033

Examining the value of χ̃2
0 in Table 2, we observe that the fit obtained for the

model with Yukawa-type corrections yields a slightly better result than those obtained
for the power-law case shown in Table 1. This suggests that, for the dataset used, the
Yukawa parametrization provides a more efficient description of possible gravitational
modifications caused by extra dimensions. Furthermore, when comparing the fitted value
of the free parameter associated with the nuclear radius, R1, with the results presented in
Table 1, we note that the value obtained for the Yukawa model lies essentially between
the value found for the case δ = 1 (slightly smaller) and the values obtained for the other
power-law scenarios with extra dimensions (slightly larger). This indicates that, from a
phenomenological standpoint, the Yukawa model tends to produce an intermediate and
stable effective nuclear radius, regardless of the structural differences between the two
types of gravitational corrections considered.

The value determined for the parameter λ specifies the length scale at which the
Yukawa correction becomes relevant within the model. According to Table 2, this scale
is of order 10−13 m, meaning that the modified gravitational effects would be significant
at distances roughly two orders of magnitude larger than the typical nuclear size. This
is particularly interesting because it places the scale of gravitational modification at the
boundary between nuclear and deep subatomic distances, suggesting the possibility, however
speculative, that nuclear phenomena could, in principle, be sensitive to nonstandard
gravitational corrections. Moreover, such a scale remains fully compatible with current
experimental limits from direct tests of the inverse-square law, which currently probe
distances down to the tens of micrometers [71–75]. Thus, values as small as 10−13 m, while
extremely tiny compared to macroscopic scales, remain far beyond the reach of present-day
experimental techniques for testing gravity at such distances.

Comparing the fitted value of the interaction amplification factor, α, with the
results found in other analyses in the literature (Refs. [22, 76, 77]), we observe that our
result lies close to the upper bounds established in those studies. This suggests that, within
the brane-world model and for the dataset analyzed, the strength of the gravitational
correction required to achieve a good fit to the half-life data is near the highest value
allowed by independent constraints. This result can be interpreted in two ways: (i) the
alpha-decay phenomenon might indeed be sensitive to relatively strong gravitational
corrections within this parametrization, or (ii) the modified gravitational model, when
applied to the nuclear domain, tends to require values of α close to the phenomenologically
allowed upper limit in order to remain consistent with the experimental data. In either
case, the result highlights the importance of further studies comparing different physical
observables and different energy ranges, in order to determine whether this trend is a
robust feature or merely a specific consequence of the dataset considered.

Analyzing Fig. 14, in the upper plot, we show the values that the variable R1
must take in order for the RCS, χ̃2, to reach its minimum value at each point (λ, α)
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shown; that is, this plot displays the value of R1 that best fits each pair (λ, α). This figure
therefore provides a direct visualization of how the optimal nuclear-radius parameter
adjusts itself in response to different combinations of the Yukawa-scale parameter λ and
the interaction-strength parameter α.

In the lower plot, we show the behavior of the RCS itself, using the values of
R1 obtained from the upper plot to generate this fit region. Notice how the values of
χ̃2 change relatively abruptly, transitioning from the blue region (lower values) to the
red region (higher values). These sharp transitions delineate the boundary between the
parameter combinations that are compatible with the experimental data and those that
yield significantly poorer agreement. Another striking feature of this plot is the narrow
best-fit region (the darker blue band) located around α = 9.82 × 1033 on the right-hand
side. The fact that this optimal region is extremely narrow in α, while remaining extended
over several orders of magnitude in λ, indicates that the quality of the fit is much more
sensitive to variations in α than to changes in the Yukawa length scale. In other words,
for the dataset analyzed, the interaction-amplitude parameter α must take a very specific
value in order to reproduce the observed half-lives, whereas λ may still vary considerably
without compromising the quality of the fit. This behavior strongly suggests that the
best agreement with our data occurs when α = 9.82 × 1033, while λ retains considerable
freedom across multiple orders of magnitude.



Chapter 5. Results and Discussion 64

10−15 10−14 10−13 10−12 10−11
1033

1034

1035

1036

λ (meter)

α
(α

>
0)

1.0

1.25

1.5

1.75

2.0

R
1
(f
m
)

restricted
region

10−15 10−14 10−13 10−12 10−11
1033

1034

1035

1036

λ (meter)

α
(α

>
0)

0.84

0.88

0.92

0.96

1.0
χ̃
2

restricted
region

Figure 14 – Above: Fit region showing only the free parameters. In this plot, note that
the color gradient indicates the values of R1. Below: Fit region showing
the behavior of χ̃2 for the values of α, λ, and R1 (with the corresponding
parameter values used in this plot displayed in the plot above). The white
constrained regions indicate that no tunneling occurs because the condition
VC(r) + VG(r) < E holds throughout the entire interval [r1, r

′
2].
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6 Conclusion

In this work, we carried out a comprehensive review of the main foundations of
LED theories, with particular emphasis on brane-world scenarios, in which only gravity is
allowed to propagate through the higher-dimensional space. We also revisited in detail
George Gamow’s theory of alpha decay, an undeniably important formulation in the
history of physics. In addition to being the first successful theoretical explanation of
the alpha-decay process in radioactive nuclei, Gamow’s model represents a landmark in
modern physics, marking the first explicit application of quantum mechanics to the nuclear
domain [78].

The central objective of this work was to extend Gamow’s original theory to a
framework incorporating extra dimensions, in order to investigate how the existence of
hidden dimensions might modify the decay rate of heavy nuclei. To achieve this, we
examined two distinct types of corrections to the gravitational potential: (i) a power-
law behavior valid in the short-distance regime, and (ii) a Yukawa-like parametrization
describing the asymptotic behavior of the modified gravitational interaction at larger
length scales. Incorporating these theoretical modifications into the extended Gamow
factor, and using a dataset of 158 isotopes, we compared the model’s predictions with
real experimental measurements. This allowed us to identify best-fit regions and impose
experimental constraints, obtained independently, on the relevant parameters of each
theoretical scenario, such as the effective nuclear radius, the higher-dimensional Planck
length, and the Yukawa parameters α and λ.

For the power-law correction, considering scenarios with up to seven extra dimen-
sions (δ = 1, . . . , 7), our results indicate that the scenario yielding the smallest value of
the RCS, χ̃2

0, is δ = 1, for which χ̃2
0 = 0.8543 (Table 1). To explore the structure of the

parameter space in more detail, we constructed color maps of the RCS as functions of
the free nuclear-radius parameter R1 and the higher-dimensional Planck length l

(4+δ)
P for

the first four extra-dimensional scenarios (Figure 13). From the corresponding best-fit
regions, several noteworthy features emerge. First, the δ = 1 scenario allows a noticeably
broader interval of admissible values of R1 compared with the other cases. Second, for all
considered values of δ, the lower portions of the best-fit regions exhibit nearly identical
widths and are consistently centered around R1 ≈ 1.5 fm, indicating a remarkable stability
of this parameter across different extra-dimensional scenarios. Third, with the increase in
the number of extra dimensions, the left boundary of the best-fit region gradually acquires
a more pronounced curvature, indicating that the model becomes increasingly sensitive to
small changes in the parameter R1 as additional dimensions are introduced. Finally, we
observe a systematic widening of the allowed range of l(4+δ)

P with increasing δ. In particular,
for the δ = 4 scenario, the best-fit region includes values of l(4+δ)

P of the order of 0.5 fm,
reinforcing the possibility that the extra dimensions predicted by LED theories could reach
femtometer-scale sizes without conflicting with the experimental data considered.

For the Yukawa parametrization, on the other hand, we found a minimum RCS
value slightly smaller than that obtained for the best power-law scenario: χ̃2

0 = 0.8383
(Table 2). This result indicates that, from a statistical point of view, describing gravitational
corrections through a Yukawa-type term provides a slightly more efficient fit to the
experimental alpha-decay data. The analysis of the best-fit regions in the parameter space
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defined by R1, α, and λ (Figure 14) revealed that the effective nuclear radius remains
strongly concentrated around R1 ≈ 1.5 fm, once again highlighting the robustness of this
parameter regardless of the functional form adopted for the gravitational correction. In
addition, another noteworthy feature of this model is the emergence of a narrow best-fit
region centered around α = 9.82 × 1033. The fact that this optimal region is extremely
narrow in α, while extending over several orders of magnitude in λ (starting at scales of
order 10−13 m and reaching larger values), indicates that the quality of the fit is far more
sensitive to variations in α than to changes in the Yukawa length scale.

Taken together, these results are particularly significant, as they demonstrate that
alpha decay, despite being a nuclear process traditionally governed by the strong and
electromagnetic interactions, can serve as a sensitive testing tool for modified gravitational
theories arising from extra-dimensional models.

In conclusion, it is important to emphasize that this work obtained independent
bounds for both the Planck length in higher-dimensional scenarios and for the parameters
of the Yukawa parametrization. The independence of these constraints, derived solely
from alpha-decay data, without relying on laboratory-scale gravitational experiments or
cosmological tests, highlights the relevance and originality of the results presented here.

Finally, with regard to future perspectives, several promising directions may be
pursued. From a theoretical standpoint, a more refined analysis could incorporate more
realistic nuclear models, going beyond the idealized potential combination used in Gamow’s
formulation. For example, nuclear potentials widely employed in nuclear physics, such as
the Woods–Saxon potential [79], or even approaches based on the liquid-drop description of
the atomic nucleus [80–82], could provide more accurate modeling and yield tighter exper-
imental bounds. Additional structural properties of the nucleus, such as spin, quadrupole
moment, deformations, and finite-size effects, could also be systematically included [83,84].
From a technical and computational perspective, refining the discretization grid used in
the fitting maps, thereby producing higher-resolution plots, could reveal subtle features in
the behavior of χ̃2 that remain hidden in lower-resolution plots.
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Appendix A – Volume of a Hypersphere

In this appendix, we present the calculation of the volume of a hypersphere of
radius r in an n-dimensional space Rn. The aim is to provide a general formulation that
makes it possible to understand how the volume of this geometric region behaves as the
number of dimensions increases. This result is relevant in various contexts of theoretical
physics and applied mathematics, especially in scenarios involving extra dimensions. We
begin by considering the simpler cases of the spheres S1(r) and S2(r), defined by

S1(r) = x2
1 + x2

2 = r2 , (A.1)

and
S2(r) = x2

1 + x2
2 + x2

3 = r2 . (A.2)

The volumes of S1(r) and S2(r) are given by:

vol(S1(r)) = 2πr and vol(S2(r)) = 4πr2 .

For simplicity, let us denote the volumes of the unit spheres as vol(S1) = vol(S1(r = 1))
and vol(S2) = vol(S2(r = 1)). The volume of Sn−1(r) can be written as follows:

vol(Sn−1(r)) = rn−1vol(Sn−1) . (A.3)

In the space Rn, we consider the coordinates x1, x2, ..., xn and let r be the radial coordinate.
Then,

r2 = x2
1 + x2

2 + · · · + x2
n . (A.4)

Let’s divide our analysis into two stages. First, let’s look at the following integral:

I =
∫
Rn
e−r2

dx1dx2 · · · dxn . (A.5)

Using Eq.(A.4) in the exponential factor, the integral becomes a product of n Gaussian
integrals:

I =
n∏

i=1

∫ +∞

−∞
e−x2

i dxi = πn/2 . (A.6)

In the next step, we will solve the integral by dividing Rn into shells. Since the space of r
is Sn−1(r), the volume of each shell lying between r and r + dr is the volume of Sn−1(r)
times dr.

I =
∫ ∞

0
vol(Sn−1(r))e−r2

dr = vol(Sn−1)
∫ ∞

0
rn−1e−r2

dr . (A.7)

Let’s make the following change of variable:

r2 = t ⇒ rdr = 1
2dt . (A.8)

Like this,
rn−1dr = rn−2rdr = r2(n/2−1)rdr = 1

2t
n/2−1dt . (A.9)
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Thus, our integral becomes

I = 1
2vol(Sn−1)

∫ ∞

0
tn/2−1e−tdt . (A.10)

The integral of the above equation is known and can be expressed using the gamma
function:

I = 1
2vol(Sn−1)Γ(n/2) . (A.11)

Therefore, from Eqs.(A.6) and (A.11), we have that the volume of the (n−1)-sphere will
be [33,34,85]:

vol(Sn−1(r)) = 2πn/2rn−1

Γ(n/2) . (A.12)
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Appendix B – Poisson Summation Formula

The Poisson Summation Formula (PSF) for a periodic function f is defined as
follows [86,87]:

+∞∑
p=−∞

f(t+ pT ) =
+∞∑

k=−∞
g(k/T )e

2πikt
T

T
, (B.1)

where T is the period and g(k/T ) the Fourier transform of f(t), given by

g(k/T ) =
∫ +∞

−∞
e− 2πikτ

T f(τ)dτ . (B.2)
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Appendix C – Integral of an Infinitesimal
δ-dimensional Volume in Spherical Coordinates

The calculation of a δ-volume in spherical coordinates is analogous to that of
a three-dimensional volume. However, it is necessary to pay attention to some details
present during its resolution. So, let’s begin by recalling what happens to the integral of
an infinitesimal volume d3V when we change the Cartesian coordinates x, y, z to spherical
r, θ, ϕ:

∫
R3
d3V =

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
dxdydz

=
∫ 2π

0

∫ π

0

∫ ∞

0
|J | drdθdϕ

=
∫ 2π

0

∫ π

0

∫ ∞

0
r2 sin θdrdθdϕ

= 4π
∫ ∞

0
r2dr .

Rewriting it another way, we have

∫
R3
d3V = vol(S2)

∫ ∞

0
r2dr , (C.1)

where r2 = x2 + y2 + z2. In the most general case, in δ dimensions, the integral of an
infinitesimal volume dδV would be of the form1:∫

Rδ
dδV =

∫ 2π

0

∫ π

0
· · ·

∫ π

0

∫ ∞

0
|J | drdθ1 · · · dθδ−2dθδ−1 . (C.2)

To find the Jacobian determinant, J , in δ dimensions, recall that, in 3D, the total
infinitesimal displacement in spherical coordinates is given by the vector:

dl = dlrr̂ + dlθθ̂ + dlϕϕ̂ = drr̂ + rdθθ̂ + r sin θdϕϕ̂ . (C.3)

In turn, the infinitesimal volume d3V in spherical coordinates is given by:

d3V = dlrdlθdlϕ = r2 sin θ︸ ︷︷ ︸
|J | in 3D

drdθdϕ . (C.4)

In δD, the total infinitesimal displacement is

dl = dlrr̂ + dlθ1 θ̂1 + dlθ2 θ̂2 + · · · + dlθδ−1 θ̂δ−1

= drr̂ + rdθ1θ̂1 + r sin θ1dθ2θ̂2 + r sin θ1 sin θ2dθ3θ̂3 + · · ·
+r sin θ1 sin θ2 · · · sin θδ−2dθδ−1θ̂δ−1 .

Thus, the infinitesimal δ-volume dδV in spherical coordinates will be:
1 For simplicity, we will use the notation (θ1, θ2, · · · , θδ−1) to represent the angular variables.



78

dδV = rδ−1 sinδ−2 θ1 sinδ−3 θ2 · · · sin θδ−2︸ ︷︷ ︸
|J | in δD

drdθ1dθ2 · · · dθδ−1 . (C.5)

Therefore, the general expression for the integral of an infinitesimal δ-volume in spherical
coordinates is:∫

Rδ
dδV =

∫ 2π

0

∫ π

0
· · ·

∫ π

0

∫ ∞

0
rδ−1 sinδ−2 θ1 sinδ−3 θ2 · · · sin θδ−2drdθ1 · · · dθδ−1

= vol(Sδ−2)
∫ π

0

∫ ∞

0
rδ−1 sinδ−2 θ1drdθ1

= vol(Sδ−1)
∫ ∞

0
rδ−1dr .

(C.6)
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Appendix D – The Geiger-Nuttall Law

In nuclear physics, the Geiger–Nuttall Law (GNL) establishes a relationship between
the decay constant of a radioactive isotope and the energy of the emitted alpha particles.
In general terms, the law indicates that isotopes with shorter half-lives emit alpha particles
with higher energies, whereas long-lived isotopes emit less energetic ones.

This relationship also implies that the half-life of an isotope depends exponentially
on its decay energy. Consequently, large variations in half-life correspond to relatively
small changes in decay energy and, therefore, in the energy of the emitted alpha particles.
As a result, despite the wide range of half-lives among alpha-emitting isotopes, spanning
many orders of magnitude, their decay energies have relatively close values.

Originally formulated in 1911 by Hans Geiger and John Mitchell Nuttall as a
relation between the decay constant and the range of alpha particles in air [55], the modern
form of the GNL is expressed as

log10 T1/2 = A(Z)√
E

+B(Z), (D.1)

where T1/2 is the half-life, E is the total kinetic energy (of both the alpha particle and the
daughter nucleus), and A and B are coefficients that depend on the atomic number Z of
the isotope [61]. The law shows the strongest agreement for nuclei with even atomic and
mass numbers, while the same trend persists, though less distinctly, for nuclei with odd
nucleon configurations.

The GNL has also been extended to describe cluster decays [88], processes in which
nuclei heavier than helium, such as carbon or silicon, are emitted.

A simple interpretation of this law can be obtained by modeling the alpha particle
as being confined within the nucleus, analogous to a particle in a potential well. The
particle remains bound due to the strong nuclear interaction and repeatedly reflects within
the potential. However, owing to the quantum mechanical phenomenon of tunneling, there
exists a finite probability that the particle escapes each time it interacts with the potential
barrier.

This quantum mechanical description provides the foundation for deriving the
GNL, including the numerical coefficients, through direct calculation, a result first achieved
by George Gamow in 1928 [26,89].
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Appendix E – Reduced Chi-Squared

A statistical tool widely employed in the scientific literature to evaluate the con-
sistency of a theoretical model with a given set of observational data is the chi-squared
test for a distribution. This test quantifies the degree of agreement between the values
predicted by a model and the available experimental data, providing an objective measure
of the quality of the fit.

In the present work, to simplify the interpretation of the results, we adopt the
Reduced Chi-Squared (RCS) form (also known as the chi-squared per degree of freedom),
denoted by χ̃2 [90]. Accordingly, for a set of experimental data on the alpha decay of N
isotopes, the RCS can be defined as

χ̃2 = 1
d

N∑
i=1

(
log10 T

exp
1/2i − log10 T

th
1/2i

)2

σ2 , (E.1)

where T exp
1/2i represents the experimental half-life of the i-th isotope, T th

1/2i is the corresponding
theoretical prediction, d is the number of degrees of freedom of the fit (typically given
by d = N − np, where np is the number of free parameters in the model), and σ is the
standard deviation associated with the experimental uncertainties.

The expected mean value of χ̃2 is equal to 1. Thus, regardless of the number of
degrees of freedom, the interpretation criterion is as follows: if the obtained value of χ̃2

is of order unity or smaller, the theoretical model can be considered consistent with the
observational data within the experimental uncertainties. Conversely, significantly larger
values of χ̃2 indicate that the discrepancy between theory and experiment is sufficiently
large to suggest that the adopted model does not adequately describe the phenomenon
under study.
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Appendix F – Parameter Fitting Using
Approximate Expressions

For this appendix, we present the discussion of the results obtained from the
approximate expressions for the Gamow factor, Eq.(3.47), as well as the approximate
expressions for its variation in the presence of extra dimensions under the power-law
potential, Eq.(4.26), and the Yukawa-type parametrization, Eq.(4.41). These expressions
are applied to the theoretical formula for the half-life of radioactive nuclei, Eq.(3.49),
through Eq.(4.13).

F.1 Fit for the Power Law
In this analysis, for the short-distance regime, we examine how χ̃2 behaves depending

on the particular choice used to define the nuclear radius r1 (see Eqs.(5.1)). The results
obtained for each fit are presented1 in Tables 3, 4 and 5. The corresponding fitting regions
for the first four scenarios with extra dimensions are shown in Figs. 15, 16 and 17. Unlike
Fig. 13, these plots do not display restricted regions. This difference arises because the
approximate expressions in Eqs.(3.47) and (4.26) always yield real values for γ and δγ. In
contrast, when evaluating the integral in Eq.(4.3), certain critical parameter combinations
may lead to an imaginary result, indicating the absence of tunneling. Consequently, such
nonphysical regions appear as restrictions in Fig. 13, but not in the figures based on the
approximate formulas.

In Table 3, we observe that the smallest value of χ̃2
0 among the scenarios analyzed

corresponds to the case δ = 1, for which the best-fit value of the parameter R1 differs
slightly from those obtained in the other scenarios. Furthermore, based on the fitted
value of the higher-dimensional Planck length for this case, we see that the result is
consistent with the theoretical expectations of the braneworld model: a higher-dimensional
Planck length on the order of 4.5 × 10−17 m suggests subnuclear scales for the hidden
dimensions, which is significantly larger than the usual Planck-scale estimate proposed by
KK theory [5, 7–9]. Similarly, from the results presented in Tables 4 and 5, we can reach
analogous conclusions.

Now, examining the behavior of χ̃2 for the different extra-dimensional scenarios
shown in Figs. 15, 16, and 17, we observe that for the model with only one extra dimension
(δ = 1), the region corresponding to the best parameter fit, the darkest area, spans a wider
interval of the atomic nucleus radius parameter than in the other cases. Note also that,
similar to what was seen in Fig. 13, the leftward-curving boundary at the upper part of
the best-fit region becomes increasingly pronounced as the number of extra dimensions
grows.

Comparing Figs. 15, 16, and 17, we see that the lower parts of the best-fit regions in
Fig. 15 are centered approximately at R1 = 1.5 fm, whereas in Figs. 16 and 17, considering
their respective variables R2 and R3, this value is closer to 1.2 fm. Furthermore, by
1 For all extra-dimensional scenarios examined in Table 4, the fit of the free parameter Rα yielded the

same common value: Rα = 1.699 fm.
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Table 3 – Parameter fitting for the power-law case using approximate expressions for the
Gamow factor in extra dimensions, where the nuclear radius r1 is described as
in Eq.(5.1a). The values shown for the free parameters R1 and l

(4+δ)
P are those

that minimize the RCS.

δ χ̃2
0 R1 (fm) l

(4+δ)
P (m)

1 0.8869 1.24 4.5 × 10−17

2 0.8932 1.49 2.0 × 10−20

3 0.8932 1.49 3.1 × 10−19

4 0.8927 1.48 4.7 × 10−16

5 0.8922 1.48 7.4 × 10−16

6 0.8921 1.48 1.0 × 10−15

7 0.8916 1.48 1.3 × 10−15
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Figure 15 – Color map showing the behavior of χ̃2 as a function of the free parameters R1
and l

(4+δ)
P .

analyzing Figs. 15 and 16, it is noticeable that the widths of the lower parts of their
best-fit regions are slightly broader than those in Fig. 17. This result suggests that there
is less flexibility in the possible values of R3 compared with the parameters R1 and R2
considered in the other cases.

Taken together, these results indicate that the overall quality of the fits obtained
using the approximate expressions is stable across the different prescriptions for the nuclear
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Table 4 – Parameter fitting for the power-law case using approximate expressions for the
Gamow factor in extra dimensions, where the nuclear radius r1 is described as
in Eq.(5.1b). The values shown for the free parameters R2 and l

(4+δ)
P are those

that minimize the RCS.

δ χ̃2
0 R2 (fm) l

(4+δ)
P (m)

1 0.9002 1.22 9.6 × 10−18

2 0.9044 1.21 8.4 × 10−17

3 0.9043 1.21 2.4 × 10−16

4 0.9046 1.21 4.7 × 10−16

5 0.8870 1.27 1.0 × 10−15

6 0.8914 1.26 1.3 × 10−15

7 0.8919 1.25 1.6 × 10−15
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Figure 16 – Color map showing the behavior of χ̃2 as a function of the free parameters R2
and l

(4+δ)
P .

radius, but not entirely insensitive to the chosen parametrization. In particular, the slightly
narrower best-fit region associated with R3 suggests that this functional form imposes
stronger constraints on the admissible parameter space, reducing the range of R3 values
compatible with the experimental data. Conversely, the broader and more flexible regions
obtained for R1 and R2 reflect a greater robustness of these parametrizations within
the context of the short-distance power-law model. Despite these differences, all three
choices yield comparable minimum values of χ̃2

0, and all lead to consistent estimates of
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Table 5 – Parameter fitting for the power-law case using approximate expressions for the
Gamow factor in extra dimensions, where the nuclear radius r1 is described as
in Eq.(5.1c). The values shown for the free parameters R3 and l

(4+δ)
P are those

that minimize the RCS.

δ χ̃2
0 R3 (fm) l

(4+δ)
P (m)

1 0.8909 1.01 4.3 × 10−17

2 0.8980 1.18 5.7 × 10−17

3 0.8980 1.18 1.8 × 10−16

4 0.8981 1.18 3.6 × 10−16

5 0.8982 1.18 5.7 × 10−16

6 0.8982 1.18 8.0 × 10−16

7 0.8983 1.18 1.0 × 10−15
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Figure 17 – Color map showing the behavior of χ̃2 as a function of the free parameters R3
and l

(4+δ)
P .

the higher-dimensional Planck length in each extra-dimensional scenario. This reinforces
the conclusion that the secondary results of this study, namely, the extraction of viable
ranges for the nuclear radius and the higher-dimensional Planck scale, are not artifacts of
a particular definition of r1, but remain qualitatively stable under reasonable alternative
parametrizations.
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F.2 Fit for Yukawa Parameterization
For the analysis performed using the Yukawa parametrization in conjunction with

the approximate theoretical expressions from Eqs.(3.47) and (4.41), and applying the
fitting procedure through the RCS method, we obtained the results shown in Table 6. A
direct comparison between these results and those presented previously in Table 2 reveals
that the discrepancies between the two sets of fitted values are remarkably small. This
close agreement reinforces the robustness of the fitting strategy and indicates that the
approximate expressions capture, to a high degree of accuracy, the same physical trends
obtained through the full numerical treatment.

Table 6 – Parameter fitting for the Yukawa parametrization using approximate expressions
for the Gamow factor in extra dimensions. The values shown for the free
parameters R1, λ and α are those that minimize the RCS.

χ̃2
0 R1 (fm) λ (m) α

0.8669 1.36 7.0 × 10−13 9.0 × 1033

However, a more detailed inspection of the upper plot in Fig. 18 shows a qualitative
change compared to the corresponding diagram in Fig. 14. This upper panel displays
the values that the nuclear parameter R1 must take for each pair (λ, α) in order for the
RCS to achieve its minimum value, and the color gradient forms a well-defined silhouette
featuring a sharp “tip”. Interestingly, this silhouette mirrors the shape observed in the
lower panel of Fig. 18, which depicts the full behavior of χ̃2 as a function of λ, α, and R1,
whose values are shown in the upper plot.

A particularly notable feature is the abrupt change in the fitted values of R1 that
occurs along the upper boundary of the top panel. This transition takes place precisely at
the midpoint of the plot’s width in the λ-direction, aligned with the position of the tip-like
structure. The abruptness of this variation strongly suggests that the behavior of R1 is
being driven by the scale associated with the parameter λ. Indeed, the fact that the tip
appears exactly at λ = 1.0 × 10−14 m in both the upper and lower panels indicates that
this length scale acts as a transition point separating two distinct regimes in the (λ, α)
parameter space. In other words, near λ = 1.0 × 10−14 m, small changes in λ drastically
alter the value of R1 required for optimal fitting, signaling a heightened sensitivity of the
model to the Yukawa-range parameter in this region.

Turning to the lower plot in Fig. 18, we observe a pronounced qualitative difference
in the behavior of χ̃2 relative to the results displayed in Fig. 14. In particular, the RCS
now develops a narrow and prominent “spike” centered at λ = 1.0 × 10−14 m. This feature
reveals that, for this specific value of λ, the interaction-amplitude parameter α is only
weakly constrained, producing a ridge-like structure in parameter space. Such a spike
corresponds to a region where the model becomes comparatively insensitive to variations
in α, which explains why the fitted values of R1 shift abruptly in the upper plot.

In addition to these distinctive traits, the lower plot of Fig. 18 shows that the
best-fit region (the darker blue zone) transitions sharply to higher values of χ̃2 as one
moves away from the optimal combination of (λ, α). These sudden changes in the RCS,
manifesting as steep gradients and abrupt color shifts, indicate a particularly strong
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boundary separating the region compatible with the observational data from the region
that must be excluded. This behavior underscores the high sensitivity of the Yukawa
parametrization, within the framework of the approximate expressions, to variations in the
free parameters, and it highlights a sharply defined optimal region in the parameter space.

10−16 10−15 10−14 10−13 10−12
1034

1035

1036

λ (m)

α
(α

>
0
)

1.0

1.25

1.5

1.75

2.0

R
1
(f
m
)

10−16 10−15 10−14 10−13 10−12
1034

1035

1036

λ (m)

α
(α

>
0)

0.87

1.07

1.27

1.47

1.67

1.87

χ̃
2

Figure 18 – Above: Fit region showing only the free parameters. The color gradient indicates
the values of R1. Below: Fit region showing the behavior of χ̃2 for the values
of α, λ, and R1.
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