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Resumo

Nesta tese estudamos resultados de controlabilidade, comportamento assintético e pro-
blema inverso relacionados a alguns problemas da teoria de equagbes diferenciais parciais.
Dois sistemas particulares sdo foco do estudo: o sistema de Mindin-Timoshenko, que descreve
o movimento vibratério de uma placa ou viga, e o sistema de campo de fases que descreve a
temperatura e a fase de um meio onde ocorrem dois estados fisicos distintos.

O primeiro capitulo é dedicado ao estudo do sistema de Mindlin-Timoshenko 1-D com
coeficiente descontinuos. Uma desigualdade de Carleman é obtida sob a hipdtese de mo-
notonicidade sobre velocidade da viga. Posteriormente, sdo fornecidas duas aplicages: a
controlabilidade do sistema com controles agindo na fronteira e a estabilidade Lipschitziana
do problema inverso de recuperar um potencial através de uma tGnica informagao obtida sobre
a solugao.

No segundo capitulo consideramos um problema de contato caracterizado pelo compor-
tamento de uma placa bidimensional cujo bordo faz contato com um obstaculo rigido. A
formulacao deste problema é apresentada pelo sistema de Mindlin-Timoshenko 2-D com con-
di¢oes de fronteira e termos de amortecimento (damping) adequados. Sobre tal sistema, é
provada, através de técnicas de penalizagdo, a existéncia de solucao e, posteriormente, que
sua energia possui decaimento exponencial quando o tempo tende ao infinito.

No terceiro capitulo o estudo é voltado a um sistema de campo de fases nao-linear definido
em um intervalo aberto real. Neste espaco apresentamos alguns resultados de controlabilidade
quando um dnico controle age, sob condicoes de Dirichlet, na equacao da temperatura em um
dos bordos do intervalo. Para provar os resultados é utilizado o método dos momentos, além
de uma estudo espectral de operadores associados ao sistema e teoria de ponto fixo para lidar
com a nao-linearidade.

Palavras-chave: campo de fases, controlabilidade, comportamento assintético, desigualdade
de Carleman, problema de contato, problema inverso, sistema de Mindlin-Timoshenko.



Abstract

In this thesis we study controllability results, asymptotic behavior and inverse problem
related to some problems of the theory of partial differential equations. Two particular systems
are the focus of the study: the Mindin-Timoshenko system, describing the vibrational motion
of a plate or a beam, and the phase field system describing the temperature and phase of a
medium having two distinct physical states.

The first chapter is devoted to the study of the 1-D Mindlin-Timoshenko system with
discontinuous coefficient. A Carleman inequality is obtained under the assumption of mono-
tonicity on the beam speed. Subsequently, two applications are provided: the controllability
of the control system acting on the boundary and Lipschitzian stability of the inverse problem
of recovering a potential from a single measurement of the solution.

In the second chapter we consider a contact problem characterized by the behavior of a
two-dimensional plate whose board makes contact with a rigid obstacle. The formulation of
this problem is presented by the 2-D Mindlin-Timoshenko system with boundary conditions
and suitable damping terms. Concerning such system, is proved via penalty techniques,
the existence of solution and that the system energy has exponential decay when the time
approaches infinity.

In the third chapter, the study is aimed at a nonlinear phase-field system defined in a real
open interval. Here we present some controllability results when a single control acts, by means
of Dirichlet conditions, on the temperature equation of the system on one of the endpoints
of the interval. To prove the results is used the method of moments, plus a spectral study of
operators associated to the system and fixed point theory to deal with the nonlinearity.

Keywords: phase-field system, controllability, asymptotic behavior, damping, energy decay,
Carleman inequality, contact problem , inverse problem, Mindlin-Timoshenko system.
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“ Knowledge is about not being sure.
The more you know, the less you are sure of it.
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The less you know, the less you are sure of it.
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Introducao

A espécie humana vem moldando o planeta Terra & sua vontade e ao seu instinto de viver.
Um exemplo simples disso é a agricultura. Deixamos de acompanhar o "humor"da natureza
para for¢a-la a obedecer nosso desejo. Plantamos com a opc¢ao de escolher localidade, tipo e
quantidade desejadas. Cruzamos espécies. Modificamos o natural com a intencao de facilitar
a nossa vida, de fazer a natureza trabalhar para o homem. Controlamos a natureza, de certa
forma.

Com o tempo, tal comportamento sobre a natureza amadureceu. A tecnologia avancou
e fomos instigados a construir maquinas que funcionassem a vontade do homem. Maquinas
que pudessem ser controladas. A palavra controle aqui assume simplesmente o significado
de manusear, checar se seu comportamento é satisfatorio, seguir junto ao seu funcionamento.
Em um sentido mais profundo, a palavra controle significa agir, colocar as coisas em uma
determinada ordem de forma que um sistema se comporte como desejado. Ora, esse significado
estd aplicado na propria construgao das maquinas. Mas nao totalmente em seu funcionamento.
Para obter um controle absoluto a maquina nao necessitaria de um controlador humano.
E nessa ideia que se baseiam as méaquinas autoématas, que se podem intitular como ideia
propulsora do controle na engenharia. Como exemplo podemos citar os aquedutos romanos:
sistemas engenhosos que regulavam vélvulas, sem a interferéncia humana, de modo a manter
o volume de agua constante; moinhos de vento do século XVII adaptados para regular a
velocidade do vento; a maquina a vapor, mecanismo simbolo da revolucao industrial com
seu sistema de regulagem de velocidade que funcionava conforme a variacao de pressao em
um compartimento com valvulas. Estudiosos ainda afirmam que mesmo antes de 2000 a.c.
sistemas de controle de irrigacdo j4 eram praticados.

Com o advento do céalculo e das equacoes diferenciais, a teoria de controle passou a ser lida
pela linguagem matemética e se desprendeu da engenharia saindo para ser aplicada nas mais
diversas areas. E de conhecimento geral que um periodo de grande evolucio tecnolégica foi a
segunda guerra mundial. Nessa época, a teoria de controle foi parte importante nos sistemas
de controle de fogo, sistemas de orientacao de misseis, sistemas eletrénicos, modelagem de es-
quadroes aéreos. A guerra acabou tornando claro que os modelos considerados nesse momento
nao eram suficientemente precisos para descrever a complexidade do mundo real. Na verdade,
nesse tempo ja estava claro que os verdadeiros sistemas eram nao lineares e impossiveis de
serem descritos com precisdo absoluta, uma vez que eram quase sempre afetados por uma
quantidade grande de agentes externos. Esse cenario serviu para dividir a teoria de controle.

Depois dos anos 60, os métodos e teorias utilizados passaram a ser considerados como
parte da teoria clssica de controle. As contribuicoes do cientista estadunidense R. Bellman,



no contexto de programagdo dindmica; R. Kalman, em técnicas de filtragem e aprorimagies
algébricas a sistemas lineares; e do russo L. Pontryagin, com o principio do mdrimo para
problemas de controle 6timo, estabeleceram a base da teoria de controle moderna. Esta
teoria ganhou formalismo matematico e hoje é aplicada nas mais diversas dreas. Basicamente
qualquer coisa que possa ser modelada por equacoes diferenciais é alvo da teoria de controle.

1.1 Controlabilidade

Em geral, um sistema de controle é uma equagao de evolugao (EDO ou EDP) que depende
de um parimetro u, descrito pela expressao

y/:f(tvyvu)v (11)

onde t € [0, T representa a variavel temporal, y : [0,7] — X é a fungao estado e u : [0,T] — U
é um controle. Nessa configuracao, X e U sao espacos de funcoes adequados, 7' > 0 é um
valor real fixado e 1/ representa a derivada de y em relacdo ao tempo t.

O problema de controle consistem em encontrar a funcado u de forma que a solucao y do
sistema (1.1) assuma um comportamento desejado no instante de tempo T'. Dependendo do
tipo de sistema que (1.1) represente, é impossivel obrigar sua solucao a satisfazer exatamente
um comportamento no instante tempo T. Nesse caso, podem ser procuradas respostas par-
ciais. E possivel que tal solucdo, apesar de nao se comportar exatamente conforme desejado,
aproxime-se de tal comportamento (controlabilidade aproximada), atinja um estado de equi-
librio (controlabilidade nula) ou até passe a se comportar como a solu¢do de um sistema nao
controlado (controlabilidade exata as trajetdrias). Ha sistemas que ainda respondem positiva-
mente quanto & possibilidade de assumir o exato comportamento desejado em um tempo 7',
contudo, sob restrigoes a respeito de tal tempo, excluindo algumas possibilidades de valores
que este possa assumir. Obviamente, ainda hé sistemas que combinam as duas situacoes
acima: nao sao exatamente controlaveis e ainda possuem restricoes sobre o instante de tempo
o qual se pode controla-los.

Definamos, com a devida formalidade, alguns dos varios tipos de controlabilidade presentes
na literatura.

Controlabilidade exata: Dados um nimero real T > 0 e yg,y1 € X dois possiveis
estados do sistema (1.1), dizemos que tal sistema é exatamente controlavel se existe u :
[0,T] — U tal que

y/ = f(yvu) €m [O,T},
y(0) =y, y(T) =1

Controlabilidade aproximada: Dados um nimero real T > 0 e yg, y1 € X dois possiveis
estados do sistema (1.1), dizemos que tal sistema é aproximadamente controlavel se, para todo
g, existe ue : [0,T] — U tal que

y' = f(y,uc) em 0,17,
y(0) =yo, |y(T)—wmll <e.



Controlabilidade nula: Dados um niimero real T' > 0 e yp € X um possivel estado do
sistema (1.1), dizemos que tal sistema é nulamente controlavel se existe u : [0,7] — U tal que

y, = f(yau) em [OvTL
y(0) =yo, y(T)=0.

Controlabilidade exata as trajetdrias: Dados um ntmero real T > 0, yp € X um
possivel estado e § uma trajetoria (uma solugao arbitraria) do sistema (1.1), dizemos que tal
sistema é exatamente controlavel as trajetorias se existe u : [0, 7] — U tal que

y/ = f(y,U) €1m [O’T]’
y(0) = yo, y(T)=7u(T).

Ha ainda tipos mais elaborados de controlabilidade derivados destes, como por exemplo o
controle dtimo, que busca atingir um estado desejado sujeito & minimizagdo de um funcional
custo; o controle insensibilizante, que busca formas de atuar na equacdo de forma que o
comportamento de um certo funcional ndo seja alterado por uma leve mudanca arbitraria no
dado inicial; o controle hierdrquico, que busca maneiras de interferir no sistema através de
uma série de controles correlacionados entre si em uma dependéncia de lideres e seguidores.

Atualmente, a teoria de controle estd bem estabelecida (veja, por exemplo [32, 68, 80,
86, 90]). Sobre sistemas de dimensao finita, tais problemas sao completamente entendidos no
caso linear (veja [56, 67]). No caso de sistemas nao lineares de dimensao finita, seu estudo
se apresenta bem avancado e satisfatorio, ji que sdo conhecidas muitas condi¢Ges para se
obter controlabilidade local e global (veja [32]). No caso de EDP’s, a situacdo se torna
mais delicada, até mesmo para problemas lineares. Uma razdo para isso ¢ que uma EDP
linear de evolucdo pode ser, por exemplo, do tipo hiperbolico (equagdo da onda, equacdo de
Maxwell), ou do tipo dispersivas (equacao de placas, equacao de Schrodinger, equacao KdV),
ou do tipo parabdlico (equagdo do calor, equagdo de Stokes), induzindo propriedades muito
especificas como a propriedade de propagacao de singularidades com velocidade finita para
equacoes hiperbélicas, a velocidade infinita de propagacao junto a um fraco (resp. forte) efeito
suavizante para equagoes dispersivas (resp. parabolicas), e a irreversibilidade temporal para
equacoes parabolicas. Nao se pode, por exemplo, esperar que uma equacao do calor possa ser
exatamente controlavel com um controle localizado em uma pequena parte do dominio, pois,
caso contrario, a solucao seria suave fora da regiao de controle, o que impede de se atingir
um estado final arbitrario. Assim, é natural procurar por controlabilidade aproximada, nula
ou exata as trajetorias para sistemas contendo equagoes do calor. Em contraste, devido a
reversibilidade no tempo, é natural buscar controlabilidade exata para a equacdo da onda.

1.2 Problemas inversos

A teoria de problemas inversos associados a equacOes diferenciais parciais vem tomando
um grande destaque atualmente. Este ramo se mostra uma boa fonte de pesquisa por possuir
aplicagoes muito interessantes. Em particular, o problema inverso tratado no Capitulo 2 esta
construido sobre a teoria de placas e pode ser visto, por exemplo, como um problema de
geofisica, relacionado ao estudo de placas tectonicas.



As equagobes diferenciais parciais durante muitos anos tem provado ser uma ferramenta
muito poderosa na modelagem de uma variedade de fenémenos fisicos que pode ser visto na
natureza. Fazendo uso desta teoria é possivel saber com grande precisdo um evento da natu-
reza por descri¢ao matematica (equagao diferencial parcial) que nos permite demonstrar suas
propriedades, tais como a existéncia, unicidade e estabilidade das solucoes da equacdo. Sendo
assim, é natural fazer a pergunta contraria: se sabemos a solucao problema ou possuimos,
pelo menos, alguma informacao desta, é possivel inferir algo sobre as propriedades do sistema?
Essa é a premissa de um problema inverso.

Um problema inverso consiste, entdo, em encontrar alguma propriedade desconhecida do
meio, objeto ou sistema que estamos analisando a partir de medi¢oes controladas e fazendo
uso do modelo matematico de algum fenémeno fisico conhecido. Visto assim, é 6bvio o
grande interesse e importancia pratica que problemas inversos representam. Um dos exemplos
mais famosos é o conhecido Problema de Calderén. Nomeado em homenagem ao matematico
argentino Alberto Calderon, este problema constitui a base matematica da tomografia por
impedéncia elétrica, um método de testes nao destrutivos para gerar imagens médicas. O
problema levanta a seguinte questdo: é possivel, medindo a corrente eléctrica e a tensao
na margem de um meio, determinar a condutividade eléctrica deste? Em outras palavras,
chamando o meio, y = y(z) o potencial em seu interior e ¢ = ¢(z) a condutividade eléctrica,
ao aplicar uma tensao f = f(z) na fronteira 92 do meio temos que y satisfaz

V-cVy=0, em Q
y=f, sobre 0f)

e induz uma corrente c% no bordo do dominio. O Problema de Calderén tenta determinar o
valor de ¢ em todo o meio através da informagao das medigoes de tensdo e corrente que estao
representadas pela aplicagao Dirichlet-Neumann

_ .9
q)(f)—ca .

Podemos representar um problema inverso como uma aplicagdo de medigoes M. () que
a cada possivel valor x € X do parametro ¢ que procuramos determinar, nos entrega certas
medicgoes sistema. Em geral, existem quatro questoes sobre a aplicagao M. a serem analisadas:

1. Unicidade. Se a medi¢ao de dois valores do parimetro sdo iguais, entao os valores sao
iguais, isto é, a aplicacao M é injetiva.

Mc(xl) = ./\/lc(.rg) —— I1 = T2

2. Reconstrucao. Encontrar um procedimento que permita reconstruir ¢ a partir dos
dados obtidos.

3. Estabilidade. Se a medicao de dois valores sdo iguais segundo algum critério de com-
paracao, entao os valores também o sdo.

M(z1) = Me(29) = 21 = 29

4



4. Dados Parciais. Se ter acesso a medig¢oes em uma parte do dominio é suficiente para
determinar se ha unicidade sobre c.

No Capitulo 2, onde que trataremos de um problema inverso, iremos nos concentrar em
responder & terceira pergunta para um sistema que modela o comportamento de uma viga
durante o passar do tempo. Para tal, iremos utilizar o método classico para se provar a esta-
bilidade introduzido por A.L. Bukhgeim e M.V.Klibanov em [24], que consiste em linearizar
o problema inverso e usar desigualdades de Carleman para estimar a fonte em fun¢ao das ob-
servacoes e, finalmente, obter uma estabilidade local. Para mais exemplos e aprofundamento
sobre problemas inversos sugerimos a leitura de [17] e [55].

1.3 Conteudo da tese

A seguir, iremos apresentar de forma mais especifica os problemas que serdo desenvolvidos
nesta tese. Uma introdugdao motivacional aos trabalhos que a compode junto a um breve
resumo dos resultados principais serd descrito em portugués, contudo, a linguagem adotada
nos capitulos contendo os trabalhos em si sera o inglés. Esta tese é composta de trés problemas
principais, cada um tratado separadamente nos respectivos capitulos 2, 3 e 4.

Capitulo 2
Desigualdade de Carleman para o sistema unidimensional de

Mindlin-Timoshenko com coeficientes descontinuos e aplicagoes
(Carleman estimate for unidimensional Mindlin-Timoshenko system

with discontinuous coefficients and applications)

O sistema de Mindlin-Timoshenko unidimensional é composto de duas equagdes hiperboli-
cas de segunda ordem acopladas por termos de primeira ordem. Tal formulacao é amplamente
utilizada e representa um modelo matematico fisicamente completo para a descri¢cao do mo-
vimento vibratério transversal de vigas.

Figura 1.1: Estruturas construidas com o uso de vigas.



Para uma viga de comprimento L, este sistema é descrito como se segue:

ph3 " k =
pho” — k(¥ + 04)]z = 0 em @,

onde Q = (0, L)x(0,T) e T representa um tempo positivo dado. No modelo acima, ¢ = ¢(x,t)
representa o angulo de rotagdo, o = o(z,t) descreve o deslocamento vertical no tempo ¢ do
corte transversal localizado x unidades do extremo x = 0.

Secdo Transversal

Figura 1.2: Rotacao e movimento vertical.

O simbolo ' denota a derivada em relagdo ao tempo t e a letra = subscrita denota a derivada
em relagdo a variavel z. A constante h > 0 representa a espessura da viga, que é considerada
pequena e uniforme, independente de z. A constante p é a densidade da viga e os parametros
a e k sao chamados de mdédulo de rigidez flexural e médulo de elasticidade de cisalhamento,
respectivamente. Eles sdo dados pelas formulas k& = EEh/2 (14 p) e a=FEh3/12(1 — p?),
onde k é um coeficiente de correcao de corte, E é o modulo de Young e pu é o coeficiente de
Poisson, 0 < pu < 1/2. Para mais detalhes fisicos sobre as hipoteses, parametros e equagoes,

veja, por exemplo, [65] e [66].
Motivacao

Nesse capitulo, iremos considerar uma viga composta de dois materiais diferentes com a
mesma, espessura, uma localizada em (0, M) e outra em (M, L), para algum ponto interme-
diario M no intervalo (0, L) que representa a viga.

r
3
r

o
=
r

Figura 1.3: Viga composta de dois materiais.



Os valores E, u, p e k dependem do material, por isso iremos considerar os coeficientes a,
p e k dados por

a, se z€ (0,LM p1, se ze€ (0,M
a(w) = O @) = (oM
az, se ze€ (M,L) p2, se ze (M,L)

k(w)—{ ki, se z€ (0,M) (13)

"] ko, se x€ (M,L)’

onde ay,ag, p1, p2, k1, k2 € R. Nesse contexto, estamos interessados em estudar a controlabi-

lidade e problemas inversos relacionados ao sistema (1.2), quando os coeficientes a, p e k sao
dados em (1.3).

Figura 1.4: Estruturas baseadas em vigas compostas por mais de um material.

Na literatura é possivel encontrar varios resultados envolvendo o sistema de Mindlin-
Timoshenko. No ambito dos problemas inversos, duas poderosas ferramentas utilizadas para
obter a estabilidade através de uma informacao ja conhecida sdo as desigualdades de Carleman
e 0 método de Bukhgeim-Klibanov [22, 24]. E possivel obter uma estabilidade Lipschitziana
ao redor de uma tnica solugao conhecida, desde que esta solugao oferega informacao e regulari-
dade suficientes [60] (veja também [59] e [88]). Muitos outros problemas inversos relacionados
as equagoes hiperboélicas usam a mesma estratégia, inclusive o que iremos abordar.

Desigualdade de Carleman

O objeto de partida nesse capitulo é a busca por uma desigualdade de Carleman. Tal
estimativa ird ser aplicada para obter um resultado de controlabilidade e para resolver um
problema inverso. A desigualdade de Carleman é uma técnica vastamente utilizada na teoria
de controle (veja [78], por exemplo), sejam em problemas elipticos, hiperbolicos ou parabolicos.

Consideremos a funcio peso dada por

T 2
b1 (2,1) :ZmaX{%Zf,",;f}(x—xo)Q—ﬁ(t—2) T+ Ny, em (0,M),

732
oda(z,t) ::max{’ﬁZQ,p,th}(a:—a:o)Q—B(t—2> + Ny, em (M,L),



onde 3, N1, Ny > 0 sdo constantes reais, M € (0,L) e zg € R\ (0,L). Definamos a fungao
@ = e*?, para um parametro s > 0, e os operadores

Pro(u) = U — Yz + °N20*E (@)u,
Py (u) = =25Apd'u’ + 25X70(9) iz,
Loy(u) =u" — yugy,

onde v assume valores v =y em (0, M) e v = 2 em (M, L), com 1,72 > 0. Considerando
0 espago

X’Ylﬁ2 = {u € L2<07T; L2(<O7L))7 U = U1 em Qh U = Uz em Q27
Lo, (w1) € L*(0,T; L*(0, M)), L., (ug) € L*(0,T; L*(M, L)),
u(0,-) = u(L,-) = u(-,0) = u(-,T) =u'(-,0) ='(-,T) = 0},

o resultado a seguir enuncia a desigualdade de Carleman que iremos obter.

Teorema. Sejam a,k,p dados em (1.3) e T > 0 . Existem constantes positivas C, Ao e So
tais que

A A
(s ng ol g HI{mmen nge)

+3A/ eQ%(yu'PHummyv'2+\vm|2)dxdt+s3x3/ 29 03[l + o)) dadt
Q Q

2

L2(Q)xL*(Q)

T 2 2
<Cs e o(Jug|? + |vz)?) dt+C [ € | |Li (w)| + |Lx (v)| | dadt,
3
0 z=L Q ph ph

para todo {u,v} € X124, 1200 X X &y ko Salisfazendo

p1h3’ poh3 p1h’ p2h
ul(Ma') :u2(M")> vl(M ) Q(Ma ) em (OvT)’
a1uiz(M,-) = aguas (M, ), kivig(M,-) = kovoe(M,-) em (0,T),

e para todo s > sg e A > Ag.
Controlabilidade

Para o problema de controle consideraremos o sistema de Mindlin-Timoshenko comple-
mentado com os dados de bordo a seguir:

T 3

PN (a(@)a)e + k@)W 4 00) =0 em Q.

pla >ha"—<k<x><w+%>>x=o em Q, )
¥(0,-) = < ) =0, ( Y= F, o(L,-) = f» em (0,T), (1.4)
w(’o) dj( ) € (O7L)a

G(-,O):ao, o' (-,0) = oy em (0,L).

As condigoes (1.4)4 significam que a viga estd presa em x = 0 e os controles fi, fo sdo forgas
laterais aplicadas no extremo x = L. O resultado de controlabilidade que iremos provar é
descrito a seguir.



Teorema. Consideremos

3
T0:2L\/max{p1h pal’ pih pzh} (1.5)

12&1’ 12(12 kl /{2

e sejam a, k, p dados em (1.3) satisfazendo

al a al as
—>— ¢ —=_— 1.6
pL - P2 k1 ke (1.6)

Se {tbo,1,00,01} € [L2(0,L) x H™Y0,L)> e T > Ty, entio existem controles fi, f» €
L*(0,T) tais que a solugdo {1, 0} do sistema de Mindlin-Timoshenko (2.3) satisfaz

{¢(-,T>,wl(-,T),U(-,T),J/(-,T)}:{0,0,0,0} em (OvL)'

Para provar o teorema acima, usaremos uma desigualdade de Carleman para obter uma
desigualdade de observabilidade a qual, de acordo com o Método HUM (Hilbert Uniqueness
Method) desenvolvido por Lions (veja [68]), implica na controlabilidade enunciada.

Problema inverso

Consideremos, agora, o sistema de Mindlin-Timoshenko com potenciais a seguir:

( )h3 o

— (a(x)ug)y + k(x)(u+vz) +p1(x)u=0 em @,
o) — (k(@)(u+ v2))e + pala)y = 0 em Q.
u(0,) = v(0,) = u(L,) = v(L,) =0 em (0,7), .7
u(,0) = up, v'(-,0) = uy em (0,L),
v(+,0) = vg, V'(-,0) = vy em (0,L).

Aqui propomos o seguinte problema inverso: recuperar informacdo sobre o sistema (1.7)
utilizando dados colhidos no bordo. Para ser mais preciso, queremos recuperar os potenciais
(p1, p2) a partir do conhecimento da derivada normal no bordo da solugao {u(p1, p2),v(p1,p2)}-
Esta classe de problemas (problemas inversos com coeficientes e uma tnica medigao de dados)
foi investigada com a utilizacdo de desigualdades de Carleman pela primeira vez em |[23]
por Buckgeim e Klibanov, rendendo & técnica o conhecido titulo de "método de Buckheim-
Klibanov" (veja [59], [60] e o livro [20]). Utilizaremos tal método para provar o resultado a
seguir.

Teorema. Sob as hipdteses (1.5) and (1.6), se T > Ty, p1,p2 € L), {uo,u1,v0,01} €
[H'() x L*(Q))?, e 7 > 0 satisfazem

lug| >r >0 ¢s. em (0,L), u(py,p2) € Hl(O,T; L>°(Q)),
lvg| > 7 >0 ¢.s. em (0,L), v(p1,p2) € Hl(O,T; L>(Q)),

entio, para um conjunto limitado U C [L>(Q)]?, ewiste uma constante positiva
C = C(CL, ka P, L7 M7 T? H{phpQ}”[LOO(Q)]Q ’ H{u(p17p2)7 v(php?)}H[Hl(O,T;LOO(Q))P ’U7T)
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tal que

Ip1 = q1ll 20,2y + lP2 — @21l 220, 1)
as ag

sc‘
p

—ug(L, ) (p1,p2) — —uz(L,")(q1, g2)
P2

2 ‘Hl(O,T)

‘Hl(O,T)) 7

para todo {q1,q2} € U, onde {u(p1,p2),v(p1,p2)} € {ulq1,q2),v(q1,q2)} sdo solugdes de (1.7)
com potenciais {p1,p2} and {q1,q2}, respectivamente.

ko

+ ' va(lh ')(p1,p2) - %vx(l” ')(Q17q2)

A ideia central da prova reside em utilizar uma desigualdade de Carleman para estimar o

<P1 a12 (w), w'> ,
7ph3

onde w = e*0[u(py,p2) — u(qr, g2)], sendo 6 uma funcio de corte adequada que se anula

termo

em +7 e u(p1,p2), u(qi, g2) solugoes de (1.7) estendidas ao intervalo (—7,T) com potenciais
(p1,p2) e (q1,q2), respectivamente.

Capitulo 3
Um problema de obstaculo no bordo para o sistema 2-D de Mindlin-Timoshenko
(A boundary obstacle problem for the 2-D Mindlin-Timoshenko systems)

Neste capitulo, iremos lidar com um problema modelado pelo sistema de Mindlin-Timoshenko
bidimensional, que descreve o movimento vibratério de placas. Este modelo pode ser utilizado
para descrever, por exemplo, o comportamento de placas tectonicas, paredes e piso de um
prédio, placas metalicas, etc.

Figura 1.5: Placas tectonicas e placas de metal na asa de um avido.

Consideramos uma regido limitada, aberta e conexa Q C R? com fronteira I' suficien-
temente regular. Assumimos ainda que I' possui uma particdo {I'g,I'1} com I'; (i = 0,1)
possuindo medida de Lebesgue positiva e o NI} = (. Dado um valor real T > 0, conside-
ramos o cilindro @ =  x (0,7) com fronteira lateral ¥ = Xy U Xy, onde ¥; = T'; x (0,7
(1=0,1).

10



O sistema de Mindlin-Timoshenko para uma regiao bidimensional é descrito por

h3
% tt_Ll(d)?fl/}?w) :Oa €m QJ
h3
% tt*LQ(QZ),T/),w):O, €1 Qa

Phwtt - L3(¢71r/}a ’LU) = 07 €m Qa

onde os operadores Ly, Lo, L3 sao dados pelas expressoes

1-— 1

Ll (¢a QIZ),U)) = -D <¢I1:E1 + Tu¢x2x2 + —;_//Lf(ﬁxlam) - k (¢ + ’U)xl) 9
1-— 1

L2(¢a ¢7w) =D (wmm + Tﬂ%m + "’2‘/~L¢xl$2> —k (1/} + wm) )

Ly(¢, 1, w) =k [(wa, + @)y, + (Wey + 1), ] -

Os indices subscritos denotam derivadas parciais. Para x = (21, 22), as variaveis dependentes
¢ = P(x,t) e p = 1(x,t), representam, respectivamente, os angulos de rota¢ao da uma segao
transversal x1 = const., xo = const. contendo o filamento que, quando a placa estd em
equilibrio, é ortogonal & superficie média no ponto (x,0). A varidvel w = w(z,t) descreve
o deslocamento vertical no tempo ¢ da secdo transversal de pontos x na superficie média da
placa.

t=t,

Figura 1.6: Movimento da placa ao longo do tempo.

A constante h representa a espessura da placa que, no modelo, é considerada pequena
e uniforme com respeito a x. A constante p é a densidade da placa e as constantes D e
k sao chamadas, respectivamente, de moédulo de rigidez flexural e modulo de elasticidade
cisalhamento e so descritos por D = ER?/[12(1 — p?)] e k = kEh/2(1 + p), E é o modulo
de Young, p o coeficiente de Poisson, 0 < p < 1/2 e k & um coeficiente de correcao de
cisalhamento. Para mais detalhes fisicos sobre as hipdteses, parametros e equagoes, veja, por
exemplo, [65] e [66].

Motivacao

Consideremos a situacao em que parte do bordo de uma placa de espessura muito pequena,
estd presa a uma superficie. Observa-se que a parte do bordo da placa que nao esta presa, ao
movimentar-se, acaba chocando-se vez ou outra com um obstaculo rigido que esté préximo,
mesmo nao estando inicialmente em contato com tal obstaculo.

Para modelar essa situacao, utilizaremos o sistema de Mindlin-Timoshenko adicionado de
condicoes de bordo adequadas. Tal problema de contato é descrito pelo seguinte sistema:

11



onde

Placa

Obstaculo

Figura 1.7: Exemplo com vista lateral da placa.

h3
% tt —L1(¢a¢,w) =0

h3
E b — Lo, w) = 0
phwtt - L3(d)7 ¢, w) =0

{¢ g 0)7 ¢(> O)a w(" O)} =

Bs(¢, ¢, w)(w — g) =0

{00, %0, wo}

{(bt(‘? 0)71/175('70)7 wt(‘v 0)} = {¢17¢1, wl}

(

ow

B3(¢7w7w) =k (aV

+v1¢+ V2¢> .

em

em

em
on
sobre
sobre
sobre
em

em

Bl(gbﬂl)) =D |:V1¢x1 + )uyldj:rg + 1_Tlu (Qb;pz + 77er1) V2:| )

BQ(¢)¢) =D |:V2¢x2 + /U/2¢JJ1 + PTH (¢z2 + wm) V1:| )

Q,

Q,
Q,
Yo,
X,
X,

Uma pergunta cabivel sobre o problema descrito é: seria tal situagdo possivel? Isto é, esse

sistema possui solucao? Em caso afirmativo, como se comportaria a energia deste sistema?

Neste capitulo, estamos interessados em estudar estes dois aspectos do problema.

Para estudar a existéncia de solucao, utilizaremos um método de penalizacido, que consiste

basicamente em trés passos. O primeiro passo é considerar um sistema penalizado associado

12



a (1.8). No nosso caso, para cada parametro penalizador ¢ > 0, tal sistema é dado por

ph?
EQstt — L1(¢e, Y, we) = 0 em Q,
ph?
Ewatt — La(e, Ve, we) =0 em Q,
phwstt - L3(¢57 /I;Z)E) we) =0 em Q,
be = Ye =we =0 sobre Y,
Bi(¢e, 1) =0 sobre Y, (1.9)
Ba(¢e, 1) =0 sobre 31,
1 _
83(¢87¢57w8) - g(we_g) =0 on X1,
{¢8(')O)7w&("o)vwa('70)} = {ququ)wU} €m Qv
{et(+0), et (-, 0), wer (-, 0)} = {d1, 1, w1} em
onde foi usada a notacdo & = —min{0,£}. O segundo passo consiste em mostrar que o

problema (1.9) estd bem posto e obter uma estimativa uniforme (em ¢) para as solugoes

dos diversos sistemas penalizados. Finalmente, no terceiro passo, passamos o limite, quando

€ — 0, no sistema penalizado para obter a solucao original do problema de contato.
Observemos que a energia do sistema (1.9), dada por

1 [ph?
(1) = 5 | G5 10+ 0a?) + phluc
1—
#.D (100 Wens 4 bty + 5 s+ 0 ) (110
2 2 1 —12
Hh([wezy + Gel” + [Weay +¢e|”) + . g’(ws —g)"|7dr|,
1

é conservativa, isto é,

d
dt
Notemos que ao adicionar termos de amortecimento (dampings) apropriados, em outras pa-

E.(t) =0, Vt>0.

lavras, ao considerar o sistema

pl};?)%t — Li(¢c, e, we) =0 em  Q,

ph?

g Vett = La(¢e, e, we) =0 em  Q,

phwert — L3(¢e, Y, we) = 0 em  Q,

¢ = the =w. =0 on X,

Bi(de, the) + 110t = 0 sobre Xy, (1.11)
Ba(¢e, ¥e) + v2tbet = 0 sobre X,

Bo(e, e, we) — L(we — g)” + 7w =0 sobre %,
{6<(-,0), 9= (+,0), we (-, 0)} = {¢0, Y0, wo} ~ em €,

{6t (-,0), ¥t (+, 0), wer (-, 0) } = {1, 91, w1} em €

13



com ~; (i = 1,2,3) valores reais positivos, temos que a energia de (1.11), ainda denotada por
(1.10), satisfaz

G0 == [ 1oaPdr o [ uaPdr —5a [ Juafar, ve>0. (1)
r Iy Iy

isto é, a energia é uma funcao nao crescente. Contudo, ao deduzir isto, acabamos nao utili-
zando toda a informacao que (1.12) nos oferece. Na verdade, como consequéncia da expressao
(1.12), podemos utilizar técnicas que permitirdo provar que a energia em questdo possui de-
crescimento exponencial. Esse fato é descrito no resultado a seguir.

Teorema. Consideremos {¢po, 1,0, Y1, wo, w1, € [V x L2 Q)]? e uma fungio g € C(Q)
satisfazendo g < 0. Ezistem constantes positivas C, w e €q, tal que a energia (1.10) associada
ao problema (1.11) com dados iniciais {dg, P1, Yo, Y1, W, w1, g} satisfaz

E.(t) < CE.(0)e ', Vt>0, Ve (0,e). (1.13)

Finalmente, observamos que o teorema acima implica um decaimento da energia do sistema
limite de (1.11), quando ¢ — 0, dado por

/)1f123¢tt — Li(¢,¢,w) =0 em @,

ph?

ﬁiﬁtt — La(¢,p,w) =0 em Q,

phwy — L3 (¢, ¢, w) =0 em @,
p=¢p=w=0 sorbe X, (1.14)
Bi(¢,%) + 11 =0 sobre Y,

Ba(o, ) + 2t =0 sobre Y,
Bs(p, 1, w) + y3wy > 0, w > g, (Bs(¢p, v, w) + yzwe)(w —g) =0 sobre 3,
{¢(,0),9(0),w(:,0)} = {0, o, wo} em  Q,
{Bet(+,0), et (, 0), wer (-, 0)} = {1, Y1, w1 } em .

Mais precisamente, como consequéncia de (1.13), podemos mostrar que a energia

1 [ph?
B(0) = 5 | o (0 + 100 + phlaa? + bl + 6 + oy + UP)

I—p
+D (‘(ZSZ‘I‘Q + ‘wm’Q =+ 2,U/¢:v1wac2 + T|¢x2 + ¢x1‘2>:| )

associada ao sistema (1.14) satisfaz

E(t) < CRe ', Vt>0.
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Capitulo 4
Controlabilidade de fronteira de um sistema de campo de fases unidimensional
com um unico controle

(Boundary controllability of a one-dimensional phase-field system with one control force)

Neste capitulo, trataremos das propriedades de controlabilidade na fronteira do sistema
de campo de fases do tipo Caginalp, (veja [25]). Este modelo descreve a transi¢do entre o

estado solido e liquido no processo de solidificagdo/derretimento de um material ocupando
um intervalo.

Figura 1.8: Derretimento do gelo e solidificacao da lava.

Tal modelo é descrito por

( ét - fé:m: + %P’S‘gmz + gé = fl(qg) em Qr,
A em  Qr, 115
0(0,) =wv, $(0,-)=¢, O(r,-) =0, ¢(m,-)=c em (0,7),

[ 0(,0) = o, &(-,0) = oo em  (0,m),

onde (0,7) é o intervalo que contém o material, ' > 0 e Qr = (0,7) x (0,7). No sistema
acima, 0 = 0(x,t) denota a temperatura do material, ¢ = ¢(x,t) a funcio de fase usada para
identificar o nivel de solidificacao do material, ¢ € {—1,0,1} e as fungoes fi e fo sdo termos
nao lineares definidos por

1@ =-L(3-3) amd pd)=4 (6-3).

Além disso, p > 0 é o calor latente, 7 > 0 representa o tempo de relaxamento e & > 0
representa tanto a difusividade térmica, quanto a espessura da regiao de colagem.

I'L i
Sélido —— Liquido

Figura 1.9: Regiao de colagem de tamanho & entre as fases solida e liquida.
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Finalmente, v € L?(0,T) é a forca de controle, que sera aplicada no extremo z = 0 por
meio de condi¢oes de bordo Dirichlet, e os dados iniciais 9~0, QNSO sao funcoes dadas. A funcao de
fase q; representa a transi¢ao do material (s6lido ou liquido) de forma que q; = 1 significa que o
material estd no estado sélido, <5 = —1 no estado liquido e qz = 0 em um estado intermediéario,
sem consisténcia definida.

Motivacao e resultado principal

Nosso objetivo é estudar a controlabilidade do sistema (1.15). Observemos que a tempe-
ratura 0 poderia assumir valor zero. Por outro lado, a variavel ¢~> que define a fase do material
nao possui um significado fisico direto, fazendo o papel apenas de uma fungao de identificacao.
Por essa razdo, somos levados a desejar controlar o sistema agindo apenas na temperatura,
afinal esta é a unica varidvel cuja controlabilidade tem sentido fisico. Dessa forma, é natural
querer controlar o sistema (1.15) utilizando um tnico controle. Em geral, problemas onde
o niimero de controles é menor que o de equacoes é interessante e ndo muito simples de ser
tratado, principalmente quando se trata de sistemas nao-lineares.

Até o momento, estamos motivados a tratar do problema que consiste em provar a exis-
téncia de um controle v € L*(0,T) tal que é(-,T) = 0, isto &, tal que a regido de transi¢do
associada & temperatura

T(t) = {1: € (0,7): Oz, t) = o} ,

satisfaca I'(T') = (0, ), ou seja, represente todo o dominio. Mas o que ocorrera com a fase
quando esse controle dirigir a temperatura a zero? Em geral, somos levados a querer controlar
todas as variaveis do sistema a zero, isto é, a desejar que é(-,T) =0e qB(-,T) = 0. Contudo,
como ja falamos, gZ;(-,T ) = 0 representa um estado indeterminado. Assim, faz mais sentido
desejar que no instante 1" o material esteja completamente no estado sélido ou completamente
no estado liquido, isto é, que 0(-,T) = ¢ com ¢ € {—1,1}. Isso nos motiva, finalmente, ao
problema que iremos estudar: mostrar que existe um controle v € LQ(O, T) tal que o sistema
(1.15) possui uma solugao (em um espago apropriado) satisfazendo

0-,T)=0 e ¢(-,T)=c em (0,7), (1.16)
para ¢ € {—1,1}. O resultado que iremos obter é descrito a seguir.

Teorema. Consideremos &, T e p trés nimeros reais positivos satisfazendo

1
£ # .78, Vji>1. (1.17)
jgT
e
202 — kM2 - 2pr(P+k*) =20 —1#0, Vk£>1, 0>k (1.18)
Fizados T > 0 e ¢ = —1 ou ¢ = 1, existe ¢ > 0 tal que, para qualquer par (éo,g?)o) €

H™1(0,7) x (¢ + H}(0,7)) satisfazendo
1ol + o — clly <2,
eriste v € LQ(O,T) para o qual o sistema (1.15) possui uma tinica solugdao
(0,9) € [L*(Qr) N C°(10,T]; H~H(0, mR*)] x C*(Qr)
que satisfaz (1.16).
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Desenvolvendo o problema

O estudo do problema que desejamos analisar sera realizado utilizando uma série de téc-
nicas. Basicamente, faremos uma andlise espectral especifica dos operadores

L=-D0yz+A e L*=-D"0p, + A",

com dominio D(L) = D(L*) = H?*(0,7; R*) N H} (0, 7;R?), onde A, D, B sdo dados em (1.21).
Em seguida, usaremos o método dos momentos e finalizaremos com uma técnica de ponto
fixo.

A seguir descreveremos brevemente os principais resultados que iremos obter. Uma vez
que o objetivo desse capitulo é estudar a controlabilidade aproximada do sistema (1.15) &
trajetoria constante (0,¢), com ¢ = +1, faremos a mudanca de variavel (0, ¢) = (6, ¢ —c), por
simplicidade. Assim, o sistema (1.15) se torna

0~ o+ pe — L6+ 20=01() em Q.
by~ €m0~ 20= 92(0) em  Qr, (1.19)
0(0.) = v, 6(0,) =6(r5) = 6(m,) =0 em  (0.7)

00,00 =60, 9(-0) =00 em  (0,7),

onde 5 3 1
P2, P 3 2 3
= :ti —_— — R - .
Q@) == 2P+ L o () =F5 00— 0
Para lidar com o sistema (1.19) iremos utilizar uma estratégia de ponto fixo. Com esse intuito,
estudaremos primeiro a controlabilidade do sistema linear

1
O — Orp + =Pl — 6+ L0 =0 em O,
2 2T T
1 2
th - gﬁbrms + ;Qb - ;9 =0 em QT’ (1.20)
0(0,-) =v, ¢(0,:)=0(r,-)=¢(m,-)=0 em (0,7),
0(-,0) =6y, ¢(-,0) = ¢o em (0,m),
cuja linearizagao foi feita em torno do ponto (0,0). Ainda podemos escrever (1.20) em forma
vetorial
yt_Dymx+Ay:0 em Qr,
y(0,-) = Bv, y(m,-)=0 em (0,7),
y(ao) = Yo, em (077T)7
onde yo = (fo, ¢o) €
1 PP
p=|% 2%, a- PR B:<1>. (1.21)
0
0 ¢ -— =
T T

Sobre a controlabilidade do sistema linear, os seguintes resultados valem:
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Teorema. Consideremos &, p e T trés nimeros reais positivos e firtemos T > 0. O sistema
(1.20), com dados iniciais em H=(0,7;R?), é aprozimadamente controldvel no tempo T se,
e somente se, (1.18) ocorre.

Para provar esse teorema iremos utilizar analise espectral dos operadores L e L*. Via
esse processo, veremos que a condicdo (1.18) é equivalente a propriedade: “Os autovalores dos
operadores L e L* tem multiplicidade geométrica iqual a 17, exemplificando a interferéncia da
técnica de linearizagao no resultado de controlabilidade para o sistema nao-linear. Observemos
que a condicdo (1.18) caracteriza a controlabilidade aproximada do sistema (1.20). Dessa
forma, (1.18) é uma condigao necesséria para a controlabilidade nula desse sistema no tempo
T > 0. Com esse raciocinio, ha sentido em enunciar o seguinte resultado.

Teorema. Seja T > 0. Se &, p e T sao nimeros reais positivos satisfazendo (1.17) e (1.18),
entio o sistema (1.20), com dados iniciais em H~'(0,7;R?), ¢ exatamente controldvel a zero

no tempo T > 0.

A condicao (1.17) é crucial na prova da controlabilidade nula do sistema (1.20). Na
verdade, é sabido (veja [9]) que, na auséncia da condigao (1.17), o indice de condensagao
(uma medida de como A,, se aproxima de A,,, m # n) da sequéncia {Ay}x>1 formada pelos
autovalores de L pode ser positivo, o que implica a existéncia de um tempo minimo Ty > 0
para o qual o sistema é controlavel.

Além da controlabilidade nula do sistema linear, ainda ha outras propriedades que deseja-
mos que o espectro o(L) = {Ag}r>1 de L satisfaga para, finalmente, provar a controlabilidade
nula (local) do sistema ndo-linear. Mais precisamente, um estudo espectral mais aprofundado
sera feito de modo a verificar se o(L) satisfaz o seguinte lema:

Lema. Sejo {Ar}r>1 C Ry uma sequéncia tal que Ay # Ay, para todo k,n € N com k # n.
Se existe um inteiro ¢ > 1 e constantes positivas p, § e « tais que

Ak — An| > 8 |k* =0, Vk,neN, |k—n|>gq,

inf Ay — An| > 0,
k#n, |k—n|<q

|pf—./\/'(r)‘ <a, Vr>0,
onde N(r) = #{k : Ay, < r}, entdo, existe To > 0 tal que, para todo T € (O,TO), é possivel
encontrar uma famdlia {q,}x>1 C L*(0,T) biortogonal o {e~'}>1 satisfazendo
lakll 2oy < CeVIEE, vk > 1, (1.22)
para uma constante positiva C independente de T.

Esse resultado é valido para a sequéncia o(L) = {Ag}x>1, se considerarmos (1.17) e (1.18)
verdadeiros. Para provar (1.22), por exemplo, (1.18) é essencial.

As consequéncias deste lema, juntamente com a controlabilidade nula do sistema linear,
fornecera elementos suficientes para concluirmos a controlabilidade no instante T do sistema
nao linear (1.15). De fato, a familia {g; }r>1 C L*(0,T), obtida no lema acima, ¢ crucial para
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aplicar o método dos momentos por causa da biortogonalidade desta. Além disso, a condi¢ao
(1.22) permite estimar o custo de controle para o sistema (1.20) no tempo T > 0 (veja (4.13)
em Remark 16). Esta estimativa, por sua vez, é de fundamental importancia para a aplicacao
da técnica de ponto fixo.

1.4 Comentarios e problemas abertos
Capitulo 2

e A equacgdo da onda linear uy — Yuy, = 0, com v > 0, e controle na fronteira, é exa-
tamente controlavel em (0,L) x (0,T) se T' > 2—% Além disso, devido ao tempo finito
de propagacdo, esta cota inferior ¢ 6tima (veja, por exemplo, [18] e [68]). Observemos
que o tempo Ty em (1.5) é o méximo das duas cotas inferiores correspondentes a con-
trolabilidade das duas equacoes do sistema (1.4), se elas estivessem desacopladas. Este
fato nos leva a crer que Ty é a melhor cota inferior para a controlabilidade do sistema
acoplado. Contudo, essa é uma questao aberta.

e A condicio % > Z—; nao representa restricdo a resposta sobre controlabilidade. Sob

a hipotese Z—i < Z—i ainda ainda temos resposta positiva sobre a controlabilidade para

T > Ty, com a diferenca que, nesse caso, os controles estardo inseridos no extremo

x = L do intervalo (0,L). Ja a condicdo #* = 2, é uma hipdtese técnica que surge
9 kl k;2 9

pela escolha da funcdo peso ¢, com o intuito de garantir que (2.21). Dessa forma, sua

necessidade permanece em aberto. Uma possivel direcdo para tratar essa questdo seria

estudar a escolha de outra funcido peso.

e Um problema interessante seria estudar o caso de vigas com espessuras diferentes (h; #
he). Seguir a mesma estratégia que utilizamos para tratar do caso onde as vigas possuem
a mesma espessura (h; = hg = h) ird solicitar uma hipotese técnica semelhante a
% = %, dessa vez envolvendo hy e ho. Assim, uma condicdo suficiente é certa de ser
encontrada. O problema interessante acaba sendo procurar por uma condicdo tanto

suficiente quanto necessaria para a controlabilidade.

e As técnicas utilizadas podem ser adaptadas para o estudo de vigas compostas por va-
rios materiais diferentes. Um problema interessante nessa direcao seria lidar com uma
estrutura de vigas com ramificacdes.

e Qutro problema aberto é o caso bidimensional. No caso 2-D o sistema possui uma
expressdo mais complexa que impede, a priori, que as técnicas utilizadas aqui sejam
adaptadas diretamente e sem surgimento de dificuldades técnicas. Este é um trabalho
em progresso.

Capitulo 3

e A unicidade de solugdo para o problema de contato (1.14) permanece aberta. Uma
possivel direcao para estudar a unicidade seria analisar se a construcao da solucao en-
contrada neste trabalho sugere uma caracterizacao das solucoes (1.14), isto é, se uma
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solucdo arbitraria de (1.14) pode ser sempre vista como limite de solugdes de problemas
penalizados.

e Permanece em aberto a estabilidade do sistema, com decaimento exponencial da energia,
no caso onde sao considerados menos de 3 dampings na fronteira. Outro ponto ainda
nao estudado é o comportamento da energia do sistema (1.14) na presenga de dampings
nao lineares.

Capitulo 4

e Originalmente o sistema de campo de fases do tipo Caginalp possui como primeira equa-
A0 a expressao 0, — KOy, + %P&Z;zx + gé = f1(¢), com K representando a difusividade
térmica, diferindo do sistema (1.15), onde foi considerado K = £. O caso onde K # £
representa um novo problema que, possivelmente, deve ser estudado com uma técnica
diferente da utilizada nesse trabalho, pois, nesse caso, o sistema linearizado possui tempo
minimo de controle, o que dificulta a aplicacdo da técnica de ponto fixo.

e Para obter uma resposta mais completa sobre a controlabilidade (local) do sistema
(1.15), é necessario estudar o que ocorre caso em que as condi¢des (1.17) e (1.18) néo
sao validas. Uma possivel estratégia a ser seguida é linearizar o sistema (1.15) ao redor
de varios pontos e observar o que ocorre com as condi¢oes semelhantes a (1.17) e (1.18)
que aparecerao.
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A. Mercado, F. D. Araruna, G. R. Sousa-Neto

Abstract. In this article, we study the dynamical one-dimensional Mindlin-Timoshenko system
for non-homogeneous beams. Our main result is a Carleman inequality for this system, which is
obtained under the hypothesis of monotonicity for the speed of the beam. Two applications of
this estimate are presented in this article: the boundary controllability of the system, and the
Lipschitz stability of the inverse problem consisting in recovering a time-independent potential
from a single measurement of the solution.

2.1 Introduction

The Mindlin-Timoshenko system is a coupled system of two second order hyperbolic equa-
tions, it is widely used and physically fairly complete mathematical model for describing the
transverse vibrations of beams. For a beam of length L this one-dimensional system reads as

follows:
ph3 1 :
ﬁw —(a¥y)s + k(Y +0,) =0 in Q, 2.1)
pho” — (k(1) +04))s =0 in Q,

where Q = (0, L) x (0,7T) and T is a given positive time. Here and throughout all the paper,

0
we use the notation f' = 5t and f, = a—f In the model (2.1), ¥ = ¥(x,t) represents the
x

angle of rotation and o = o(x,t) stands for the vertical displacement at time ¢ of the cross
section located x units from the end-point x = 0. The constant h > 0 represents the thickness
of the beam, which is is considered to be small and uniform, independent of . The constant
p is the mass density per unit volume of the beam, and the parameters a and k are called
modulus of flexural rigidity and modulus of elasticity in shear, respectively. They are given
by the formulas k = kEh/2 (1 + p) and a = ER?/12(1 — 1i?), where k is a shear correction
coefficient, F is the Young’s modulus and p is the Poisson’s ratio, 0 < u < 1/2.

In this paper, we will consider a beam composed by two different materials with same
thickness, one taking place in (0, M) and another one in (M, L), for some fixed M € (0, L).
The values of E, i, p and k depend on to material, and then we will consider coefficients a,
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p and k given by

) oar, if ze (0,M) ) g, if ze (0,M)
M@_{@,HQE(MJ)’M@_ pa, if z€ (ML)

. ki, if z€ (O,M)
M@_{b,ﬁxeumm, (22)

where a1, ag, p1, p2, k1, ko € R. Within this context, we are interested in studying controllabi-
lity and inverse problems for system (2.1).

In the literature, it is possible to find several results about the Mindlin-Timoshenko sys-
tem. Boundary exact controllability, with control forces acting on each equation, was obtained
in [66] and [71]. By means of spectral methods, in [16] was proved the same kind of control-
lability result for this linear system with only one control force, when considered one part of
the spectrum. The result concerning the whole spectrum is a difficult and interesting open
problem.

To the best of our knowledge, this is the first work dealing with either inverse problems
or controllability of the Mindlin-Timoshenko system in non-homogeneous materials.

Concerning inverse problems, global Carleman estimates and the method of Bukhgeim-
Klibanov |22, 24] are especially useful for obtaining stability of coefficients with one-measurement
observations. It is possible to obtain local Lipschitz stability around a single known solution,
provided that this solution is regular enough and contains enough information [60] (see also
[59] and [88]). Many other related inverse results for hyperbolic equations use the same stra-
tegy. A complete list is too long to be given here. To cite some of them see |79] and |8§]
where Dirichlet boundary data and Neumann measurements are considered, and [54, 53| where
Neumann boundary data and Dirichlet measurements are studied. These references are all
based upon the use of local or global Carleman estimates. Similar inverse problems, but using
pointwise Carleman estimates, are studied in [47, 48, 61|. An inverse problem for a viscoe-
lastic Timoshenko beam model can be read in [?], where the inverse problem of determining
two time-dependent memory kernels from supplementary information is analyzed.

There exist several other problems related with the Mindlin-Timoshenko system, each
one focused on analyzing different aspects of it. For example, stabilization was studied in
[13, 58, 65] and [2] in the unidimensional case and in [76] in the multi-dimensional case.
Global attractors were studied in [30] under the view of different boundary conditions.

In the context of wave equation with discontinuous main coefficient, a well-known result
of exact controllability, via the method of multipliers, was obtained in [68]. In [19], a global
Carleman inequality was proved, and then applied to obtain Lipschitz stability for the inverse
problem of retrieving a stationary potential for the 2-D wave equation with discontinuous
principal coefficient, from a single time-dependent Neumann boundary measurement. Con-
cerning the heat equation with discontinuous main coefficient, a exact null controllability for
a semilinear system was obtained in [35].

Next, we present the two problems we address in this work, and the main results we
obtain.
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2.1.1 Controllability

For the control problem we consider the Mindlin-Timoshenko system

T 3
p(lghw//_ (a(@)n)s + k(@) (P +0,) =0 in Q,
p(a? hU” _( (x)(w‘i‘ax))x =0 in @,
¥(0,-) = 0(0,-) =0, ¥(L,-) = f1, o(L,-) = fo in (0,T), (2:3)
$(,0) = o, ¥(-,0) = o in (0,L),
o(-,0) =00, 0'(-,0) = o1 in (0,L),

where the boundary conditions (2.3); mean that the beam is clamped at z = 0 and the
controls f1, fo are lateral forces applied at the extreme x = L.

It is well-known that, given {tg, V1, 00,01} € [L?(0, L)x H~ (0, L)]* and f1, f» € L*(0,T),
system (2.3) has a unique solution

{¢,0} € [C([0,T]; L*(0, L)) n C'([0,T); H~1(0, L))]*.
The first main result of this work is

Theorem 1. Let us define

3
T0:2L\/max{p1h pal’ pih pzh} (2.4)

12&1’ 12@2 kl /fg

and let a,k, p be given by (2.2) with
al as
—>—=  and —=-—. 25
p1 - P2 ki ko (2:5)

Given {1g,11,00,01}, € [L*(0, L) x H (0, L)]? and T > Ty, then there exist controls fi, fo €
L*(0,T) such that the solution {u,v} of the Mindlin-Timoshenko system (2.3) satisfies

{1/}(~,T),1[)’(’,T),O’(~,T),O”(3T)}:{0,0,0,0} in (OvL)'

In order to obtain the exact controllability of (2.3), firstly, we consider, by the well-known
duality argument, the following adjoint system:

PN 1 (afe)us)e + k@) a0 =0 in Q.

p(z)hv” — (k(z)(u +vz))e = 0 in Q,

w(0,) = v(0,) =u(L,-) =v(L,)=0  in (0,T), (2.6)
u(-,0) = ug, u'(-,0) = uy in (0,L),

v(+,0) = vg, V'(-,0) =01 in (0,L).

For initial data {ug,u1,v0,v1} € [HE(0,L) x L*(0,L)]?, this system has a unique solution in
the class
{u, v} € [C([0,T]; Hy(0, L)) N CH([0,T]; L*(0, L))]*.
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According to the Hilbert uniqueness method (HUM) introduced by Lions (see [68]), to prove
Theorem 1 is equivalent to obtain a suitable observability inequality for the system (2.6).
More precisely, we must find a constant C' > 0 such that the solution {u,v} of (2.6) satisfies

T
E,.(0) < C / (lusl? + o), _, dt, (2.7)
0

where E,, ,, is the the energy of the system and it is given by

1
Euo(t) = 5 [T 10 sy + Mo 20 s

—I—Hal/z’LLxH%Q(O’L) + Hkl/z(u + UCC)H%Q(O,L)] :

This observability estimate will be obtained as a consequence of a suitable Carleman estimate,
which will be developed in Section 2.2.

Remark 1. Given v > 0, it is known that the linear wave equation uy —Yuz, = 0 is boundary
exactly controllable in (0,L) x (0,T) if T > % Moreover, due to the finite speed of propa-
gation, the lower bound for the time is sharp (see, for instance, [18] and [68]). Let us recall
that Ty given in (2.4) is the mazimum of the two bounds corresponding to the controllability
of the equations in the Mindlin-Timoshenko system (2.3), if they were without coupling. This
fact leads us to think that it is the best lower bound for the controllability time of the coupled
system.

Remark 2. We can notice that the condition a1 > “; is equivalent to kl > 2, since we have
considered the technical assumption ¢ W= Zg Thzs equality also has a key role i ensuring a

transmission condition for the weights involved in Carleman estimate before mentioned.

2.1.2 Inverse Problem

We are interested in the inverse problem of recovering coefficients from a Mindlin-Timoshenko
system with discontinuous coefficients from boundary measurements. To be more precise, we
will consider an inverse problem for the following Mindlin-Timoshenko system with potentials:

P(f;h?) u’ — (a(x)ug)e + k(z)(u+vg) +pr(z)u=0 in Q,

()" — (k(@)(u + vz))e + p2(z)v =0 n 0.

u(0,-) =v(0,-) =u(L,") =v(L,:) =0 i (0,7), (2.9)
u(-,0) = ug, u'(-,0) = uy in (0,1),

v(,0) = vo, '(-,0) = w1 in (0,L).

It is well-known that for each couple of potentials {p1,pa} € [L°°(0, L)]? system (2.9) has a
unique solution in the class

{u(p1,p2), v(p1.p2)} € [C((0,T]; Hy (0, L)) N C* ([0, T]; L*(0, L))]?,

when {ug, uy,vo,v1} € [H3(0,L) x L*(0,L)]*.
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The proposed inverse problem consists of retrieving the potentials {p1,p2} involved in
equation (2.9), by knowing the normal derivative of the solution {u(p1,p2),v(p1,p2)} on the
boundary. We apply the Bukhgeim-Klibanov method, and we use the global Carleman esti-
mate developed in this work. We obtain the following result.

Remark 3. Under the hypotheses (2.4) and (2.5), if T > To, {uo,u1,vo,v1} € [H'(Q) x
LX), {p1.p2} € [LX(Q)]?, and 1 > 0 satisfy

lug| >r >0 a.e. in (0,L), wu(p1,p2) € Hl(O,T; L>=(Q)),

2.10
lvg| > 7 >0 a.e. in (0,L), v(p1,p2) € HI(O,T; L>(Q)), ( )

then, for a bounded set U C [L™°()]?, there ewist a constant

C= C(“J‘? kj,pj, L, M, T, ”{pj}HLOO(Q) ) H{U(plam):”(plap2)}H[H1(0,T;Loo(Q))]2 U,r) >0
such that

Ipr = aill 20,0y +1IP2 — @l 120y < C (Hux(La )(p1:p2) — us(Ly ) (g1, @)l g 0.1 211)

o oa (L, )pr p2) = v L, )01 @)l or))

for all {q1,q2} € U, where {u(p1,p2),v(p1,p2)} and {u(q1,q2),v(q1,q2)} are solutions of (2.9)
with potentials {p1,p2} and {q1,q2}, respectively.

The rest of the paper is organized as follows: In chapter 2, we will prove a general Carleman
estimate for the wave equation with discontinuous coefficients, and then we apply this estimate
to get a Carleman estimate for the Mindlin-Timoshenko system (2.6). In chapter 3, we
will use the Careman estimate to prove the observability inequality (2.7), and deduce the
controllability result. In the last chapter, we will prove the stability of the stated inverse
problem.

2.2 Carleman estimate

In this section we will obtain our main result concerning a global Carleman estimate for the
solution of the adjoint system (2.6). Denoting Q1 = (0, M) x (0,7) and Q2 = (M, L) x (0,7,
we can notice that equations in (2.6) are equivalent to

pih® .
o U1 T Ul +ki(up +viz) =0 in @,
prhv] — ki(ug + vig)z =0 in Qr, @2.1)
pi;ﬁué’ — AUy + ka2(ug +v2,) =0 in  Q2,
pahvl — ko(ug + vz )z = 0 in Qs
together with the transmission conditions
up(M,-) =ua(M,-), wvi(M,-)=uva(M,") in (0,7),
(0, = L), B0 = o0y wom. *?



For given f € L*(Q), with Q = (b, B) x (0,T) and (b, B) C R, b < B, let us consider the
system

Ly(u) = f in @, (2.3)
’LL(,O) = U(,T) = Ul(',O) = U,('7T) =0 in (b7 B)a .
where
Ly(u) =u" — yugy, ~>0. (2.4)
Let us define
Ey(u) = |u'[* =y |ug[?, (2.5)
T\ 2
o) =ate w0 =5 (1= ) + N, p=e, (2:6)

with a, N € R, § € (0,1) and zp < 0, and

( ) = ’LL// — YUgy + 82)\2()02E7(¢>’U,,

’Y(u) = —QSAQOQZ),’LL/ + 25\ PPy Uy, (2.7)
R (u) = —sA\pL(d)u — s*ApE,(¢)u,

where s and A are parameters to be used in the Carleman estimate. In what follows, C' denotes
various positive constants (usually depending on L, M, T' and x).

In the following proposition, we prove a Carleman estimate for the wave equation with
discontinuous main coefficient.

Proposition 1. Let us consider T > 0, a,y > 0. If u is solution of the system (2.3) with
ya > 1, then there exist positive constants C,, A1 and sy such that w = e M satisfies

121 ()2 gy + 1 Poa (0)[Pagy + Callwllg < 2 /ée2A¢|Ly<u>|2dxdt ~9M,(0,B), (28)
for all s > s1 and X\ > A1, where

Hw||@ = 3)\/~cp|w/|2dxdt—|—SA/NQOwx]2dxdt+83)\3/~g03|w]2dxdt, (2.9)
Q Q Q

T B T B T B
Hyy (0, B) = SM/ oo |w' |, dt+25/\v/ ¢/ w'wy |, dt — 5)\72/ Phalws|?], dt
0 0 0

T
B
LNy /O GPbu B (D)2 dt.
(2.10)

Proof: We can notice that e’ L. (u) = Pi - (w) + Pa.(w) + R (w). This fact motivates us
to estimate the inner product in L? of Py (w) and Py (w) in order to obtain (2.8). We can
write (Plﬁ(w),Pgﬁ(w»p@) = ZIM with ¢ = 1,2,3, j = 1,2 and I; ; being the integral
concerning the inner product involving the i-th term of P; (w) and the j-th term of P> - (w).

Making the computations we have
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e 111 :s)\/~(g0¢')’]w’]2dxdt,
Q

T
o ha= 25 [ (eo)waw'dudt + X [ (ool Pdadt = sxq [ poulul P dr,
Q Q 0

T
o Iy = —28)\’y/~(g0¢)')xw'wwdxdt+s)\’y /~(cp¢’)/|wx\2dxdt+2s)\’y/ (pgb'w’wx‘fdt
Q Q 0

T
B
o [ro= SAVQ[(W¢m)x|wx|2d$dt_ 5)‘72/ ‘p¢f|wr|2‘b dt,
Q 0

* Ba= N /©(¢3¢,E7(¢))'|w\2d$dt,

T
B
o [30= _53)‘37/@(@3¢IE7(¢))x|w‘2dxdt+ 53)‘37/0 (P3¢xE’y(¢)|w‘2‘b dt.

Organizing the terms, we obtain that

where

(Pro(w), Poa(w)) 25, = A /~<A1\w’2+vA1|wx\2—27A2w'wz>dxdt
Q

(2.11)
-m%fﬁAﬂwWMﬁ+HAaB%
Q

= (0d) +7(0da),, Az = (0b2) + (¢¢),. Az = (G*0E () —7(p*0aFr(9)), .

Since 8 € (0,1) and ay > 1, we get

Arlw' P+ yArfws | = 2vAsw'ws = (s +[¢al*) + ¢ + Yo ) [0

(51912 +7102l*) + & + Yowa) [wal®

—4ysp@ prw'wy

e(s(d'w = yhaws)? + s7(go’ — ¢'wy)?)  (2.13)
+0(¢" + V¢wa)) ([0 + YIwe )

o(—28 + 2ay) (|w'|* + ylwe|?)
Co(Jw'|* + lwe|?) > 0

AVARAY]

Being v > 0, 29 < 0 and, again, 5 € (0,1) and a7y > 1, we have

As

Y

s03((38|¢ !2 + ¢" = 35Y|u|? — ¥bux) By (9) + 280" + 77 (2]¢u[*dua))
¢’ (3sE, ¢>" — Yz + 20" ) B () + 291u*(¢" + vua))
©° (3 (=68 — 2ya) Ey(¢) + 1670°|z — zo|*(ay — B))
cp (3552 ( 68 — 2va)§ + 167a2x(2)(a'y — ﬂ)) (2.14)

(—3534; va)2>

o (16%12363(047 —B) -
Cy® >0,
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for s large enough. From (2.11)-((2.14) we can deduce

(PLy(w), Poy(w )>L2(Q) = CAHwHQ + Huy (b, B), (2.15)

which concludes the proof of the result. ]
In order to state the main goal of this section, given constants v1,v2, we define the space

Xy = {ueL*0,T;L%(0,L)); u=u1in Q1, u=uzin Qa,
Lo, (w1) € L*(0,T; L*(0, M)), L., (us) € L*(0,T; L*(M, L)), (2.16)
U(O, ) = ’LL(L, ) = U(-, 0) = u(vT) = ul('v 0) = Ul(-, T) = O}

We have the following result.

Theorem 2. Let T' > 0, a, k, p be as in (2.2) and let us consider

: T\* ‘
¢1(x,t) :—m&x{%ﬁj,%}(x—xo)z—ﬁ<t—) + N1, i (0, M),

o, 1) = e
¢o(x,t) == max{%zz, %} (z —x0)2 = 8 <t - g) + No, in (M, L).
(2.17)
Then there exist positive constants C, Ao and so such that
sl s s
il o QxL*(Q e o L2(Q)xL2(Q)

—1—5)\/ 62’\“"g0(|u'|2+|uz|2+|v |2+|vx| )dxdt+53)\3/ 2953 ([uf? + [v]?)dedt
Q Q

T 2 2
< CS)\/ e2>“Pg0(\uI|2 + |Um‘2)‘ dt + C/ e LHJ(U) + Li(v)‘ dzdt,
0 =L Q ph3 ph
(2.18)
for all {u,v} € X124y 1200 X X &, &, satisfying the conditions (2.2) and for all s > sy and
p1h3 7 pah3 p1h’ P2k
A > A
Proof: Let us denote ¢ as in (2.17) where N; is taken such that ¢; > 1 and
3 3
Ni = Ny = (max {2, 22} — max {842 612} (M — )?. (2.19)
From (2.19) it is clear that
D1(M,-) = pa(M, ). (2.20)
Being 7 = 2, we have
a as k1 ko
7¢1$(M7 ) = 7¢2$(M7 ')7 7¢11’(M7 ) = 7¢2$(M7 ) on (07T)‘ (2'21)
P1 P2 p1 P2

Since {u,v} € X124y 1200 X X 1y 1, , it follows, for j = 1,2, that u; (resp. v;) is solution
p1h3 7 pah3 p1h 7 poh

of (2.3) with v = 2Z§ (resp. v = J—J) and Q = Qj. In this way, denoting {w;,w;} =

30



e i {u;,v;}, Proposition 1 give us that

2 2
HPl 12a; (wl) HP2 12a; (wl) + CleHCh
oLk L2(Q1) e1h? L2(Q1)
2
< 2/ e | Lioay (uy)| dadt — 2H 194, (0, M),
1 p1h3 W o1 h3
2 2
‘ P 125 (W2) + HP2 12a5 (W2) + OH'LUQHQZ
b oan L2(Q2) Tp2h? L2(Q2)
2
<2 / 22 | [ 124, (usp) drdt —2H 134, (M, L),
p2h3 W hah3
) ? ) : (2.22)
le  (W1) + HPQ o (W1) + Cl[wi g,
TPk L2(Qu) TPk L2 (Qu)
2
<2 / MU Ly (v1)| dadt —2H 4, (0, M),
1 p1h Wipth
2 2
P @) i@ clme,
ozt L2(Q2) g L2(Q2)
2
< 2/ 2 | L iy (vo)| dadt — 2H_ 4, (M, L).
2 R ook

From (2.20) and (2.21) we can observe that {w;,ws} satisfies the transmission conditions
(2.2), i.e., (2.2) still holds true if we replace u by w. Then, using the boundary conditions,

we can deduce

M, 12, (0,M)+H 124, (M, L)
' p1h3 W pah3

r 2 (4 az
= _5)‘ 3 (pl‘w1| — Pz — — P2z dt
h? Jo 1 p2 o=M
12 (T a a
+ 23/\3/ P19 W] <1w1m — 2w2$> dt
h3 Jo P1 P2 =M

12 /T a
— s\ 01
b3 Jo P1

—Wig

(¢lz ¢2r)‘I:Mdt

212
202 [ Gt (ZonBum (60) - Zon By 00)|
0 p1h3 P2h3 =M
12a:\* [T ) 12a, r )
+ sA <p1h3> /0 P11 wi]?],_ dt — s ool /0 oozl _; dt.
(2.23)
From (2.21) and since % > ‘;—;, we have in (0,7)

a a
o 1 (M) =R na(M, ) =0,
1 (2.24)

ai

—(¢12(M, ) — doa(M ))z—@< S (M >—%¢2E<M,->>:o
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and
ai

S O1a(M, ) B sany (61) (M) = %%(M, VE 120y (62)(M, -)

1 p1h3 P2 pgh3

a a CLZ
— 1600 (L1009 — 2o 019) - 17 (Get0r) - Dop0r.)

b
12 fp1 p2\ (@ 3

— == )| —=¢1(M,-) )] >0.
(5 2) (Grevona) 2o

From (2.2) and (2.23)-(2.25) we get

(2.25)

a hd -1 T
H 196, (0, M) +H 194, (M,L) > —222(L — o) () SA/ @62>“P|ux]2‘ Ldt.
0 =

w7p1h3 w, p2h3 p2 12
(2.26)
ki _ k
Making the same computation for v using — > — , (2.2), (2.20), and (2.21), we reach
p1 p2’
_ @ _ -1 r 2 2
H & (OLM)+H_ 4, (M,L) > —2—(L—x0)h” s\ e P vy | dt . (2.27)
“pih Y pah P2 0 w=L

We can observe that, if D denotes the derivation operator (in time or space), we have

sA/ | DN f)dxdt > CESA/ gpe”ﬂp(f)ﬁdxdt—es%?’/ O3 | f|2dxdt, Ve > 0,
Q Q Q

(2.28)
for f € {u,v}. Thus, after adding the four inequalities in (2.22) and combining (2.26) and

(2.27), we use (2.28) to absorb eventual remaining terms of the right-hand side and conclude
the proof of Theorem 2. [

Remark 4. With suitable changes in ¢, we can also obtain an alternative version for (2.26)
and (2.27) given by

T
H, 1 (0.0) + B 100, ML) > =Os) [ o uf?|_ de
0 =

w’p1h3 w’p2h3 . (229)
H  (0M)+H_ 4, (ML) > —Cs\ / <pe2)‘“0\v$|2‘ dt.
wvm wvm 0 =0

Indeed, if we consider xg > L, then, ¢j,(x,t) = 2max{[1)§Zj , %} (x —xz0) <0, forcing (2.29)
to happen once we can assure (2.26) and (2.27) to hold. By the expressions in (2.26) and
(2.27), we can observe that, since ¢jo(M) <0, the estimates in them hold for £2 > 4. Thus,

conszdermg 2> Zi and Zl = 22 together with xo > L it is sufficient to have (2.29).

2.3 Controllability

This section is devoted to prove Theorem 1.1. For this, we will follow the standard
duality method which reduces the controllability property to an observability inequality for
the solutions of the adjoint system (2.6). This inequality, described in (2.7), will be obtained
as a consequence of the Carleman estimate (2.18). The following result holds:
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Proposition 2. Let us consider Ty as in (2.4) and a1, az, p1, p2, k1, ke as in (2.5). Then, if
T > Ty, there exist a constant C' > 0 such that, for all {ug, vo,u1,v1} € [H3(0, L) x L*(0, L)),
the solution {u,v} of the system (2.6) satisfies (2.7).

Proof: In the following, we will denote Oy = (0, M) and Oy = (M, L). Clearly E; ,(t) =0,
where E, ,, is defined in (2.8). Then E, ,(t) = E, ,(0), for all ¢ > 0. Since T" > Tp, there are
zo < 0 and € (0,1) such that

h3 o.h
6T>2(L—$0)\/max{?2a‘,pk]:‘}, j=12. (2.1)
Y

In order to fit the solution of (2.6) in the hypotheses of Theorem 2, we set the weight functions
¢ as in (2.17), where Nj is taken to ¢; > 1 and (2.19) hold true. It is straightforward that
(2.1) implies

gbj(x,O) = ¢j(l’,T) < Nj < gbj <$, §> , Vz € Oj, ] = 1,2. (2.2)

Moreover, given that zop < 0, we can use (2.19) and (2.1) to conclude that ¢q(z,0) =
$1(x,T) < ¢2(M,0) < Ny for all z € Op. This fact together (2.2) provides us a small
constant ¢ > 0 such that

T

T
quSNg in [0,5]U[T—5,T]X0j, ¢; > Nz in |:2—5,2+5:| x Oj. (2.3)

Since we can assume, without loss of generality, that § is small enough to have Js =
T-6L+46] C [23—5,T— —] then we can choose A(t) € C2([0,T]), 0 < # < 1, a cut-off
function such that

20 20
0=0in[0,6/3]U[T —5/3,T], ezlin[S,T—S} (2.4)
As a consequence of this choice, 6', 6" vanish outside the time interval Z; = [g, %5] ulT —
8-
Considering U(z,t) = 0(t)u(z,t) and V(x,t) = 0(t)v(x,t) we have
h3 h3
p(1; U" — (a(x)Us)s + k(z)(U + V) = p(f; (0"u+20W) i Q,
p(x)hV" — [k(z)(U + V)]z = p(z)h (9"1} +20") in Q,
U(0,) = V(0,) = U(L,-) = V(L") = i (0,7), (25
U(-,0)=U"(-.0)=V(,0)=V'(, )—0 in (0,L),
ven)=U0T)=vV(T)=V'(-,T)=0 in (0,L).
Thus {U,V} € X124, 1200 X X %, &, and Theorem 2 provides us
p1h3 7 pah3 p1h? poh

s)\/ e”%(yU’|2+|Ux2+\V’|2+|Vx|2)dxdt+s3A3/ Q3 (U + |V)?)dadt
Q Q

2

phs

T 2
< CS)\/ PP (|UL 2 + yvgcy?)‘ Ldt+C/ Ry (‘Lua )| dedt + ’L%(V)‘ )dwdt,
0 = Q p

(2.6)
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for s and A large enough. Denoting

B, (0) = 2 [P0l 3y + h}
uolt) = 5 | 505 w5l q,) + hllpy sl L2,

1/2 1/2
+ay/ ujall72(q,) + ;" + )l | -

we will first estimate some therms of (2.6) in each domain @; separately.
Using (2.3) and (2.4) we obtain

/ 62)«,0
oF

2
L, (U)

ph3

2
+ LL(V)‘ )da;dt
ph
< C/ e (10"u)? + 0" + |0"v)? + |0'V'|*)dadt
@j

+ c/ (U + U2 + [Va[2)dadt
Qj (2.8)

< C/ / (10" u)? + |0 )? + |0"v)? + |0'v|?)dxdt
Oj Is
+ C/ (U + |Up? 4 Vi ?)daxdt
Qj
< CeMSNZ/ E{'vadt—i-C/ (U + U2 + | Ve |2 dadt
Ts Q

and
SA/ eQA“”(\U/Q—ir\Uz|2+]V’]2+]V$]2)da:dt+s3)\3/ (UL + |VI2)dadt
j Q;j
ZSA/ / (U2 + U2 + V]2 + |Val2)dadt
T 70; (2.9)
+ 33/\3/ (U2 + [VI?)dedt

@j

> Cshe2e™ / E, ,dt.
Ts

The right-hand side integral on @ of (2.8) can be absorbed by the left-hand side of (2.6).
Then, from (2.6), (2.8) and (2.9), we get

s)\eQ)‘eSNz/j E}L7Udt+SAe2A68N2/7 Ei,vdt
5 8

r=

(2.10)

T
< O / B, dt + Ce?™ / Eydt +C / (U + [Va*)| .
s Is 0 L

Since E,,,(0) = E}w + E2 , we obtain, by (2.10),

U,V

T
(SN T5| = C|Z5]) B (0) < C/ UL + V)| i, (2.11)
0

r=

which lead us to the conclusion of the proof taking in account that the left-hand side of (2.11)
is positive for s or A large enough. ]
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Remark 5. In (2.7) we have the observation in x = L, but we can have another one in
x = 0. In order to do this, it is sufficient to place xo on the other side of the interval (0, L)
and to consider another monotonicity condition about aj, p; (see Remark 4). In the context of
controllability, it means that the control forces must be placed at the left-hand side of (0, L),
instead of the right-hand side of it.

2.4 Inverse Problem

In this section we study the inverse problem of retrieving the potentials {p1,p2} of sys-
tem (2.9), by knowing the the normal derivative of the solution {u(pi,p2),v(p1,p2)} on the
boundary. We will apply the Bukhgeim-Klibanov method and the global Carleman estimate
developed in this work.

First, we consider an auxiliary system, given by

AR 1 (afahun)s + ba)(u+ 02) + pr(e)u = filo)Balat) i Q
v~ (e(@)us)e z)(u+ve) +p1(x)u = fi(z)Ri(z,t) in Q,
p(z)hv" — [k(x)(u + vz)]e + p2(2)v = fo(x)Ra(z,t) in Q, (2.1)
u(0,-) =v(0,-) =u(L,-) =v(L,:) =0 in (0,7),
u(-,0) =u'(-,0) = v(-,0) =2'(-,0) =0 in (0,L

We have the following result:

Theorem 3. Under the hypotheses (2.4) and (2.5), if, for some m > 0, we have

p1h3 2h pih pah
< T>9L -
||p]||L (0,L) =M, > \/max { 12a;’ 12a2 k1" ko (2.2)

R; € HY(0,T;L°°(0,L)) and 0<r7r<|R;(-,0)| a.e. (0,L), j=1,2,

then there exist a constant C > 0 such that, for all f; € L*(0,L), the solution {u,v} of the
system (2.1) satisfies

I{F1s foX 2 0,0y2 < C (H%(L, W, + lva (L, ‘)H%Il(O,T)) : (2.3)

Proof: For each f; € L*(0,L) and R; € H'(0,T;L>(0,L)), j = 1,2, let {u,v} be the
solution of (2.1).

Considering the extension of u, v and R; on (—T,0) in an odd way and taking U = o/
and V = v we obtain from (2.1); that {U, V'} is solution of

AR50 (afa)U)e + b (U +V2) + @)U = h@Ri@0) in Q.
p(@)hV" — (&)U + Vo)l + pa(a)V = fole) By(a. 1) n Q.
U(0,")=U(L,) = V(0,") = V(L,-) = 0, i (0.7), (24
U(,0) = 0. U(.0) = —5 () Ra(-,0). in (0,),

| V0 =0, V0 =~ () Ra(- 0, in (0,L)
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As in the previous section, we multiply (2.4), and (2.4), by U’ and V', respectively, integrate
in (0, L) and add the resulting expressions to obtain

L (t) = / (1 (@) R, (2, U () + fal) Ry (. )V (1)) do, (2.5)

where Eg v is defined as in (2.8). Using the boundary conditions in (2.1) after have integrated
(2.5) from 0 to t < T we get

L rt
Eyv(t) = EUV(0)+ / / (fIRU' + foRLV')dxdr
0
1 plh / 12 Lot /77l /7!
= 5 U'* + pih|V'| dzr + (ARYU' + foRyVYdadr.
2 Jo t=0 o Jo
(2.6)

Since f;,U’'(-t),V'(-,t) € L*(0,L), R; € L*(0,T;L>(0,L)) and R;(-,0) € L>(0,L), for
j =1,2, we have from (2.6) and (2.4) that

L gt
Euy(t) < CI{f1, fo} 2.0y +C / / Ey v (r)dadr. (2.7)
0 Jo
Using Gronwall inequality, we conclude that

Eow(t) < CI{fi follapye V€ (0,7 (2.8)

where C' = C(Ry, Ry, T). In particular, U,V € H}(0,L).
Changing the time variable, we can notice that Theorem 2 states that, if

u, v € LX(=T,T;L*(0,L)),  Liay (w1), L s, (v1) € L*(=T,T; L*(0, M),

p1h3 p1h
U(O, ) = U(L, ) = u('a :l:T) = ul('v :l:T) =0, L@(UQ)aL ko (UQ) € LQ(_TaT; L2(M7 L))7
poh3 pak
U(Oa') :U(L?') :U(aj:T) :U/('vj:T) 207 Ul(M, ) :u2(M7')> Ul(Ma ) :U2(M7')>
ai as k1 ka
— U1 (M, ) = —ug (M, ), —v1(M, ) = —v9, (M, -),
P1 1z ) P2 2 ) P1 1z ) P2 2a( )

(2.9)
then, for s, A large enough,

H{P 124 ( Pz’““(ewv)}
"oh3 oh [L2((=TT)x(0,L))]?

T L
+SA/T/O eZA‘Pgo(]u’|2+|ux\2+\v/|2+|vx|2)dxdt+s3)\3/ / 2003 (uf? + [v]?)dedt

T 2
< Cs)\/ e + s dt+0/ / (
_T m:
(2.10)

for Lma,L £ s in (2.4), P, |12 as in (2.7), ¢ as in (2.17), and ¢ = €*’. As in the previous
ph

sectlon the hypotheses of Theorem 3 on the final time T give us a small and suitable constant
0 > 0 such that

2

L 12a ’LL)

2
+Lk@ﬂ>Mﬁ,

ph

¢; < Noin [-T,—T+6]U[T —0,T] x Oj, ¢j > Ny in [—9, 0] x 0. (2.11)
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In order to apply Carleman estimate with the form (2.10), we need a solution of (2.1) that
vanishes on +7'. Again, as in the previous section, we assume 9 to be small enough to use a
cut-off function § € Ca([~T,T]) now defined by

9=0in [—T,—T+5}U[T—5T], 0=1inJs5, 0,60 =0in [-T,T] —I;, (2.12)

3 3’
where
20 24 1) 20 20 1)
—40,0 = |-T , T — Is = |-T =T T——T——1.
(—0,0) C Ts [ 3 3], 5 [ + 3 +3} [ 3 3]
(2.13)

Then we define X = 60U, Y = V. It is simple to conclude that {X, Y} solves the system

p(x

PR (0(a) X, + K@) (X +Y:) 4 pa()X = 01 (2) Ry . 1) + 0" +20" in Q.
p(x)hY” [k(:zc)(X +Yo)|e +p2(2)Y = 0fs(x)Ry (2, t) + 070" + 20" in Q,
! 12 .
X( )_0 X( )_Wfl(')Rl(UO)’ m (OvL)7
1
Y(-,0) =0, Y'(-,0) = m—hfz(-)Rg(-,o), in (0, L),
X(-,£T) =Y (-, £T) =0, in (0,L).
(2.14)
Then (2.10) implies that, for s, A large enough,
2
H{ (). P (1)}
o [L2((=T,T);L?(0,1))]2
L
o\ / |l 4 LG VP 4 [V dod
-TJO0
T L
+83A3/ / O3 (|X |2+ |Y|?)dadt (2.15)
-TJ0
T
<Cs)\/ (X, + V)| e
2 2
+C/ / <L12a X)) + LL(Y)‘ )dmdt.
ph
Let us observe that, denoting w = e* X,
<P 12a( ) wl>
"ph3 L2((~T,0)x (0,L))
12a d d
/2 NE 202, F 120 ()2 w2
/ / <dt + 2y gl + N B (6) Sl ) dads
(2.16)

1 2| X! ’ 2 2/ / 2
= - X A — | FE 124 dxdt
s [t - [ (op @) i
L 0 L
> 07“2/ 62>‘“"|f1|2‘ dx—C’s3)\2/ / olw|?dzdt,
0 t=0 -17Jo
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which, after using Young inequality, becomes

L
C
PP d o< — \
e 1 r =
/0 L:o VA L2((=T,T)x(0,L))

T L
+s)\/ / cpeQ’\‘p|X’|2da7dt—|—83)\3/ / cpeQ’\‘p|X|2d:L‘dt>.
-TJo0 -TJo

2
Py 120 (€ X)

"ph3

(2.17)
Using similar arguments, we get
L
/ ez/w|f2’2‘ dx <HP1 ke (€2 ’
0 t=0 "ok L2((=T,T)x(0,L))
—l—s)\/ / e Y’ |2 da;dt+83)\3/ / e ?|Y|? dxdt)
(2.18)

Thus, using (2.15), (2.17) and (2.18), it follows that

2 e inp| e < o [ (\L (X)

—s)\/ /62A¢(|X2+\Y2+\Xx]2+Yx\Q)dxdt
-TJO0

2

2
+ L@(Y)’ )da;dt
ph

T
+05A/ A + V)|
T =L

(2.19)
On the other hand,

[

= / / P10 f1R) + 0"u + 200" — p1(2) X — k(X + Y,)|*dxdt
-1 Jo

2 T L
1
drdt — QSA/ / (X2 + [V 2+ | Xo |2 + Ve P dadt
-TJ0o

L12a X)

ph3

1 T L
—25)\/ / (X4 Y 4 | X, + |Ye)?)dadt
-1 Jo

T L T L
< ClRIm o [ [ wsPdarrc [ 7o+ g o
—1Jo -7 JO0
L
< C / e2¢| f1|2( dzdt + Cee™ / Ey.ydt
’ - “ (2.20)
and
1 T L
/ / e L Y( d:cdt—s)\/ / (| X2+ [V 2+ | Xy |2 + | Ve P dadt
2 JorJo (2.21)

< C / tad f2|2‘t de+ce2AeSN2 / By dt,
0 _

s
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for s and A large enough. From (2.8), (2.19), (2.20) and (2.21) we get

L
| @eunk+1np|_ ds
0 t=0
<<
=

T
-+sAL/‘ e2A¢¢0)g42-+|y;F))47 dt>
-7 =L

L o L
</€ PP+ |fal)] e+ e ﬂzsrjﬁ AP+ P (2.22)

Finally, we take A large enough and deduce from (2.11) and (2.22) that

C(1+|I oy [T T
<1(+|‘”))<¥A8N2]/ Ofﬂ2+UéF)dxfgcxn/Aj/ ENO(| X+ |Yal?)|  dt
VA 0 _7 a=L
(2.23)

Choosing A large enough, we end the proof. ]
Now, we will use Theorem 3 to prove Theorem 3.

Proof of Theorem 3: Let {u(p1,p2),v(p1,p2)} and {u(q1,q2),v(q1,g2)} be solutions of the

system (2.9) with potentials {p1,p2} and {q1,q2} , respectively. Then U = u(q1, q2) —u(p1, p2)

and V = v(q1, q2) — v(p1,p2) solve the system

PR (@)U + k) (U + Vi) = - '

D a(z)Uy) s x z) = pru(p1, p2) — quu(qi, g2) in Q,

p(x)hV" — [k(z)(U + Vp)]a = p2v(p1, p2) — @20(q1, 42) in Q, (2.24)
U0, =U(L,) = V(0,)) = V(L,-) = 0, in (0,7),

U(-,0) = U'(-,0) = V(-,0) = V'(-,0) = 0 in (0,I),

[ PO () Un), + () (U 1 V) + aaU = fiR

12 al\xr x q1 — fl o 11 Q7
p(.%')hvl/ — []C(JJ)(U + Vx)]z + ¢V = foR, in Q, (2_25)
U, )=U(L,-)=V(0,-)=V(L,:) =0, in (0,7),
U(-0) = U'(-,0) = V(-,0) = V/(-,0) = 0 i (0,1),

Since R, = u(p1,p2), Ry = v(p1,p2) € Hl(O,T; L°°(0, L)), |Ru(-,0)| = |ug| > r, |Ry(-,0)| =
|vg| > r, then Theorem 3 implies

IN

C (WL, M0,y + IV o)
O (Il (pr,p2) (L) = walar, a2) (L, g o

+ lfoa(pr, p2) (L) = valar, ) (L o))
(2.26)
which proves Theorem 3. ]

Ip1 = @1ll 20,2 + llP2 — @21l L2 0,1

IN
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A boundary obstacle problem for the
2-D Mindlin-Timoshenko systems






A boundary obstacle problem for the
2-D Mindlin-Timoshenko systems

F. D. Araruna, M. L. Oliveira, G. R. Sousa-Neto

Abstract. We consider a contact problem for the 2-D Mindlin-Timoshenko system. For this
system, which describes the vibratory motion of plates having a contact on the boundary with a
rigid obstacle, we study the existence of solutions and analyze how its energy decays exponentially
to zero as time goes to infinity. To prove the existence of solution we use a penalization strategy
together with the Faedo-Galerkin method, so that the solution of the contact problem is obtained
as a limit of solutions of penalized problems. The exponential decay for the contact problem is
obtained as a uniform limit of the exponential decay obtained for the penalized problems.

3.1 Introduction

We consider a uniform plate occupying a region Q C R?, which we assume to be a bounded,
open and connected set whose boundary I' is regular enough. We assume that I possess a
partition {T'g,I'1} with ['; (i = 0,1) having positive Lebesgue measure and To N Ty = (). Let
T be a given positive real number and consider the cylinder Q@ = Q x (0,7"), with lateral
boundary ¥ = XgUX;, where 3; =T; x (0,7) (i = 0,1). The two-dimensional version of the
Mindlin-Timoshenko system reads as follows:

h3 :
% tt_L1(¢71/17w) :07 m Q7
h? , 3.1
% tt—LQ((ﬁawaw) :Ov m Qv ( )
phwtt - L3(¢7 d}a w) = 07 in Qa
where the operators Ly, Lo, L3 are given by
1—p 1+p
Ly (¢a vaw) =D ¢:131:c1 + T¢x2x2 + T¢x1x2 —k (w:m =+ ¢) )
1—p 14+ p 3.2
L2(¢7 ¢7 ’U}) =D (wxsz + deanl‘l + 2¢$1$2> - k (wa + w) ’ ( )
L3(¢7 ¢7w) =k [(w$1 + ¢)11 + (w$2 + 1/})3:2] :
In (3.1), subscripts mean partial derivatives. For z = (x1,x2), the dependent variables

¢ = ¢(x,t), v = P(x,t) represent, respectively, the angles of rotation of the cross sections
x1 = const., xo = const. containing the filament which, when the plate is in equilibrium, is
orthogonal to the middle surface at the point (x,0). The other unknown variable w = w(z,t)
is the vertical displacement at time t of the cross section of points x in the middle surface
of the plate. The constant h > 0 represents the thickness of the plate which, in this model,
is considered to be small and uniform with respect to x. The constant p is the mass density
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per unit volume of the plate and the constants D and k are called, respectively, modulus
of flexural rigidity and modulus of elasticity in shear and they are given by the formulas
D = Eh3/[12(1 — p?)] and k = EEh/Z(l + p), where E is the Young’s modulus, p is the
Poisson’s ratio, 0 < p < 1/2, and k is a shear correction coefficient. For more specific physics
details concerning the hypotheses, parameters, and governing equations see, e.g., [65] and
[66].

At one part of ¥ we impose the Dirichlet boundary condition
p=1=w=0 on X, (3.3)

and at the other one we impose the following conditions:

Bl(¢a %Z)) = on 21,
82(¢7 ¢) = on 217 (34)
B3(¢a¢vw) 207 ’U)>g on Ela
B3(¢7w7w)(w_g) =0 on 217
where
Bl(d)a ¢) =D |:V1¢a:1 + P10, + 1_Tlu (¢z2 + %1) V2:| )
BQ(¢7 w) =D I:V2¢$2 + MVQ(bxl + ]-_TIUI (¢$2 + 1/1;51) V1:| ) (35)
B3(¢awaw) =k <gqj + V1¢ =+ 1/2¢> )

with g € L?(T'1) being a function representing a rigid obstacle, the vector v = (v1,13) is the
outward unit normal to 2, and 8% stands for the normal derivative. The conditions (3.3) mean
that the plate is clamped at I'g along the time. In (3.4), the expression o = ‘g—f + 10+ vy
represents the stress tensor on Xq, and d = w — ¢ is the distance of the body to obstacle.
Since w > g on X1, the part I'; of the boundary of the plate is always above the obstacle g
along the time ¢. One can observe that when the distance d is positive there is not contact
(0 = 0). When there is not distance (d = 0), the stress tensor o is not null. Anyway we have
od =0 on I'y, for all time t. To complete the system, we include the initial conditions

(¢('>O)a¢t('70)aw('v0)7¢t("0)7w('ﬂ0)7wt('70)):(¢0a¢1a¢07w1;w07w1) in (. (3'6)

In this work, our first interest is to study the existence of solution for the system (3.1),
(3.3), (3.4), (3.6). For this, we will use a method of penalization (see, for instance, [69]) which
basically consists in tree steps. The first is to consider a penalized system associated to (3.1),
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(3.3), (3.4), (3.6). In our case, for each penalty parameter € > 0, this system is

h3 )
P ¢6tt Ly (¢e, ey we) = 0 in  Q,
h3 ]
p wstt 2(¢E7w£7w£) =0 mn Qv
phwatt - L3(¢57 ¢85 wa) =0 in Q,
G =the =we =0 on X,
Bl(¢5a 1/)5) =0 on Xy,
Ba(pe,1be) = 0 on X,
1 _
B3(¢e, Ve, we) — g(wa -9 =0 on i,
(¢E('70))¢8t('70)71/}8("0)7¢8t(‘70)7w£('70)7w€t('70)) = (¢Oa¢law07¢law07wl) in Q7
(3.7)
where £~ = —min{0,&}. The second step consists in to establish the well-posedness for (3.7)

and to obtain uniform (in ¢) estimate for the solutions of this penalized Mindin-Timoshenko
system. Finally, the third step is to pass the limit, as € — 0, in the penalized system to get
the solution of the original contact problem.

The total energy of (3.7) is given by

1 [ph?
E-(t) = 5 | 55 (6etl? + el + phlwael® + ao (6, )

2
k(o e w2) + / (. — g)"| dr]

where (I()(Qb, ¢) = a0(¢7 @Z}, ¢7 ¢)7 ay (¢7 @Z}, UJ) = a1 (QS’ 1;[)7 w, Qs, ,QZ}? U)), and

a0(¢7 7&)

<

)

O <

¢I1Q§I1 + ¢x277;x2 + M(¢x172)362 + ¢I2§£Il) + 1_Tlu(¢332 + wxl)(qgfﬁz + 12}361) d.’E,

Uf))

1

Q

W¢

€>

) (W, + (;AS) + (Wzy + P) (Way + 1[’) dx

Il
\

(3.9)
We can notice that this energy is conservative, i.e.,

d

Let us observe that, adding appropriate damping terms to (3.7), in other words, considering

45



the system

( th%tt — L1(¢e, e, we) =0 in Q,
ph5 .
¢stt La(¢e, e, we) =0 in @,
phwstt — L3(¢e, e, w:) =0 in Q,
G =t =we =0 on X,
Bi(¢e, te) +11¢e =0 on 3,
Ba(e,1e) + v2thet = 0 on i,
Bol(e, e, we) = = (e — 9)” + g = 0 on %,
(0e(+,0), P=t(+, 0), ¥e (-, 0), er (-, 0), we (+, 0), wer (-, 0)) = (o, P1, %0, Y1, wo, w1)  in (2,10)

with 7v; (i = 1,2, 3) being positive real numbers, we have that the energy of (3.10), given in
(3.8), satisfies

%Ea(t) = —71/ ]qﬁat\QdF—'yg/ |12t |2dl —’}/3/ lwe¢|?dl, Vit >0, (3.11)
I Iy Iy

that is, it is a non increasing function. This motivates other purpose of this paper, which is

to analyze a uniform (with respect to €) rate of decay for the total energy of the solutions

(3.10), as t — oo. As a consequence of this analysis, we obtain a decay rate (as t — oo) for

the total energy of the solutions of the system

( Lm@tt = Li(¢, 9, w) =0 n Q,
EQ/)tt — La(¢,¢,w) =0 n @,
phwy — Ls(¢, 1, w) =0 in @,
db=1v=w=0 on X,
Bi(¢,¢) + 71t =0 on i,
Ba(¢,¢) + v210e =0 on i,
B3(¢,h,w) + 3wy 20, w=g, (B3¢, ¥, w)+y3we)(w —g) =0 on X,
(¢(-,0), B¢(-,0), 9 (-, 0), 9t (+, 0), w(-, 0), we (-, 0)) = (¢, P1, %0, Y1, wo, w1) in

(3.12)
as a limit of the uniform (with respect to €) decay rate of the energy of the penalized system

(3.10).

Motivated by the analysis of the asymptotic behavior (as ¢ — 00), we will apply the stra-
tegies of the penalization method, above mentioned, for the damped systems (3.12) and (3.10)
instead of the system (3.1), (3.3), (3.4), (3.6) and the system (3.7), respectively. Summarizing,
in this paper, we will obtain the existence of solution and perform a energy decay rate study
for the system (3.12), by using penalized systems (3.10). The uniqueness of solution for this
contact problem is still an open problem.
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Contact problems have a well-established mathematical theory (see, for instance, [46] and
references therein) and have been studied some time ago. We can go back at 1933 where
Signorini in [82] formulated the general equilibrium problem of an elastic body linearly in
contact with a rigid obstacle without attrition. Later, in [83], he introduced a more complete
result to study this kind of problem, for that, being known as Signorini problem. The first
rigorous analysis of a Signorini problem was announced by Fichera [45], which treated the
questions of existence and uniqueness of variational inequalities using bilinear symmetrical
forms. In 60’s, Stampachia [85] complemented the theory of variational inequalities for bilinear
forms, studying the case of bilinear non-symmetrical forms. Soon after, supplementing this
theory, it appeared the paper [70] by Lions-Stampachia and the book by Duvaut-Lions [36]
which deals with several contact problems arisen in mechanic and physic. Concerning to
contact problems, we can also cite Kim [57] which studied the rigid obstacle problem for
the wave equation, the works of Elliot-Coppeti [31] and Elliot-Qi [37], which analyzed a one-
dimensional contact problem in thermoelasticity and, related to Mindlin-Timoshenko system
for beams, [15], where the authors obtained existence of solution and exponential decay of
energy of this system in the one-dimensional case. The present work is a natural extension of
the result in [15] for the two-dimensional case with boundary dampings. About asymptotic
behavior of solutions of Signorini problems, we mention Mufioz Rivera-Oliveira [72], which
proved that the solutions of the 1-D thermoelastic system decay in an exponential rate, Nakao-
Munoz Rivera |75], where the authors proved the polynomial decay of solutions for the contact
problem associated to thermoviscoelastic system, and Munioz Rivera-Oquendo 73], where the
exponential decay of solutions of the contact problem for viscoelastic materials is proven.
Out of the contact problems framework, there is an extensive literature about the study of
asymptotic properties of Mindlin-Timoshenko system, see e.g. [1, 2, 11, 14, 26, 44, 58, 65, 74,
76, 77, 84, 87] and references therein.

The rest of this paper is organized as follows. In Section 3.2 we consider a penalized
system associated to the contact problem (3.12) and we show that it is well-posed. In Section
3.3 we obtain solutions of the contact problem as limit of solutions of the penalized system.
In Section 3.4 we prove the exponential decay property for systems (3.10) and (3.12). Finally,
in Section 3.5, we briefly discuss some related issues and open problems.

3.2 Penalized problem

This section is devoted to study the well-posedness for the penalized system (3.10). Firstly,
we will fix some notation. We define the Hilbert space

V={:cHY(Q); 2=0 on Iy},

equipped with the inner product and norm given, respectively, by ((u,v)) = 212:1 ( g;‘i, gﬁ)
2
Bu

2
and [lul® =371, Ox;
L? (92). We denote by (-,-),. the duality between (H")'(Q) and H"(Q) for some r > 0. Also,
from now on, we will always denote by C' a generic positive constant which value can vary

, where (+,-) and |-| are, respectively, the inner product and norm in
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from line to line. When it is convenient we will explicit the dependence of C' > 0 on the term
we want to highlight.
The following result holds.

Theorem 4. Let us consider g € L*(T'1) and (¢, b1, 0, 11, wo, w1) € [(V N H?(Q)) x V]>.
Then, for each € > 0, there exists a unique triplet of functions (¢e, Ve, we) satisfying
(¢e ey we) € [L% (0. T3V N H ()],
(Bets Vet wer) € [L (0,75 V)], (3.13)
(Getts Vetts Wert) € [LOO (O,T; L? ((2))]27

the variational formulation
h3 h3
(%¢att7 s) + (%dﬁett,p) + (phwett, 2)

1—p
+D [(Qbsxu Se1) + 1(Vewys S21) + T(¢€x2 + ey, Sy

|
] (3.14)

1—p
+D [(1/15;52,2?@) + M((baxppxz) + ?(¢€x2 + wsxlapan)
+k [(wém + e, 2z, + 5) + (wamg + e, Zzy + p)]

1 _
i [ busdT s [ erpdD + s / wopzdl — & / (we — g)=dl' = 0,
I Iy Iy € Iy

for all (s,p,z) € V3, and the initial conditions

(gbé(‘a0)7(25675('70)71/}6('70)’w&t('70)7w&('70)7w6t(‘a0)) = (¢07¢17¢07¢17w07w1) mn Q
Proof: We will employ the well-known Faedo-Galerkin method. Let us consider {wy, }nen
a Hilbertian basis of V N H%(Q). For each m € N, we consider V;, = [wy, w2, ,wy,] the

subspace generated by the first m vectors of {wy,}nen. Let us find an approzimate solution
(¢ama Yem, wam) € (Vm)3 of the type

m
(d)em(:Ca t)? wsm(% t)v wﬁm(ajv t)) = Z (a]m(t)) &jm(t)a d]m(t)) w](l‘)a
j=1

where (ajm (t), &jm (t) , &jm (t)) are found as solutions of the initial value problem for the
system of ordinary differential equations

h3 h3
(P bemis ) + (etbemis p) + (phtwemue 2)

12 12

1—
+D |:(¢me17551?1) + 1(Yemas» Szy) + 7#(

5 ¢£mx2 + wsmxla 51’2):|

1 _
+D |:(w€mm2apx2) + M(¢smm1>px2) + Tu<¢smm2 + wsmmlapxl)
+k [(wsmzl + Pem, Zyx, T 3) + (wemmg + Yem, Zxo +p)]
1 _
+71 (Z)emtSdF + 72 zﬁsmtpdr + '73/ wsthdF - = / (wam - g) zdl' = 07
r It I €Jr,

(¢€m(‘a 0)7 wsm('a 0)7 wsm('y O)) = (¢Oma Yom, wOm) S [Vm]37
(¢8mt('7 0)7 w&mt('a 0)7 wamt('; O)) = (¢1m7 wlma U)lm) S [Vm]37

(3.15)
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for all (s,p, 2) € [Viu]?, with

(G0m» P1ms Voms Yim, Wom, Wim) — (Do, é1,%0, %1, wo, w1)  strongly in  [(V N H?*(Q)) x V]2,
(3.16)
as m — 00. System (3.15) has a solution (pep, (t), Yem (t), wem (t)) defined in a certain interval
[0, )], with t,,, < T. This solution can be extended to whole interval [0, 7] as a consequence
of a priori estimates that shall be proved in the next step.

Estimate I: Taking (s,p,2) = (Gemt, Yemt, Weme) in (3.15) we get

1d (ph?
5% {[)12 (|¢amt‘2 + W}emt’Q) + ph’wsmt‘Q
2 2 1—p 2
+D |¢€m:c1 ‘ + ‘d}&‘mIQ‘ + 2”(¢5mx17w6m1‘2) + 2 |¢E’H’LI2 + ¢8ml1 ’

(3.17)

1 _

+k(’wamcs1 + ¢6m|2 + ’wam:vz + wsmP) + g ’(wam - g) ‘2dr}
I

T / |Gt 24T + o / et 2T + 75 / (e dT = 0.
Fl 1_‘1

I

Integrating (3.17) from 0 to ¢ < t,, and using (3.16), we obtain a positive constant C' = C(e),
independent of m, such that

it
12

1—
+D <’¢smz1 ‘2 + ‘wsng‘g + 2N(¢6mz17wsng) + Tﬂ‘(ﬁsmmg + wamm ’2>

(|¢€mt|2 + ’wsmt|2) + ph‘wamt|2

1 (3.18)
+k(|wemzl + ¢€m|2 + |w€m12 + ¢5m‘2) + 6/1-* ’(wsm - g)_|2dr
1

t t t
- / / | Gernt 2T ds + / emel2dTds + 3 / / oy [PdT'ds < C.
0 Fl 0 Fl 0 1_‘1

The estimate (3.18) is sufficient to extend the solution to whole interval [0, 1.

Estimate II: Differentiating (3.15), with respect to t and making (s, p, 2) = (Gemtt, Vemtt, Wemt)

1d (ph?
Sdt {p12 (|¢smtt’2 + Wemtt|2) + Ph|wemtt\2

1—
+D <|¢£mx1t|2 + |wamx2t’2 + 2N(¢am1‘1t7 ¢£mx2t) + Tu|¢£mx2t + ¢amr1t|2>

1 d
Hh(|wema,t + ¢5mt‘2 + |Wemast + ¢smt‘2) } e / dt
1N

13
T / | bemte| 2T + 7 / emie 24T + 5 / [temge 2T = 0.
I Iy I'1

(3.19)
(wem - g)_wsmttdr
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Integrating (3.19) from 0 to t < T', we get from (3.16) and (3.18) that

Phg 2 2 h 2
19 (|pemtt]” + [Vemtt|”) + ph|wemi]

2 2 1—p 2
+D |¢Em11t‘ + |d}5m$2t| + 2M(¢m511t7 wm€$2t) + 2 ‘¢€m$2t + ¢5mx1t|

t t t
73
+7 / |¢amtt|2drd8 + 72/ |¢amtt|2drd«9 + E / |w5mtt|2d3
0 JI 0 JIy 0 JI

+k(|wemx1t + ¢5mt’2 + ’wemmgt + wemtlz)
I 2 h? h?

<Cioaf [ ATds + 2 G (0)% + 2 era (0) 2 + phleman(0)

(3.20)

for a constant C' = C'(¢) > 0, independent of m. Now, we will show that the last three norms
on the right-hand side of (3.20) are bounded. In fact, taking (s,p, 2) = (Gemtt(0), Yemtt (0), Wemet (0))
in (3.15) with ¢ = 0 and using (3.16), we have

d _
&[(wam -9)7]

h3 h3
%\Qﬁamtt(o)\Q + %Wsmtt(o)fz + ph|wem(0)]?
= (L1(¢0m7 ¢Om7 w()m)v (bamtt (O)) + (L2(¢Om7 wOma wOm)y wsmtt(o)) + (L3(¢0m7 1/}Om7 wOm)v Wemitt (0))
1 (ph? 2, Ph? 2 2
< CH - | = |Pemit(0)]° 4+ = [Vemue (0)|° + phlweme (0)|* )
2\ 12 12
(3.21)
where the constant C' = C(e) > 0 is independent of m. Thus, we deduce from (3.18), (3.20),
and (3.21) that

Ph3 2 2 2
ED) (|Pemtt]” + [Vemtt|”) + ph|wemt]
1 _

+ D <|¢6m:p1t|2 + |¢5mx2t|2 + 2M(¢5mx1ta ¢5mxgt) + 92 a |¢smx2t + wsmx1t|2>

(3.22)

t ¢ t
1
+m / |¢£mtt’2drd‘9 + 72 / ’¢amtt|2drd3 + 735 / ‘wamtthS
o Jry 0o Jry 0 Jry

+ k(’wamxlt + (z)amt‘Q + ‘wsmxgt + wamt‘Q) < Cv

where C' = C(e) is independent on m.
Passage to the limit, as m — +oo: From the estimates (3.18) and (3.22), it follows that

((Zs&‘m?wé‘mawem) — (¢€7w57w€) Weak — %k in [LOO(O7T7 V)]Su
(d’amta Yemt, wemt) — (¢5t7 Vet wat) weak — x in [LOO(Ov T, V)]37 (323)
(¢amtt,¢amtt7wamtt) — (¢attﬂ/&stt; watt) weak — * in [LOO(O, T; L2(Q))]3,

and

(Wem — 9)~ = (we —g)~ weak —* in  L°°(0,T; L*(Q)). (3.24)
The convergences in (3.23) and (3.24) are sufficient to pass the limit, as m — 400, in the
ordinary differential system (3.15) in order to obtain (3.14). The initial data can be verified
by standard arguments. To improve the regularity of (¢, 1, w.) to be as described in (3.13),
one can be use elliptic regularity results. Finally, we can use the energy method to prove the
uniqueness. This guarantees the well-posedness of the penalized problem. [
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Remark 6. When To N T # 0 the solutions of (3.10) may develop singularities at the
interfaces. Thus, we can not apply the classical reqularity results for these solutions. To
overcome this situation and to obtain the claimed H>-reqularity, we can, for instance, consider
the domain Q as being a polygonal region of the type specified in Lagnese [65, Section 2.5.2,
pp. 85-87]. It is important to point out that the strateqy used in [65] is based in the results of
Grisvard [51, 52].

Remark 7. It is important to note that the estimates in (3.18) depends on . Thus, we
can not use it to pass to the limit, as € — 0, in the net {(pe, Ve, we:)}es0. To overcome this
problem, we will impose the additional hypothesis wog > g in order to obtain a uniform (in )
boundedness. This new estimate will allow us to follow the plan to obtain the solutions of the
contact problem (3.12) as a limit of solutions of (3.10). This will be done in the next section.

3.3 Contact problem

This section is devoted to prove the existence of solution for the contact problem (3.12).
Initially, we will enunciate an auxiliary result given in [65, Lemma 2.1, p. 29].

Lema 3.1. Let us assume that g # (). Then, there exist ag > 0 and oy > 0 such that,
ao(9,%) = a0 (16030 + 16130 ) » ¥(6,0) € V2 (3.25)
and
ao(6, 1) + kar (6,4, w) = a1 (161371(0) + 181300y + 0l ey) s ¥(0,0,w) € V2. (3.26)
Let us consider the convex set
Kg={veV; v>g on I} (3.27)
and the following definition of solutions for the mentioned contact problem:

Defini¢io 3.1. Given (¢o, ¢1,%0, Y1, wo,w1) € [V x L*(Q)]? x K, x L* (Q), we say that the
tern (¢, 9, w) is a (weak) solution of the contact system (3.12) when it satisfies

(6, bt 0, b, w,we) € [L2(0,T; V) x L (0,T5 L* ()], w(t) € Ky,
the initial conditions
6 (-,0) = ¢o, ¢ (-,0) =1, ¥ (-,0) =0, ¥ (-,0) =1, w(-0) =wp, w' (,0)=wr in Q,
the equations

ol
12

T _
+D/0 |:(¢$17'UI1 - ¢$1) + M(wma Uz, — ¢$1) + 1TN(¢$2 + %17% - ¢$2):| dt (3'28)

ph3 T

<¢t('7T)7’U('7T) - ¢<7T)>r T <¢1,’U(',0) - ¢0)>r - Tz 0 (¢t71}t - ¢t)dt

T T
+k/0 (w:m +¢,v — ¢)dt +7 /U . (25,5(1) — (b)dl“dt =0,
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it
12

T —
+D/O |:(w$27 Ugzy — 7/)362) + :U’(qb:tl’uxz - ¢I2) + 1Tlu(¢x2 + ¢I1’u9€1 - ¢5E1 ):| dt (3'29)

ph?
12

h3 T
P (e, ug — y)dt
0

<¢t('7T)’u('vT) _w('vT»r 12

(1, u(,0) — 2o), —

T T
+k/0 (wx2+¢,U¢)dt+’72/o [ il w)ard = o

for all u,v € H(0,T;V), and the inequality
T
ph <wt('7 T)7 5(7 T) - UJ(', T)>7 - ph <w17 5(7 0) - w0>r - ph/ (wtv ét - wt)dt
0

T T
+’<f/0 [(Way + @, Epy — Way) + (Way + U, &gy — W) dt+73/0 /F wy (€ — w)dt > 0,

(3.30)
for all &,w € HY(0,T; V), with w(t) € Ky a.e. in (0,T).

Remark 8. Since g is a rigid obstacle, it can not be transposed by the plate, i.e., the distance
from the plate to the obstacle must be non-negative. In other words, w(t) > g on I'y, for all
t € [0,T]. In this way, the assumption wy = w(-,0) > g is natural.

Remark 9. If a solution (¢,1,w) of the contact problem (3.12), in the sense of the Definition
3.1, is sufficiently smooth, one can show that such solution satisfies the equalities and inequa-
lities in (3.12). Indeed, for any 6 € D(Q), taking v =0+ ¢, u=0+1, and { = (A+w) € K,
in (3.28), (3.29), and (3.30), respectively, we have that (3.12); — (3.12), is satisfied in D'(Q).
Moreover, if we consider (¢,v,w) € [L*(0,T;V N H*(Q))]?, then

3 3
/Q (pli;ﬁbtt - L1(¢,¢,w)> Odxdt = 0, /Q (pl};?ﬁtt — La(, ¢,w)> fdzdt = 0

(3.31)
/Q(phwtt - L3(¢7 ¢a w))ﬂd:ndt = Oa

which implies that (3.12); — (3.12)5 holds a.e. in Q. Next, we consider arbitrary functions
01,02,03 € C3(T1), and n1,m2,m3 € CH([0,T)), such that 0 < 6 <1, =1 < 13 < 1 and that
03,13 are nonnegative. Still assuming the regularity (¢,,w) € [L*(0,T;V N H*(Q))]?, we
take v = ¢+ 01, u =Y 4+ 01m1, £ = w £ Oane(w — g), and & = w + O3n3 in (3.28), (3.29),
(3.30), and (3.30), respectively. From the assumptions on 03,03,m2,13, it is clear that such
choices of § are placed in K,. Hence, considering the extensions 61, 02,03 € Cl(ﬁ), we obtain
by means of integration by parts that

/Z (B1(¢, %, w) +y1¢)mb1dTdt = 0, /Z (Ba(, 1, w) + y2tbt)m61dldt = 0,

/2 (Bs(¢, ¥, w) + yzwe) (w — g)mzb2dl'dt = 0, /2 (B3(¢, v, w) + y3wg)nzbzdl'dt > 0,

Thus, we conclude (3.12); — (3.12).

To follow the strategy described in the introduction, we will now establish a result which
will play a key role in getting the solution for the contact problem (3.12) as limit, as ¢ — 0,
of the net {(¢e, Ve, we)}eso formed by the solutions of the penalized problem (3.10).
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Proposition 3. Let {(¢, V., we)}eso be a net in [H*(Q)]> composed by solutions (pe, Y., w.)
of the penalized problem (3.10) associated to the initial data (Poe, P1e, Yoe, Yie, Woe, Wie) €
(VAH2(Q) x V. If

(¢es e, we) = (6,0, w)  weak — * in [L°(0,T;5 V)],

‘ c (3.32)
(Pets Yet, wet) = (B, %, wi)  weak —x i [L=(0,T; L*(Q))]°,
then
/ H.dzdt — / Hdxdt, as &—0, (3.33)
Q Q
where He = He(x,t) and H = H(x,t) are given by
h3
He = % [(¢st)2 + (wst)z] + ph(wat)2 -D [(¢6x1)2 + (wemz)z + 2M¢5r1 1/}5932
L -
+TM(¢EI2 + wsx1)2 —k [(wsazl + ¢5)2 + (wsxg + ws)ﬂ )

- (3.34)

3
H= B[00 + (00P) + phwn)? = D (601 + (has)? + 206t

T Gy 002 | — K [y + 0% + (i, +)?] dt.

2
Proof: In order to prove the convergence in (3.33), we will consider the divergent and curl
operators associated to the variables (x1,x9,t) of the cylinder @ to use a compensated com-

pactness result due to Dacorogna [33]. Let us first define U, = U (1, x2,t), Ve = Vo(x1, 29, 1),
WE — Wg(ﬂfl,fEQ,t), RE = RE(J"lavat)a SE = S&(xla:EZat)a and TE = TE(.Il,CL'Q,t) by

1- h?
Us. = <_D(¢aaz1 + ,U/T/}aa:z)v _DTM(¢€$2 + 1/)51’1)7 p12¢5t> ?

1-— h3
Ve = (_D2M(¢Eﬂﬁz + /“;Z)sxl)7 _D(M¢5x1 + ¢sx2)a p121/)5t> s
W = (_k(wswl + Qbs)a _k(wsxg + 17[}6)7 phwst) s
R, = (¢5x17¢5z27 ¢5t> s Se = (wea:l,wsxzawat) , Tp = (weacl + (2557 Wego + we’;‘; wet) .

From (3.32), we have that the net {(U., Vo, We, Re, S¢, T:)}.~ is bounded in [L*(Q)]'®. Since
(¢e, Ve, we) € [H*(Q)]3, we deduce that

. h?
divU, = %¢att + Ll(d’aawa)wa) - _k(waxl + Qba)y

) h3
divV; = %¢stt + L2(¢Ea e, we) = _k(wsxz + Q;Z)E)a

div W, = phwstt + L3(¢€a Ve, ws) =0,

and
curl R, = curl S; = curlT; = 0.

Thus, (3.32) also give us that {(div U, div V;,div W, curl R, curl S, curl 7;) }.~¢ is bounded
in [L3(Q)]®. Then, by [33, Corollary 4.3, p. 36], it follows that

(U.-R.,V.-S:,W. - T.) = (U-R,V-S,W-T) in [D'(Q) (3.35)
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where U = U(x1,x2,t), V = V(x1,29,t), W = W(x1,29,t), R = R(x1,22,t), S = S(x1,x2,1)
and T' = T'(z1,x2,t) are given by

_ h3
U= <_D(¢x1 + /“/%2)7 _DlTM(¢x2 + ¢x1)7 p12¢t> ’

12
W= (_k(wxl + ¢)a _k(wm + UJ), phwt) )
R = (¢x17¢m27¢t)7 S - (wx17¢x27¢t)7 T = (wl‘1 + ¢,wz2 + ¢,’wt) .

From (3.35), we have

B 3
V= <D12'u(¢:1:2 + :U’¢x1)’ *D(:U’Qbm + %2), ph¢t> )

H.—»H in D(Q), (3.36)

since He = U, - Re+ V.- Sc+W.,-T.and H=U-R+V -S4+ W -T. Let us improve the
space of the convergence in (3.36) in order to achieve (3.33). By convergences in (3.32), there
exists a constant Cy > 0, independent of ¢, such that, for each € > 0, we have

/ [He (- t)|dz < [|(Pet, Yet, wet) 1o (0,7522(2)))2 + (D5 Ve, we) ljpoe (0.1v)3 < Co, VE € [0, TT.

(3.37)
and

/Q (H( ) |dz < |[(be, o we) | (Lo 0,22 + 1(@s %05 w) iz 0,752 < Cos VE € [0,T].
(3.38)
Given r > 0 a real number and let us consider auxiliary functions 1, € D(0,7) and 6 € D()
such that 0 < n,,0 <1 and

r r r
r = i s Ao |0 r =11 T— —- ) r = i T_ivT .
ne(t) =0 in [O 9(30} 0y (t) in [860 860] nr(t) =0 in [ oc, ]

From convergence in (3.36), there exists a real number 6 > 0 such that
r
(e = H 0| < 50 Ve <O

Thus, the last estimate, (3.37), and (3.38) give us

’/ dxdt‘ < ’/ nredmdt‘ ‘/ )(1— nr)Hda?dt‘

S ’<H€ H 777’ Q)’ + '/ 1 - m)edl’dt’
Eon
< T+</ 0+/ . >(1—77r)/9(|7-lg+]7-l|)da:dt
0 ~%Co Q
<7
for all € < §. This proves (3.33). [

Now we will establish the result which guarantees the existence of solution for the contact
problem (3.12).
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Theorem 5. Given initial data (¢o, ¢1, 0, V1, wo, w1) € [V x L*(Q)]? x Ky x L*(Q) and
g € L3(T')), then there exists at least a solution (¢,,w) of the contact problem (3.12) in the
sense of Definition 3.1.

Proof: Let us consider the net {(¢os, d1e, Yoe, V1e, Woe, wie) beso in [(V N H?(Q)) x V]? such
that

(G0es B1e, Yoe, Y1e, Woe, wiz) — (o, D1, %0, %1, wo, w1)  strongly in [V x L2(Q)]?,  (3.39)

as € — 0. For each £ > 0, Theorem 4 guarantees the existence of a unique solution (¢, 1., w;)
for the penalized problem (3.10) associated to (¢oe, P1e, Yoe, Y1e, Woe, wie). Moreover, this
solution has a regularity described in (3.13). The main idea of the proof lies in to handle the
variational formulation (3.14) fulfilled by (¢, 1., w.) and pass to the limit, as e — 0.

Let us consider a triplet (v,u,&) € [H'(0,T;V)]* with £(t) € K, a.e. in (0,7T). Taking
S=0—¢e, p=u—1Y: and z = £ — w, in (3.14) and integrating from 0 to T, we obtain, after
a integration by parts in the time variable t,

1 [T _
Pls+R15+P2€+R2E+P3€+R3€+B€_H6:_8/ /(we_g) (wg—g)dl“dt,
0 I

(3.40)
where H. is defined in (3.34),
3 3 3 T
Pls - % <¢Et('7T)a U('vT) - ¢€('7T)>r - % <¢1€7 U(', 0) - ¢05>r - % 0 (¢5t’vt)dt’
T —
Boc =D [ (@ens ) + 0 0) + 25 G+ 0|
0

h3 h3 w3 T

Poe = g (W T),u(, 1) = 6 T, = g (e 0, 0) = vhoe), = T | (e, )t

T _
RQ& = D/ |:(¢6$27u$2) + /’L(¢Ex17um2) + 1?”((256332 + waxlﬂuxl)] dt’
0
T
Ps. = ph <wat('7 T)7 §(7 T) - ws(‘v T))r - ph <w167 6(7 0) - w05>r - ph/() (w5t’ é.t)dt’
T
Rse = k/ [(wam + bey Euy + V) + (Wezy + e, Eay + u)] dt,
0

T T T
B. = / 6ot (v — 2)dTdt + 2 / Voot — )ALl + s / / wot (€ — w.)dTdt,
0 Iy 0 Iy 0 I

(3.41)
for some r > 0 to be chosen such that the dualities above make sense.
Notice that, since () > g in 'y a.e. in (0,T), then

1 _ 1 _ 1 _
2 [ o @mgar =1 [ (w0 P [ -9 g

€
Thus, (3.40) becomes in
—Plé‘+R18+P26+R26+P36+R36+B€_Hé20' (3'42)
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In order to pass the limit, as ¢ — 0, in (3.42), we start analyzing the convergence of the net
{Ge, Ve, weteso. Taking (s,p,2) = (Pet, Yet, wer) in (3.14), integrating from 0 to ¢t < T, and
using (3.39), we get

h3
P (0 D + (D) + phlwee( DI
b <|¢sx1(‘a t)|2 + |¢sx2("t)|2 + 2M(¢6x1('7t)7¢6x2('a t)) + 1_7M|¢€x2('at) + ¢6x1(‘a t)|2)
k(’wéwl('7t) + ¢€('7t)’2 + ’wsxz( ’ ) + wa it / | w‘f it ’ dr’

t t
+w//N@fﬁ%+w/ y%y@@+%//ﬁwy@%
0 JIh 0 JI'y 0 JI'h

1
<C+- | |(woe —g)" T,
r
1 (3.43)

where C' > 0 is a constant independent of €. Notice that, from (3.39) and the trace theory, we
can deduce that wg. — wq strongly in Lz(Fl). Moreover, since wy € Ky, there exists g > 0
such that

|(wo- — g)"[Pdl = 0, Ve € (0,9). (3.44)
'y

Hence, in view of (3.26), we obtain, from (3.43) and (3.44),

[ (@et, Yet, wet) || oo (0,7522(0)) + (P25 Yy we) [ Lo 0.13v) < €, Ve € (0,€0). (3.45)

In addition, we have

[(Pett, Yett, Werr) || Loo0,7;22(02)) < €5 Ve € (0,€0). (3.46)

In fact, since (¢., 1e, we ) satisfies (3.14), we use trace theory to obtain a constant C' > 0 such
that

((@etts Vett, wett), (8, P, Z)>[L2(0,T;L2(Q))]3,[L2(0,T;L2(Q))}3
< Cl[(Pes Yey we) lip2 (0,753 (85 25 2) (L2 0,75v))2

+C (‘(¢eta Yet, wet) || [z20,7;01)2 + éH(ws - g)_’LQ(O,T;LQ(Fl))> 1(ss ps )l [z20,73v7 )2
(3.47)
for all (s,p,z) € [L*(0,T;V)]3. In this way, combining the last inequality, (3.43), and (3.44),
it follows (3.46). So, from (3.45) and (3.46), we deduce

(fer ey we) = (¢, 90, w)  weak —x in [L7(0,T; V)],
(Pets Yets Wer) — (s Pr, we)  weak —* in [L>(0,T; L*(Q))]%, (3.48)
(qbstt,wetta wstt) — (¢tt,¢tt,’wtt) weakly in [LQ(O,TS V/)]Sv

as € — 0. We can see by [57, Lemma 1.4] that the convergences in (3.48) give us

(Pey Ve, we) = (P, 1, w) strongly in [C([O,T]'Hl_(s(Q))] ,
(et ety wet) = (dr, e, wy)  strongly in [C([0,TT; (H ()],

o6

(3.49)



as ¢ — 0, for any positive real number 6 < % We will use the convergences (3.39), (3.48),
(3.49), and the Proposition 3 to pass the limit, as € — 0, in (3.42). Indeed, in view of these

convergences we have

;LI%(PM‘FRM‘FPQ&+R26+P35+R35_He)

h3 h3 h3
B (0 )0, T) = 60, 1)), = B (61,0(,0) = o), + B (o, 1)l T) = (- 1),
3
2, (-, 0) = b, + ph (- T), G, T) = (- 1)), — ph G, &, 0) — o),
ph3 T P 3 T J h T J
12 (¢tyvt—¢t)dt—ﬁ ; (e, ur — Y )dt — p /o (wt, & — wy)dt

T _

+ D/o [(‘Z’xnvm — Guy) + p(Yry, Vay — bay) + 17/1((%2 + Yay Uy — ¢x2)] dt
T 1-p

+ D/O [(d’mauﬂcz - %) + N(d’mauﬂcz - %) + T(¢z2 + wxuum - %1)} dt

T
+ k/ [(wm + ¢, 8y — Wyy +V— ¢) + (warz + 1, §ay — Way +u—¢)] dt.
" (3.50)
Now, to take the limit in B., ase — 0, we, first, use the continuous immersion of C([0, T; Hl_‘s(Q))
into C([0, T]; L*(T')), for § < %, and (3.49) to deduce that

(Pey Ve, we) — (¢, 10, w) strongly in [C([O,T];L2(F))}3, as ¢ — 0.

The last convergence together with (3.39) give us

T T
" / ¢et(v — ¢ )dldt — v / or(v— @)dldt, as e —0, (3.51)
0 F1 0 1—‘1

since

T T
" / $ot(v — §2)dTdt = —y / devnddt + 71 / (e (- TY0( T) — doev(-,0))dT
0 Fl 0 F1

I'

=2 [ 16e(- 1) = Ig0el?)dr
Iy

and

T
7 /OT 5 ¢t(v — ¢)dl'dt = —71/0 /Fl dvdldt + v /Fl((b(.,T)v(,’T) — dov(-, T))dTl

=2 [ (8 DI = [go[*)dr
I'

Using the same idea, we prove that, as € — 0, the following convergences hold:

T

T
Y9 /0 Yer(u — e )dldt — 7o / . U (u — )dldt,

I 0
T T
73/ / Wer (€ — we)dl'dt — 73/ / wy(§ — w)dldt.
o Jry o Jry
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Combining (3.51) and (3.52) we obtain

T T T
B: —»m /0 . ¢di(v — @)dldt + ’yg/o . P (u —)dldt + 73/0 /Fl wy(§ — w)dldt,

as & — 0. Thus, from convergences (3.50) and (3.53), we obtain by (3.42) that 2
o e )0 T) = 6. T)), — P (61,000,0) — b0}, + P (. T), (. T) — (. T)),
o 7 (51000,0) =)+ 0 D))~ T, = 6,0l
pf; (brev— o= [ [ = vyae—n | (a6 —

+ D/o |:(¢-Tl7vl’1 = Guy) + p(Vays Vay — Pzy) + :L_TM(@CQ + gy s Vay — ¢m2)] dt

1

T —u
+ D/O (Vg Uy — Vay) + (g s Uy — Vy) + T(@m + Yy, Ugy — Py ) | dE

T T T
+m /0 N ¢t (v — ¢)dl'dt + 72/0 N Yi(u — )dTdt + 73/0 /Fl wy (€ — w)dldt,

T
+k/ [(wm +¢7§$1 — Wgy +twv _¢) + (wzz +¢75$2 — Wgy +u—¢)] dt > 07
" (3.54)
for all (v,u,&) € [H*(0,T;V)]?, where £(t) € K, a.e. in (0,7). From the previous inequality,
one can readily realize that (¢,1), w) satisfies the equations (3.28)—(3.30). Indeed, first let us
assume that w(t) € K,. Thus, choosing (v, u,§) = (v, 9, w) and (v,u,§) = (—v+2¢, ¢, w) in
(3.54), we obtain two inequalities which imply (3.28). On the other hand, taking (v, u,§) =
(¢, u,w) and (v,u,&) = (¢, u — 2, w) in (3.54) we get (3.29). Finally, for (v,u,§) = (¢,9,§),
(3.30) is achieved. To complete the proof, it remains to prove that w(t) € K;. From the
estimates (3.43) and (3.44), we get
/] we(-t )7|?dl < Ce, ae. in (0,T), Vee (0,g). (3.55)
Then (w.(t) — g)~ — 0 weakly in L*(T") for a.e. t in (0,7). On the other hand, (3.49)
give us that (w.(t) — g)~ — (w(t) — g)~ strongly in L*(T) for all ¢t € [0,T]. In conclusion,

(w(t)—g)” =0forallt e [0,T],ie., w(t) € Ky forall t € [0,T]. This concludes the theorem.
]

3.4 Uniform stabilization

The aim of this section is to analyze the decay rate for the energy

h3
E(t)z% ES (0l 4+ [9l) + phlwr” + ao(@, ) + kax (6,9, w)

associated to system (3.12), as a limit (as & — 0) of the uniform stabilization of the penalized
Mindlin-Timoshenko system (3.10).
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Let xg be a point of R? and m(z) = = — g, with z € R?, such that
Fp={zel; mz) v) <0}, Ti={zel; mz)- v(z)> 0} (3.56)
The main result of this section is the following.

Theorem 6. Let us consider (¢o, ¢1, %0, V1, wo, w1) € [(V N H?(Q)) x V]? and a function
g € LQ(Fl) satisfying g < 0. Then, there exist positive constants C, w and g, such that the
energy (3.8) associated to the problem (3.10) satisfies

E.(t) < CE.(0)e ™!, Vt>0, Vee(0,e). (3.57)

Remark 10. As a consequence of inequality (3.57), letting ¢ — 0, we can recover the ex-
ponential decay of the energy E(t) of the system (3.12). In fact, let us consider a solution
(¢,9,w) of (3.12) associated to initial data (¢o, ¢1, o, Y1, we, w1) € [V x L2(Q)]* x K, x L*(Q)
obtained as the limit, as € — 0, of a net formed by solutions (¢e, Ve, we) of (3.10) associated
to the initial data (Poe, P1e, Yoe, Y1e, Woe, wie) € [(V N H2(Q)) X V]3 satisfying (3.39). In this
way, the convergences (3.39) and (3.48) allow us to take the liminf._.q in both sides of (3.57)

to obtain

E(t) < CE(0)e ™, WVt >0. (3.58)
Proof of Theorem 6: For an arbitrary real number n > 0, we define the perturbed energy
B, (t) = Bo(t) + nG(t), (3.59)

with
h3 h3
G(t) = (1 - ‘9) <1012¢at7 QZ)&) + (1 - 9) <p127/)at7¢a> + Gph (w8t7w£)
3 3
(g 0t 96.) (gt 92 + (o ).

where 6 € (0,1) is a constant to be chosen later. Let us observe that (3.57) holds if we can
provide the following estimates:

G| < CE(1),  6(1) < ~ SE.(t) ~ CaE(1), (3.60)

where C > 0 is a constant independent of €. Indeed, choosing 0 < n < %, we get from (3.60)

Egnt == %Ea + W%G(t)
< %Ea(t) - UC%Ea(t) - néEa(t)
2
— (110 gE0 - g (3B + JEa) - Fa) (oD
< (=10 B~ (G = 1) Belt) — 55Ea(0)
< —wEgy(t).
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with w = 5&. Multiplying (3.61) by e*! and integrating from 0 to ¢, we have
Eey(t) < Eepy(0)e, vt > 0. (3.62)
From (3.60), we conclude

Ec(t) = Eey(t) — nG(¢)
E:(0) = nG(0))e™" — nG(t) (3.63)
1+ nC)Ec(0)e " + nCE.(t), Vt> 0.

Therefore (3.63) implies (3.57), as we claimed, with C = ifzg > 0.
Now remains to prove the estimates in (3.60) in order to finish the proof of the Theorem.
The first estimate it is not difficult to see. In fact, by (3.26) we have

h3
G0 = € (G 10+ 16a) 4 ol + 162wl ) < CELO). (364

where C' > 0 is a constant independent of . To show the second inequality in (3.60), we

observe that

%G(t) = G (1) + Ga(t) + Fi(t) + Fa(t),

where
G _ Lh3 2 2 2
1(t) = (1-0) 2 (|pet)” + [Wet]”) + Oph|we|*,
ph? ph?
G2(t) = E(Zsata m- Vo | + Ewsb m - Vipe | + (Phwat7 m- vwst) )
h3 h3
Fl(t) = (1 - 9) <p12¢att, ¢>a> + (1 - 9) (p121/15tt, %Da) +0 (Phwatt,wa) )
ph? ph?
Py(t) = E%tt, m-Vaoe | + Ed}m’ m - V. | + (phwey, m - Vw,) .

Now, let us estimate the expressions above. From (3.10), and (3.11) we get

Go(t _! \Y% ph? 2 2 hlwe|? | d

Ph3 2 2 2
= - 0 E(|¢€t| + |[et]®) + phlwe|* ) dx

| " (3.65)

#g [ (5 10l 4 10 + phluf?) ar
Iy
B3 d
<= [ (55 6P + ) + phluef? ) dx — C LB (1),
o\ 12 dt
with C' > 0 independent of . Then
o gPP 2y (1 2 _od (3.66)
Ga(t) + (1) < 0P ([t + [taf?) — (1~ O)phleel? — O TEL(1). -
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Now we deal with the terms F}(t) and Fy(t). First, we observe that

(
Fl(t) = (1 - 9) (Ll((lsaa Ve, wE) ¢€) ( ) (L2(¢67 wmwa)a we) +0 (L3(¢67 wawe)a we)
_(1 - )QO(¢sa we) - 9kal(¢€a Zbe,ws) + (29 - 1)ka1(¢s,¢e,ws, ey Ve, 0)

)
(-0 /F Ger6edl — (1— ) /F YerthedT — O3 / werwodl + 0 / (w. — g)"w.dT.

Fl € Fl
(3.67)
Let us examine the term in the right side of (3.67). By (3.11), trace theory and, again, (3.26),
we obtain

(1= 0 | Gerdedl — (1009 [ topedD — 075 / wegwodl

Iy I I

Sﬁ/r <w+\w512+yw€\2>dr+cg/ (loet|® + Y2l ver|® + y3|wer)?)  (3.68)

I
d
< ﬁc[ao(éf)e, we) + ka1(¢s> e, ws)] - C%Ee(t)a
for a constant 8 > 0 to be chosen later. We have that the assumption g < 0 assures us that
0 _ 0 _ 0 _
[ wo—gywar = =2 [ we—g) Par+? [ we—g) gar
0 = I £ (3.69)
< -0/ (. — gy par.
From (3.25) and Poincaré inequality, we get
20ka1(¢87 e, We, P,y Yoe, 0) = 20k /Q[(we;tl + (z)a)(ba + (wea:z + wa)ws]
(3.70)

< CBan(6e, ) + 30ar (6 ey ).

Substituting (3.68)—(3.70) into (3.67), we obtain

Fi(t) < [~(1 — 8) + BC + COlap(de, ) + [—9 4 B0+ H kay (b, e, w2) — 0%1@6@)

0 _
- . |(w€_g) |2dr_ka1(¢€aw87w8a¢€vwsao)-
1

(3.71)
Thus, choosing 8 < m and fixing 6 such that 48C < 6 < ﬂffg, we have by (3.71) that
3 1 d
Fl(t) < _*(1 - 0)a0(¢57w5) - *ekal((ﬁe?weawe) - C*Ee@)
4 2 dt (3:72)

0 _
- - |(U)a_g) ‘er_kal((b&vw&‘aw&‘?(bavw&‘ao)-
Iy

Notice that
FQ(t) = (L1(¢57 Ve, w6)7 m- v‘ba) + (L2(¢€7 Ve, w6>7 m - V%) + (L3<¢67w87w€)7m : ng)
= _a0(¢€7w87m : V¢€a m- V¢E) - ka1(¢€a ¢€7w€7m ' v¢€7m : Vﬂ)e,m ' ng)
+BFO(¢€7¢€7U}6) + Brl (¢67w87w5)7
(3.73)
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where
Br, (e e, w2) = /F By(9=, Ye)m - VoudD + /F Ba(e, Ye)m - Tyl + /F By(g=, Ye)m - Vudr,

for j = 0,1. Let us analyze the four terms in the right side of (3.73). For the first term we
have

_a0(¢sa ¢sa m-Voe,m- v¢s)

= D/&; [¢5x1 (m : v¢5):c1 + 11&6932 (m : V@be)m + ,Uf(¢511 (m : vwe)xg

- T00)aytira) + 15 e+ b V6D + - V)|

1—
= _D/ le |: (¢€z1 |2 + |¢E$2|2 + 2U¢€x1¢€x2 + T/J/|¢El'2 + w€x1|2>:| dl’

= — aopo(qﬁg,lﬂg) - aorl(%ﬂ/’a)
(3.74)

where
1— .
CLO,Fj (Qbavws) = D/I‘ m-v <|¢s:{:1‘2 + |77[}5x2|2 + 2M¢511¢5x2 + Tlu|¢€l‘2 + w€x1|2> dF, J= 1a 2.
j

For the second one, we use (3.26) to achieve
_kal((bév 1/}67 We, M - V¢E7m : V¢E7m - vw&‘)
— K /Q (Wesy + G)[(m - Viwe)ay +m - Vo]da — k /Q (Wesy + 62)[(m - Vaws)a, +m - Vipelda

1
= Qk/Qm -V (‘waxl + ¢6|2 =+ |w512 + ¢5|2) dx — k/Q[(wsxl + ¢6)wsx1 + (waxg + ¢5)wsx2]

= _%kal,ro(¢£7¢€7wa) - %kal,F1(¢87¢57w6) + ka1(¢aaw87w87¢87¢870)'
(3.75)

where
air; (e, e, we) = / m-v (’waxl + ¢a|2 + [Wexy + ¢a‘2) ar, j=1,2.
Ly

To obtain an estimative for the third term, we observe that, since ¢. = 9. = w. = 0 on Iy,
then (¢es;, Vex;, Weg;) = (%ff Vi, 8;;5 Vi, %qff v;) on Iy, for i = 1,2. Thus,

BFO (¢€7 wsa wf—:)
1 _
=D |:V1¢ea:1 + /Wﬂﬁm + ?Iuj (¢z—::}c2 + weml) V2] m - Vo.dl'
To
1—p ow
+D V2w€1‘2 + NV2¢5$1 + — (¢€:v2 + 1/}f:‘:cl) vifm- szdf +k —m - Vwdl’
To 2 T (91/
= ap,ry (¢sa ¢5) + k'al,Fo (¢z—:> Ve, ws)'
(3.76)
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Now, let us estimate the fourth term. We have

BF1 (¢sa Ve, we) = —MNn Petm - Vo dl' — Y2 YVet M - V¢sdr — 73 / Wet - V¢5dF
I I I
1

27”0 I

+C / (1ot + 2ltber]? + 3leee]?) dT,
Iy

IN

(IVé:* + |V |* + |Vwe |?) d

(3.77)
for some ro > 0 to be chosen later. According to [65, p. 50|, we find a constant r; > 0 such
that

/ (IV6-2 + [V ? + [Vawe |?) dT
'

1_0 (3.78)
<r / (QO,Fl (¢57 7!)5) + kal,f‘l (¢sa "vbsa ws) + 5 ao(qu, ¢5)> ar.
Iy
In this way, combining (3.11), (3.77), (3.78), and choosing ro = r1, we obtain
1 1 1 d
BF1 (05571/157105) S §a0,F1 (¢67¢8) + §ka1,F1 (¢87 wEJ wa) + 1(1 - 0)a0(¢671/)8) - CaEE(t)
(3.79)
Now, substituting (3.74), (3.75), (3.76), (3.79) in (3.73) we obtain, since m-v < 0 in Ty, that
1 d
FQ(t) S kal(¢€7 1/)67 We, (bav 1/}67 0) + 1(1 - a)a()(d)aa ¢e) - CﬁEE(t)a (380)

where C' > 0 is independent of . Hence, from (3.66), (3.72), and (3.80), and since 6 € (0,1),
we obtain a constant Cy > 0 such that

L G(e) < 02 (62 + ) — (1 = O)phluaf? — Co 2. (1)
dt = 12 et et PR Wet Odt €
1 0 _
- 0= 0a0(er ) + Obr (6, = 2 [ (=) T (38)
I'1
< —min{0,1—-0}E(t) — C’oths(t).
This proves the second inequality in (3.60) with C = max{%, 1719, Co}>0. |

Remark 11. It is important to assume that the measure of 'y is positive, because otherwise
one cannot assure that the energy decays to zero for every finite energy solution of (3.10).
Indeed, let us consider the triplet (¢1,11,w1) given by

(¢1,91,w1) = (a,b, —az1 — bzs +¢),
for nonzero real constants a, b, c. We can see that ag(p1,11) = a1(p1, 91, w1) =0 and

Ly(¢1,%1,w1) = La(é1, 91, w1) = L3(¢1,¢1,w1) =0 in  Q,
Bi(¢1,9Y1) = Ba(¢1,¢1) = Ba(¢p1, 91, w1) =0 on Ti.
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Now, we consider the triplet (¢o, 0o, wp), independent of the time variable t, such that

wo = wy + g,
L1i(¢0, 0, wo) = La(po, Yo, wo) = L3(po, Yo, wp) =0 in €,
Bi(¢0,%0) = —v191, Ba(go, o) = —vetb1, Bs(¢o, o, wo) = —y3w1 on Ty,

with g € LQ(Fl). Thus, if we choose the constant ¢ > 0 large enough such that wy > 0, it s
not difficult to verify that

(¢, Y, w) = (P1, %1, w1)t + (¢o, Yo, wo)

is a solution of system (3.10). However, the energy associated to such solution satisfies

E.(t) = 5| 1o (|61 + [¥1]%) + phlwi|* + ao(Bo, o) + ka1 (do, o, w1 + g) | = const. > 0.

1 [ph?

2
Remark 12. When To N Ty # 0, we expected similar results if, at least, we consider the
geometric condition suggested in Remark 6 and damping terms {y1(m-v)ds, vo(m-v)g, y3(m-
v)w} instead of {y1¢t, Yotr, yswe}. In this case we must proceed as in Lagnese [65]. In this
issue and in the context of the wave equation, we can cite Komornik-Zuazua [62]. In these
works, the authors used results obtained by Grisvard in [51, 52].

Remark 13. Following the calculations presented in this work it is not difficult to observe that
a some nonlinear dampings can be chosen in system (3.12). In fact, it is a bit straightforward
to give suitable conditions for a nonlinear triplet {g1(¢¢), g2(¥r), gs(we)} of dampings in order
to have all the Theorems in this work still holding true. Indeed, if we consider dampings
{91(01), 92(¥r), g3(we)} instead of {y1¢r, v2tr, y3we} in (3.12), then the key point to prove
the theorems becomes to assure that the estimates (3.18),(3.20), (3.60), and a convergence
similar to (3.53), hold together. For this sake it is enough to choose differentiable functions
g1, 92, 93 : R = R satisfying

e gi(s)s>Cs* VseR, j=1,2,3.
o C1 <ygj(s)<Cy VseR, j=1,2,3,
1

for positive constants C,C1,Cy. For example, any multiple of the function gj(s) = se 1+s°
satisfies the conditions above.

3.5 Further comments and open problems

1. The lack of uniqueness is a particular characteristic of contact problems. Thus, although
the Mindlin-Timoshenko system having a unique solution when are considered Dirichlet
or Neumann type boundary conditions (see e.g. [66]), the uniqueness of solution for
(3.12) is a open question.
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2. It would be interesting to analyze whether the same stabilization results (Theorem 6
and its consequence (3.58)) hold considering the systems (3.10) and (3.12) with less
damping terms. To eliminate some of these dissipative terms is, in general, a difficult
task, especially when they act on the boundary. In this context, we can mention the
works [2, 4, 5, 12, 26, 44, 84] which have obtained stability for some hyperbolic systems
with less damping than equations. However, it is important to emphasize that in all of
them are considered internal dissipations.

3. Another interesting and difficult problem is to obtain the same result in Theorem 6
when the damping mechanisms act in an arbitrary small region of the plate. The
difficulty for this case, of course, consists in getting a unique continuation result for the
Mindlin-Timoshenko system. On this subject, we mention [27, 29, 49, 87, 91] which
have obtained decay rates for the energy of various hyperbolic systems considering both

linear and nonlinear localized damping terms.
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Boundary controllability of a
one-dimensional phase-field system
with one control force

M. Gonzalez-Burgos, G. R. Sousa-Neto

Abstract. In this paper, we present some controllability results for linear and nonlinear phase-
field systems of Caginalp type considered in a bounded interval of R when the scalar control force
acts on the temperature equation of the system by means of the Dirichlet condition on one of
the endpoints of the interval. For proving the linear result we use the moment method providing
an estimate of the cost of fast controls. Using this estimate and following the methodology
developed in [63], we prove a local exact boundary controllability result to constant trajectories of
the nonlinear phase-field system. To the authors’ knowledge, this is the first nonlinear boundary
controllability result in the framework of non-scalar parabolic systems, framework in which some
“hyperbolic” behaviors could arise.

4.1 Introduction

This work deals with the boundary controllability properties of a phase-field system of
Caginalp type (see [25]) which is a model describing the transition between the solid and
liquid phases in solidification/melting processes of a material occupying an interval:

\

b~ EBae + 5pEbar + L8 = 11(9) in Qr = (0,7) x (0.7)

bt — Efra — %9 = fa(¢) in Qr, (4.1)
0(0,-) =wv, ¢(0,")=¢, O(r,-) =0, ¢(r,-) =¢ on (0,T),

0(-,0) = o, ¢(-,0) = o in (0, 7).

Here, T > 0 is some final time, 6 = 6(x, t) denotes the temperature of the material, ¢ = ¢(x, t)
is the phase-field function used to identify the solidification level of the material, ¢ € {—1,0,1}
and the functions fi and fo are the nonlinear terms which come from the derivative of the

classical regular double-well potential W and are defined by

B =1 (6-0°) ad f@) =5 (6-4).

Besides, p > 0 is the latent heat, 7 > 0 represents the relaxation time and £ > 0 is the thermal
diffusivity. Finally, v € L? (0,T) is the control force, which is exerted at point z = 0 by means
of the boundary Dirichlet condition, and the initial data 6y, ¢ are given functions.
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The phase function ¢ describes the phase transition of the material (solid or liquid) in
such a way that ¢ = 1 means that the material is in solid state and ¢ = —1 in liquid state.
Observe that the temperature 6 of the material could be zero and this could occur with the
material in solid or liquid phase. On the other hand, the phase-field variable (5 does not have
a direct physical meaning. This is the reason we control the temperature 6 which, in fact, is
the unique variable with physical meaning.

The objective of this paper is to prove a null controllability result at time T for the
temperature variable 6 of system (4.1). If we consider the transition region associated to the
temperature, i.e., the set

T(t) = {x € (0,7): Oz, t) = o} :

then, the problem under consideration consists of proving that there exists a control v such
that the transition region associated to the temperature 6 satisfies T(T) = (0,7). It is
interesting to underline that in this case the material could be in solid phase (¢(-,T) =
1), liquid phase (¢(-,T) = —1) or in an intermediate phase (mushy) which corresponds to
<Z~>(-, T) = 0. In this work we are interested in showing the null controllability result at time T
for the temperature 6 but keeping the material in solid state, ¢ = 1, or liquid state, c = —1, at
time 7', that is to say, proving that there exists a control v € L*(0,T) such that system (4.1)
has a solution § = (0~, é) (in an appropriate space) such that

0(\T)=0 and ¢(-,T)=c in (0,7). (4.2)
We give a complementary analysis and results in the Appendix 4.6.2, where we deal with the
case where ¢ = 0.

As said before, the objective of this work is to study the controllability properties of
system (4.1). Let us observe that we are exerting only one control force on the system (a
boundary control) but we want to control the corresponding state § = (6, ¢) which has two
components. In fact, the second equation in (4.1) is indirectly controlled by means of the term
—25/7‘. On the other hand, (4.1) is a nonlinear system with nonlinearities with a super-linear
behavior at infinity. Therefore, we can expect a local controllability result at time T for this
system, that is to say, an exact controllability result to the trajectory (0,c) when the initial
datum (50, (2)0) is sufficiently close to (0,c¢) in an appropriate norm (see for instance [43, 34]
for similar results in the scalar parabolic framework).

System (4.1) is a particular class of more general n x n nonlinear parabolic control systems
of the form:

y+ — DAy + Ay = F(y) + Bvl, in Qr:=Q x (0,7),

y = Culr,, on Y := 00 x (0,7, (4.3)

y(,0) =wo in Q,
where w and I'y are, respectively, open subsets of the smooth bounded domain Q C R” and
of its boundary 092, D € L(R"), with n > 1, is a positive definite matrix, B,C € L(R™, R"),
with m <n, and A = (aij),; ;<,, € L(R") are given matrices. In (4.3), F' € Co(R™;R") is a

nonlinear given function. Unlike the scalar case, even in the linear case ' = 0, new difficulties
arise in the study of the controllability properties of (4.3). When m < n, the issue for this
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system is to control the whole components of the system with a control function acting, locally
in space or on a part of the boundary, only on some of them. We refer to |7] for a review of
results for the controllability problem of system (4.3).

The controllability properties of system (4.1) has been analyzed before in the N-dimensional
case (N > 1) when a distributed control supported in an open subset of the domain is exer-
ted on the system. The first local controllability results for a nonlinear phase-field system
controlled by one distributed control force are proved in [6] under certain restrictions on the
dimension N. In [50], the authors introduce a new approach to deal with the distributed null
controllability of some linear coupled parabolic systems that makes possible to generalize the
results in [6] to more general phase-field systems such as (4.1). Finally, in [42]| the authors
study the controllability of some (linear and semilinear) non-diagonalizable parabolic systems
of PDEs and provide some Kalman rank conditions which characterize the controllability pro-
perties in the linear case. In these previous works the null controllability result for the linear
and nonlinear problem uses in a fundamental way global Carleman inequalities for scalar pa-
rabolic problems. To our knowledge, this is the first time that the boundary controllability
properties of a nonlinear phase-field system are analyzed.

It is important to underline that in this work we are considering a boundary controllability
problem for a non-scalar parabolic system. As said before, in the study of these boundary
controllability problems new phenomena and technical difficulties arise. Let us briefly describe
them. In the linear case (F' = 0), it is well-known (see [41, 8, 9]) that the distributed (C' = 0)
and boundary (B = 0) controllability properties of system (4.3) are different and not equiva-
lent. In fact, the boundary controllability of system (4.3) could present “hyperbolic"behaviors
such as the non-equivalence between the approximate and null controllability or the existence
of a minimal time of controllability, i.e., the existence of Ty € [0, co] such that the system is
null controllable at time 7" if T' > Ty and it is not if T < Tp (see [9], [10] and the references
therein for more details). On the other hand, global Carleman inequalities seem not to be too
useful when we deal with boundary controllability properties of non-scalar parabolic systems
(see [8]) and this creates a new technical difficulty: we want to obtain a nonlinear boundary
controllability result without having global Carleman estimates for the corresponding adjoint
systems to linearized versions of system (4.1).

As noted above, the decision of exerting the control force on the temperature variable 6
was taken because it is the only variable in (4.1) with physical meaning. Indeed, the values of
é determine the material phase and, consequently, imposing a boundary control for qg would
mean that specific phases for the material on the boundary are maintained throughout the
solidification process (which is not an usual situation in practice). On the other hand, exerting
the control on the boundary in the temperature variable can be seen as having a regulable
external source which heats/cools down the material at point x = 0. From the physical point
of view, this boundary control is more interesting than a distributed control supported on an
open subset of the domain (internal source).

The main objective of this work is to provide an exact controllability result of system (4.1)
to the constant trajectory (0,c) with ¢ = £1 (the case ¢ = 0 follows the same structure of the
case ¢ = *+1, so it will be dealt with in Appendix 4.6.2). Observe that the nonlinearities f;
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and f2 in (4.1) can be written as

6 =~Lo- =L+ Lo+ Lo,
1

Fa8) = 5= (6~ ) =~ (6~ ) F (9~ — (6~ )"

and therefore, performing the change of variable (6, ¢) = (0, ¢ — ¢), system (4.1) becomes

00— Ebus + 30600 — -0+ 20 = g1(6) inQr,
Pt — EPaa + %Gﬁ - %9 = g2(9) in Qr, (4.4)
0(07 ) =, (b(ov ) = 0(”7 ) = ¢(7T7 ) =0 on (OvT)7

\ 0(’0) = ‘90’ ¢(’O) = ¢0 in (Ovﬂ-)a

where (09, ¢o) = (0o, do — ¢) and the functions g; and g are given by

1

Eqﬁi‘. (4.5)

With the previous change of variables in mind, the exact controllability to the trajectory

3 : 3
01(0) = £ 20+ L6* and a(0) = F5-¢” -

(0,¢) of system (4.1) at time T' > 0 is equivalent to the null controllability at the same time
T of system (4.4). In order to prove the null controllability at time 7" > 0 of system (4.4), we
will rewrite the controllability problem as a fixed-point problem for a convenient operator in
appropriate spaces. To perform this fixed-point strategy, we will first study the controllability
properties of the following autonomous linear system:

et - fexa: + lpf(bzr - £¢ + 89 =0 in QTv
21 ) 2T T
Gt — Ebaz + ;Qf) - ;9 =0 in Qr, (4.6)
0(07 ) =, @(0, ) = 0(7T7 ) = ¢(7T7 ) =0 on (OaT)>
9(70) = 007 ¢(70) = ¢0 in (0,71'),

which is a linearization of system (4.4) around the equilibrium (0,0). System (4.6) can also
be written in the vectorial form

yt_Dyxm+Ay:f in QT>
y(07 ) = BU, y(ﬂ-a ) =0 on (07T)7 (47)
y(vo) = Yo, in (077T)7

With Yo = (90, ¢0>, f = (0,0) and

1 £ _L
p=|% %) a=| 7, ¥ | B:(l). (4.8)
0
0 ¢ -2 -
T T

We will see that, for every v € L?(0,T), f € L*(Qr;R?) and yy € H (0, m;R?), sys-
tem (4.7) possesses a unique solution defined by transposition which satisfies

v € LAQrRY) N C (0.7 H(0.7:R2).
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and depends continuously on the data v, f and yg. Observe that the previous regularity
permits to pose the boundary controllability of system (4.6) in the space H1(0,m; R?).

Let us present our first main result: the boundary approximate controllability at time
T > 0 of system (4.6). One has:

Theorem 7. Let us consider &, p and T three positive real numbers and let us fix T > 0.
Then, system (4.6) is approzimately controllable in H=1(0,m; R?) at time T if and only if one
has

7202 — k)2 —2pr(P +k*) —2p—1#0, Vk(>1, 0>k (4.9)

Remark 14. Condition (4.9) characterizes the approzimate controllability property of sys-
tem (4.6). Thus, (4.9) is a necessary condition for the null controllability of this system at
time T > 0. Observe that this condition is independent of the final time T'. We will also see
that condition (4.9) is equivalent to the following property (see Proposition 8): “The eigenva-
lues of the vectorial operators

L=—-D0y;+A and L*=-—-D*0p, + A", (4.10)

with domains D(L) = D(L*) = H?(0,7;R?) N H} (0, 7;R?), have geometric multiplicity equal
to one”. Thus, condition (4.9) is a Fattorini-Hautus criterium for the boundary approrimate
controllability of the linear system (4.6) (see [38]).

In this work, we will also analyze the null controllability properties of system (4.6). In
this sense, one has:

Theorem 8. Let us us fir T > 0 and consider £, p and T, positive real numbers satisfying (4.9)

and 1
p .

— = > 1. 4.11
3 s Vi > (4.11)

Then, system (4.6) is exactly controllable to zero in Hil(O, ;s RZ) at time T > 0. Moreover,
there ezist two positive constants Co and M, only depending on &, p and T, such that for any
T > 0, there is a bounded linear operator

e H1(0,mR?) — L*(0,T)

satisfying
0
||C(T)HL(H—l(o,mW),L?(o,T)) < CoeMIT, (4.12)
and such that the solution

y = (0,0) € L*(Qr;R*) N C°([0, T); H1(0, m; R?))

of system (4.6) associated to yo = (Ao, ¢o) € H (0, m;R?) and v = C;U) (yo) satisfies y(-,T) =
0.

Remark 15. From the results stated in [6] and [50], il is well known that the linear sys-
tem (4.6) is approzimate and null controllable at any time T > 0 and any positive &, p and T,
when the scalar control v € LQ(QT) acts on the temperature equation of (4.1) as a right-hand

73



side source supported on an open subset w of the domain. These distributed controllability
results are independent of condition (4.9) and only use the cascade structure of system (4.6).
Nevertheless, this cascade structure is not enough when one deals with the boundary control-
lability of non-scalar problems (see for example [[1], [8], [9], ... ). Again, the approzimate
and null controllability results stated in Theorems 7 and 8 show the different nature of the
controllability problem of scalar or non-scalar parabolic systems.

Remark 16. Theorem 8 also provides an estimate of the cost of the control for system (4.6)
that drives the system from an initial datum yo = (0y, ¢o) € H (0, 7;R?) to the equilibrium
at time T > 0. To be precise, under assumption (4.9) and (4.11), Theorem 8 implies that the
set

Zr(yo) := {v € L*(0,T) : y = (0, ¢) solution of (4.6) associated to yo satisfies y(-, T) = 0},

is nonempty for any T > 0 and any yo = (Ao, o) € H (0, m;R?). We can then define the
control cost for system (4.6) as

K(T)= sup ( inf ||U||L2(0,T)) , VIT'>0.
lyoll=1 \vEZT(wo)
Observe that as a direct consequence of Theorem 8 and inequality (4.12), we can obtain
the following estimate of this cost for system (4.6) at time T > 0:

K(T) < CyeT, VT >0, (4.13)

where Cy and M are positive constants only depending on the parameters in system (4.6)
(see [81] and [40] for similar results in the scalar parabolic framework).

Remark 17. As said before, condition (4.9) is equivalent to the simplicity of the spectrum
of L and L*. We will see in Proposition 8 that condition (4.11) implies a stronger property
of the spectra of L and L*: If we denote {Ag}r>1 C (0,00) the sequence of eigenvalues of the
operator L, with Ay, < Axy1 for any k > 1, then, there exist 6 > 0 and an integer ¢ > 1 such
that

Ak — Ayl > 6 [k* —n?|, Vk,neN, |k—n|>q. (4.14)

This gap condition for the spectrum of L is crucial for proving the null controllability at any
positive time T of system (4.6) with control cost satisfying the estimate (4.13) for positive
constants Cy and M only depending on &, p and T (for similar results, see [39] and [64]).

In the case in which assumption (4.11) does not hold, that is to say, if for some integer

7 >1 one has
Lp
f - P;a
then, the eigenvalues of L (and L*) concentrate (see Remark 22) and the gap condition (4.14)
18 not valid. In fact, one has

inf AL — Ay =0.
pf 1A = Al

In [9], the authors proved that when the eigenvalues {Ay}r>1 of the operator L = —D0yy + A
concentrate, the controllability problem for system (4.7) (f = 0) has a minimal time Ty €
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[0, 00| of null controllability which is related to the condensation index of the sequence. Even
in the case Ty = 0 (and therefore, system (4.6) is null controllable for any T > 0), without the
separability assumption (4.14), providing an estimate of the control cost KK(T') with respect to
T > 0 1s an open problem.

Remark 18. For proving Theorem 8 we will use the moment method, introduced in [39] for
proving the boundary controllability of the one-dimensional scalar heat equation. To this end,
we will carry out an analysis of the properties of the eigenvalues of L which will imply ine-
quality (4.12) and estimate (4.13) for the control cost of system (4.6). These two inequalities
are essential for proving the controllability property of the nonlinear system (4.1).

Let us now present the local exact controllability result to the trajectory (0,¢) (¢ = £1)
for the nonlinear system (4.1). This is our third main result. One has:

Theorem 9. Let us consider {, 7 and p three positive numbers satisfying (4.9) and (4.11),
and let us fitr T > 0 and ¢ = —1 or ¢ = 1. Then, there exist € > 0 such that, for any
(B, $o) € H7H(0,7) x (¢ + Hy (0,7)) fulfilling

Boll1r-s + 190 — cll sy < =, (15
there exists v € L*(0,T) for which system (4.1) has a unique solution
(6,9) € [L*(Qr)n C°([0,T]; H'(0,m;R?))] x C°(Qr)
which satisfies (4.2).

Theorem 9 establishes a local exact boundary controllability result at time 7' for the
nonlinear system (4.1) when the parameters &, p and 7 satisfy (4.9) and (4.11). Similar
distributed controllability results! have been proved in the N-dimensional case, without any
assumption on the parameters, using the cascade structure of the system (see [6] and [50]).
As in the linear case (4.6), this cascade structure is not enough for dealing with the boundary
controllability of system (4.1).

We end the presentation of our main results with some remarks.

Remark 19. Following [63], Theorem 9 will be proved using a point-fived strategy. The
key point in its proof will be a boundary null controllability result for the non-homogeneous
system (4.7) when the function f is in an appropriate weighted-L? space. In turn, this null
controllability result for (4.7) will use in a crucial way the estimates (4.12) and (4.13).

Remark 20. The main results established in this paper only deal with the boundary controlla-
bility of linear or nonlinear systems in space dimension one. This restriction is mainly due to
the fact that in its proofs we will use the moment method. In general, the boundary controllabi-
lity of parabolic systems in higher space dimension remains widely open and only some partial
answers are known in the linear setting. To our knowledge, the only results on this issue are
those of [3], [4] and [21]. In the two first articles, the results for parabolic systems are deduced

"The distributed control acts as a source in the temperature equation.
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from the study of the boundary control problem of two coupled wave equations using transmu-
tation techniques. As a result they rely on some geometric constraints on the control domain.
In [21], the author characterize the boundary null-controllability of system (4.3) in the linear
case (B =0 and F =0) when Q is a cylindrical domains of the form Q = (0,7) x Qo (Qg is
a smooth domain of RN, N > 1) and I'g := {0} x wy (w2 is an open subset of Qo) without
imposing geometric constraints on wq. It is important to highlight that these results use that
the diffusion matriz D is a multiple of the identity matriz. The boundary controllability of
systems (4.1) and (4.6) in the N-dimensional case is completely open.

The rest of the paper is organized as follows: In Section 4.2, we give some existence
and uniqueness results for the linearized versions of the phase-field system (4.1) and we recall
some known results on existence and bounds on biorthogonal families to complex exponentials.
Section 4.3 is devoted to studying the spectral properties of the parabolic operators L and L*
given in (4.10). In Section 4.4 we prove the controllability results for the linear problem (4.6):
In Subsection 4.4.1 we prove the approximate controllability result at time T for system (4.6)
(Theorem 7) and in Subsection 4.4.2 the corresponding null controllability result (Theorem 8).
Theorem 9 is proved in Section 4.5. Before (Subsection 4.5.1), we prove a null controllability
result for the non-homogeneous system (4.7) when f belongs to appropriate spaces. As a
consequence, we provide a proof of Theorem 9 in Subsection 4.5.2. We finish this paper with
two appendices. In Appendix 4.6.1, we prove the existence and uniqueness result for the
linearized system (4.7) and for its backward formulation. In Appendix 4.6.2 we give some
additional results on the null controllability of the phase-field system (4.1), that is to say, we
deal with the case ¢ = 0 (see (4.2)).

4.2 Preliminary results

In this paper we will use the following notations for norms. If X is a Banach space, the
norms of the spaces L?(0, T; X) and C°([0, T]; X) will be respectively denoted by ||-|| .2 (x) and
| [lcocxy- We will also work with the spaces L2(0,m;R?), H}(0,7;R?) and H~ (0, m; RY),
with norms denoted by || - |2, || - HH01 and || - ||g-1. On the other hand, we will use (-,-) for
denoting the usual duality pairing between H~'(0,1; R?) and Hj(0,1; R?).

Finally, throughout the paper C will stand for a generic positive constant that only depends
on the coefficients &, 7 and p in system (4.1), whose value may change from one line to another.
Frequently, we will use the notation C'r when it is convenient to specify the dependence of
the generic constant with respect to the final time 7.

In this section we will give some results related to the existence, uniqueness and continuous
dependence with respect to the data of the linear problem (4.7). To this aim, let us consider
the linear backwards in time problem:

—pt = D*pyy + A"p =g in Qr,
SD(()) ) = 90(777 ) =0 on (07T)7 (416>
90('7T) = ¥o in (0777)7

where D and A are given in (4.8) and ¢y and g are functions in appropriate spaces.

76



Let us start with a first result on existence and uniqueness of strong solutions to sys-
tem (4.16). One has:

Proposition 4. Let us assume that oo € HY(0,m;R?) and g € L*(Qr;R?). Then, sys-
tem (4.16) has a unique strong solution

p € C°([0,T); Hy (0,m; R?)) 0 L*(0, T3 H(0,m; R?) N Hy (0, 75 R?)).
In addition, there exists a positive constant C, only depending on D and A, such that

Ielleng) + 191 ceqaznmy < €T (lllzaeey + ol ) - (4.17)
In view of Proposition 4, we can define solution by transposition to system (4.7).

Definition 1. Let yo € H (0, m;R?), v € L*(0,T) and f € L*(Qr;R?) be given. It will be
said that y € L*(Qr;R?) is a solution by transposition to (4.7) if, for each g € L*(Qr;R?),
one has

T
[ iz =weton- [ BDvaouw s [[ fopded s
Qr 0 Qr

where ¢ € C°([0,T]; H} (0,7 R?)) N L*(0,T; H*(0, m; R?) N HY(0,7;R?)) is the solution of
(4.16) associated to g and @o = 0 (recall that (-, -) stands for the usual duality pairing between
H~1(0,1;R?) and H}(0,1;R?)).

With this definition we have:

Proposition 5. Let us assume that yo = (0o, ¢0) € H (0, m;R?), v € L*(0,T) and f €
L*(Q7;R?). Then, system (4.7) admits a unique solution by transposition y = (6, ¢) that
satisfies

y € LQ(QT;R2) N C’O([O,T]; H_I(O,W;RQ)), Yy € LQ(O,T; (H2(0,7T;R2) N H&(O, W;R2))/),
Yt — Dyae + Ay = f in L*(0,T; (H*(0,m; R?) N Hy (0, m; R?))"),
y(-,0) =yo in H_I(O,w; R2),

and

lyllzzr2) + 1yl coca—) + el L2 (menmyy < CeT (llyoll g1 + vl 2.7y + 111l 2r2y) »
(4.19)

for a constant C > 0 only depending on the parameters &, p and T in system (4.7). Moreover

(a) If ¢o € L*(0,7), then ¢ € L*(0,T; H3(0, 7)) NC°([0, T); L*(0,7)) and, for a new constant
C > 0 (only depending on &, p and T), one has

6l L2 gy + I@lcocrzy < C (Iylleecee) + lgollcz + 11l 2ze)) - (4.20)

(b) If o € HY(0,7), then ¢ € L*(0,T; H*(0,7) N HY(0,7)) N C°([0, T]; HY (0, 7)) and, for a
new constant C > 0 (only depending on &, p and ), one has

161l Lo arznmyy + Il coqayy < € <||yHL2(L2) + @0l g1 + HfHL2(L2)) ; (4.21)

and, in particular, y = (0,6) € L*(Qr) x C*(Qr).
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One can prove Propositions 4 and 5 using, for instance, the well-known Galerkin method.
For the sake of completeness we present an idea of the proof of this two propositions in
Appendix 4.6.1.

Observe that, when g = 0, the backward problem (4.16) is the corresponding adjoint
system to (4.6):

—Pt — D*szvac + A*QD =0 in Qr,
©(0,:) = p(m,-) =0 on (0,7), (4.22)
90('7T) = %o in (077T)'

The controllability properties of system (4.6) can be characterized in terms of appropriate
properties of the solutions to (4.22). In order to provide these characterizations, we need a
new result which relates the solutions of systems (4.6) and (4.22). One has:

Proposition 6. Let us consider yo = (0o, ¢o) € H (0, m;R?) and v € L*(0,T). Then, the
solution y = (0, ¢) of system (4.6) associated to yo and v, and the solution ¢ of the adjoint
system (4.22) associated to po € H(0,7; R?) satisfy

T
(A B*D*,(0, 1)o(t) dt = (y(, T), %0) — (g0, #(-,0))- (4.23)

Proof: The proof is a consequence of Proposition 5. Observe that is enough to prove
that (4.23) holds under the regularity assumption yo € C3(0,7;R?) and v € C}([0,7]). In-
deed, using density arguments, the estimates of Proposition 5 and the linearity of (4.6), it
follows that the identity (4.23) is valid for all yo € H'(0,m;R?) and v € L*(0,T).

On the other hand, when yo € C3(0,m;R?), v € C*([0,7]) and @y € Hg(0,;R?), after
some integrations by parts, it is not difficult to prove that the corresponding solution y of (4.6)
and ¢, solution of the adjoint system (4.22), satisfy equality (4.23). This ends the proof. =

One important consequence of the previous result is the characterization of the approxi-
mate and null controllability properties of the linear system (4.6) in terms of suitable proper-
ties of the solutions of the adjoint system (4.22). One has:

Theorem 10. Let us consider T > 0. Then,

1. System (4.6) is approximately controllable at time T > 0 if and only if the following
unique continuation property holds:

“Let g € H&(O,T(;R2> be given and let ¢ be the corresponding solution of the
adjoint problem (4.22). Then, if B*D*¢,(0,t) =0 on (0,T), one has v9 =0
in (0,7).”

2. System (4.6) is null controllable at time T if and only if there exists a constant Cp > 0
such that, for any po = (0o, ¢0) € Hi(0,7;R?), the corresponding solution of (4.22)
satisfies the observability inequality

T
oG T3y < Cr [ 1B D er(0.0f d

This result is well known. For a proof see, for instance [32], [86] and [89].
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Remark 21. The constant Cr appearing in the observability inequality for the adjoint sys-
tem (4.22) is closely related to the cost IC(T') for system (4.6) (see Remark 16). To be precise,
if the observability inequality holds, then Z(T) # 0, for any yo = (6o, ¢o) € H (0, R?),

and
K(T) < \/Cr.

On the other hand, assume that Z(T) # 0, for any yo = (0o, ¢9) € H1(0,m;R?), and
define KK(T') as in Remark 16. Then, the previous observability inequality for (4.22) holds
with Cp = K(T)?.

For a proof of the previous properties, see for example [32] (see Theorem 2.44, p. 56), [89]
or [86].

We will finish this section given two known results which will be used later. They are
related to the existence and bounds of biorthogonal families to real exponentials. One has:

Lemma 1. Let us consider a sequence {Ay}r>1 C Ry satisfying Ay # Ay, for any k,n € N
with k # n, and
1
> <o (4.24)

k>1 0k

Then, there exists a family {qr}r>1 C L*(0,T) biorthogonal to {e_A’“t}kzl, i.e., a family
{qr}Ye>1 in L*(0,T) such that

T
/0 gr(t)e™M'dt = 65, Vk,j > 1.

We also have:

Lemma 2. Let us consider a sequence {Ax}r>1 C Ry such that A, # Ay, for any k,n € N
with k # n. Let us also assume that there exist an integer ¢ > 1 and positive constants p, §
and o such that

‘Ak’_AnIZ(;{kQ_nQ‘a Vk,’I’LGW, |k;_n‘2q,

inf ‘Ak — An‘ > 0,
k#n, |k—n|<q

(4.25)

and
lpvr = N(r)| <a, Vr>0. (4.26)

(In (4.26), N (r) is the counting function associated to {Ay}r>1, defined by N(r) = #{k :
Ax < r}). Then, there exists Ty > 0 such that, for any T € (0,Ty), we can find a family
{qr}rx>1 C L*(0,T) biorthogonal to {e ™}~ which in addition satisfies

C
gkl z2(0,m) < CeCVMFT k> 1,

for a positive constant C independent of T .

A proof of Lemma 1 can be found in [39] and [8]. On the other hand, Lemma 2 is a
particular case of a more general result proved in [21] (see Theorem 1.5 in pages 2974-2975).
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4.3 Spectral properties of the operators L and L*

Let us consider the vectorial operators L and L* given in (4.10), with domains
D(L) = D(L*) = H*(0,7;R?) N H} (0, 7; R?).

This section will be devoted to giving some spectral properties of the operators L and L*
which will be used below. Recall that the matrices D and A are given in (4.8).
In what follows, for simplicity, we will use the notation

1 2
Py = \/gpk? n <”+> . VE> 1 (4.27)
T 2T

On the other hand, it is well-known that the operator —d,, with homogeneous Dirichlet boun-
dary conditions admits a sequence of positive eigenvalues, given by {k;Q}kZl, and a sequence
of normalized eigenfunctions {ny}x>1, which is a Hilbert basis of L*(0, ), given by

ne(z) = \/Zsin kx, x € (0,m). (4.28)

With the previous notation, we have the following result:

Proposition 7. Let us consider the operators L and L* given in (4.10) (the matrices D and
A are given in (4.8)). Then,

1. The spectra of L and L* are given by o(L) = o(L*) = {)\;(Cl),)\;(f)}kzl with

+1

+1
)\1(61) _ ka n PQT P

e AP = 4 o T VE21, (4.29)
where 1y is given in (4.27).

2. For each k > 1, the corresponding eigenfunctions of L (resp., L*) associated to )\]E}) and

)\22) are respectively given by

1 1—p—+27r 1 1—p—27r
v < pom T ) g 0 e, (4.30)

k= ‘I’k =
4\/Try 4 N 4

(resp.,

o _ 1 ! S ! m). (431)
k 47 \ p— 14277 ’ k 47 \ p—1=211y

Proof: We will prove the result for the operator L. The same reasoning provides the proof
for its adjoint L*.
Using that the function n is the normalized eigenfunction of the Dirichlet laplacian in

(0, 7) associated to the eigenvalue k2, it is not difficult to check that the eigenvalues of the
operator L correspond to the eigenvalues of the matrices

k*D+ A, Vk>1.
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The associated eigenfunctions of L are given under the form Uy (-) = zni(-), where z, € R?
is the associated eigenvector of k2D + A.
Taking into account the expression of the characteristic polynomial of k2D + A:

§

1
p(fﬂ)=$2—<2€k2+p+ >x+§2k4+kz2, k> 1,
T T

a direct computation provides the formulae (4.29) and (4.30) as eigenvalues and associated
eigenfunctions of the operator L. This finishes the proof. ]

Let us now analyze some properties of the eigenvalues and eigenfunctions of the operators
L and L*. These properties will be used below. We start with some properties of the sequences
{)\g)}kzl and {)\](f)}kzl- One has

Proposition 8. Under the assumptions of Proposition 7, the following properties hold:
(P1) {/\;(gl)}kzl and {)\;(f)}kzl (see (4.29)) are increasing sequences satisfying
0< AWM <A? vk > 1
(P2) The spectrum of L and L* is simple, i.e., )‘l(f) #* /\él), for all k, 0 > 1 if and only if the
parameters &, p and T satisfy condition (4.9).

(P3) Assume that the parameters &, p and T satisfy (4.11), i.e., there exists j > 0 such that

1 P 1p
= —=. 4.32
Grorr S 32
Then, there exists an integer ko = ko(&, p,7,7) > 1 and a constant C = C(§, p,7,7) >0
such that . ) ) )
Al(ﬂlj < )\l(v) < )‘/(f—i)-l-i-j < )‘l(f—i)-l <o, VE 2 ko, (4.33)
: (2) (1) @ (2) .
min D =ML -0 > c

(P4) Assume now that the parameters £, p and T satisfy (4.9) and (4.11). Then, one has:

~ 2) _ ()
kl,?zfl Ay =AM >0, (4.34)

and there exists a positive integer k1 € IN, depending on &, p and T, such that

\@

2
) _ \@

4

) )

min{‘A,(j) — Al A2 Ag”‘} > gW 2, VR >, k0] > k.

(4.35)

Proof: Let us start proving property (P1). From the expressions of /\S) and )\,(f) (see (4.29)),

we directly get )\](Cl) < )\,(3) for any k£ > 1. On the other hand, using the inequality

1\? 1 1\? 1
rk_\/’fpku(” ) <\/§2k4+2£k2p2+ +<p+ ) :gk%%, Vk > 1,
T T

2T 2T T

we also deduce 0 < )\,(Cl) for any k£ > 1.
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Let us now prove that {)\S)}@l and {)\22)}@1 are increasing sequences. Indeed,

2
Nl =4 = €(2k+1>+\/5pk2+<”2+71> \/5p(k+1)+(P2+Tl>

2% + 1
= €2k +1) - 5’) i
1)2 ¢ 112
g2 4 (—”; ) + 4/ 2(k +1)2 + (—”2T )
—e@2k+1)|1-72 ! — 0,
T

Ve (52) 20 e (2)

as k — oco. Moreover,

1 1\? 1 1
pay (2H1) 5p(l<:+1)+ PEZ) s LeE PP
T 2T 2T 2T 27 T
(1) —/\S) > 0, for any k > 1. Thus, {)\](Cl)}k:21 is a positive increasing sequence.

k+1
Clearly {/\g)}kzl is also a positive increasing sequence and )\,(jzl — /\(2) — o0, as k — oo.

which implies A

This proves property (P1).

Let us now see property (P2). Using property (P1), one has that, for any integers k, ¢ > 1
with ¢ < k, clearly )\él) < )\S) < )\lf . Therefore, in order to prove the equivalence we can
assume that £ > k. We have

A = A? = 2 2 (T — > .
T p

Te — Tk

Thus)\ 75)\ for any k,¢ > 1, with ¢ > k, if and only if
2 %
r; # rk+; , Vk£>1, >k

From the expression of ry, (see (4.27)) we readily deduce 213, > P and ET(0—k*)—p+277), > 0
T
(£ > k). So,

2 42y P P (&r(® —k*) — p)2 — 4y
(- 2) ] - £ o

p 27202 — k)2 — 267p(0? — k?) — p? — 4&1pk?® —2p — 1
T2 ET(02 — k%) — p+ 271y,

p 27207 — k)2 — 267p(L? + k) —2p— 1

72 ET(2 —K2) — p+ 271y ’

and we get that )\ 7é /\ ) for any k,¢ > 1, with £ > k, if and only if condition (4.9) holds.
This finishes the proof of property (P2).

In order to prove property (P3), we are going to use the expressions

1 1
1):§k2+%—\/%’0k—%, A;Q):§k2+%+\/i—pk+%, VE>1, (4.36)
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which can be easily deduced from the expressions of )\g), i = 1,2, and ri (see (4.29)
and (4.27)). In (4.36), {€x}x>1 is a new positive sequence satisfying

, 1/p+1\* 7
lim €, = — —.
k—o0 2 2T £p

Using (4.36), we will prove that, for any ¢ > 1, the difference AL /\f) behaves at infinity

k+i
* (1) (2)
A AL L p
lim Zkti Tk _ 4.
P &i(2k +1) i2ér 70 (4.37)

Indeed, a simple computation gives

1) @ _ NN 94 N A TN R A0
Nt — A = &i(2k + 1) = (2k +1) ri & = &i(2k +1) [1 Zer ek],

where {Eg)}kzl is a sequence converging to zero. From assumption (4.11) we can con-
clude (4.37).

We will obtain the proof of property (P3) from (4.37). Observe that assumption (4.11)
implies that the parameters &, p and 7 satisfies (4.32) for an appropriate integer j > 0.
Therefore, if j = 0, then, £ > g and (4.37) implies lim (A,(jjl - A,(f)) — 0. On the other

hand, one has lim ()\22) - )\](Cl)) = lim 2r; = oo. Thus, there exists an integer kg > 1 and a

k—o0 k—o0

constant C' > 0 such that (4.33) holds for j = 0.
If 5 > 1, again, the property (4.37) implies

lim ()\(1) )\( )> =—o00, ifi<j and hm ()\( )

k—o0 kti k—o0 kti

— Al )) o, ifi>j+1.

We can also conclude the existence of an integer kg > 1 and a positive constant C' such
that (4.33) holds. This shows property (P3).

Let us finalize the proof showing property (P4). First, inequality (4.34) is a direct conse-
quence of property (P2) and (4.33). Secondly, if we take k,¢ > 1, from (4.36), one deduces:

1 [ép 1 €k n €r
Tk+0  E(k2-—102)  ((k*—12)

1
> 2 _ 2 _ é;p -
> & |k “[1 (\/T+|€k\+!€z\ ]

Observe that {e;}r>1 is a convergent sequence and k + ¢ > |k — ¢|, for any k,¢ € IN. Hence,

I(c AN -
’)\1) )\(1)’ €|k — 2|

there exists a integer g1 > 1 (depending on the parameters of system (4.6)) such that
‘)\,E}) f AS)‘ > g K2 — |, Yk (e N, |k—{]>q.

A similar inequality can be deduced for a new g9 € IV if we change )/\](91) — )\él)) by ‘)\,(f) — /\f) ‘
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Finally, if we repeat the previous reasoning, we can write
Ep 1 €k €
1 SE
Nrr—iTreE—e e —e

1 1 1
>¢|R2 -2 |1 - o1 - — .
> el 1= (24 Y+ )

Again, from this inequality we conclude the existence of g3 = g3(§, p,7) € IN such that

i(f A -
‘)\2) )\(1)‘ 5‘1@2 €2|

AP -] Zg‘;&_g% Vk L€ N, |k—{] > gs.

This proves inequality (4.35) if we take k1 = max{qi,q2,q3}. This completes the proof of
(P4) and the proof of the result. [
Remark 22. If condition (4.11) does not hold, i.e., if for some integer j > 1 one has

Lp
5_]72;7

then, the gap condition (4.34) is not valid. Indeed, from (4.36) we deduce

(1) 2 _ €k+j €L
)\k+j—)\k __<k:+j+k>’ VE > 1.

In particular ({ex}r>1 s a positive sequence), AW )\,(62) for any k> 1 and

k+j
: (1 @) _
i () <o

In this case, we can rearrange the sequence {)\1(61)7)\1(62)}]?21 as follows: there exists an integer
ko > 1 such that

A <AL <P VE > k.

The previous inequality can be directly deduced from (4.37).

Let us now check that the sequence of eigenvalues of L and L* fulfills the conditions in
Lemma 2. We will do it in the next result:

Proposition 9. Let us assume that the parameters &, p and T satisfy (4.9). Then, the sequence
{)\,(41),)\22)};{21, given by (4.29), can be rearranged into an increasing sequence A = {Ag}r>1
that satisfies (4.24) and A, # Ny, for all k,n € IN with k # n. In addition, if (4.11) holds,
the sequence {Ay}r>1 also satisfies (4.25) and (4.26).

Proof: As a consequence of property (P1) in Proposition 8, we deduce that the sequence of
eiegenvalues {)\,(gl), )\,(3)}@1 can be rearranged into a positive increasing sequence A = {Ag }r>1
that satisfies (4.24). Under assumption (4.9), we can also apply property (P2) of the same
proposition and conclude that the elements of the sequence A are pairwise different.

Let us now assume that, in addition, the parameters £, p and 7 also fulfill condition (4.11).

In this case, we can give an explicit rearrangement of the sequence {)\(1), )\f)}kzl. Indeed, if
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j > 0is such that the parameters satisfy (4.32), property (P3) in Proposition 8 provides an
integer ko > 1 for which one has (4.33). Thus, if 1 < k < 2kg+ j — 2, we define Ay such that

{Arhzheonori—z = A Hckerorit U A higharo-1s
Ap < Apy1, Vk:1<k<2k+j—3

From the (2kg + 7 — 1)-th term, we define

» (4.38)

{ Aoko+j+2k—1 = )\,%)Jrﬁk, VEk > 0,
Aokgtjtok = )\,(COHC, Vk > 0.

Clearly, A = {Af}r>1 is an increasing sequence and {Ag}r>1 = {)\g), )\f)}kzl. Furthermore,

thanks to (4.34) in Proposition 8, the sequence A also satisfies the second inequality in (4.25)
for every g > 1.

Our next task will be to prove the first inequality of (4.25) for appropriate ¢ > 1 and
0 > 0. It is interesting to underline that it is enough to prove the existence of ¢ € IN and
& > 0 such that one has

A — Ap| >0 |k? —n?

, Vk,n>gq, |k—n|>gq. (4.39)

Indeed, let us see that the first inequality in (4.25) is valid for ¢ > 1 and a new positive
constant §. Observe that we can assume that k¥ > n > 1. Hence, it is sufficient to prove (4.25)
with £k >n > 1, withn < g—1and k —n > q. First, it is clear that if in addition k& < 2q,
thanks to (4.9), we can conclude inequality (4.25) for an appropriate positive constant dy.

Let us now take k > n > 1, with n < ¢ —1 and k > 2¢ (and therefore, k — n > q).
From (4.39) and using k > ¢+n>qg+1,1<n<g—1and k — q > q, we have

e _nQ]

k2 — n2

_ 2 2 - 2 _
2316 | [1 - ] 281 ) e

Ak — Al = Ap — Ap > A — Ay > 6 |k% — | = 6 |k* — n?] [1—

\ T (gr12-1
Summarizing, assuming (4.39), we have deduced the first inequality in (4.25) for ¢ > 1 and

. g(2q+1)
6= mlﬂ{éo, (q—+-:|_)2—1} > 0.

Let us show (4.39) for suitable § >0 and g € IN. To this aim, we will use the proper-
ties (4.33) and (4.35), in Proposition 8, and the expression of Ay for k > 2kg+j—1 (see (4.38);
recall that j > 0 is such that the parameters £, p and 7 satisfy (4.32)). We will work with
q € IN given by

g > max {2ko +j — 1,2k +2j+ 1,65 + 3} (4.40)

Thus, if k,n € IN are such that k,n > g and |k — n| > ¢, then Ay, and A,, are given by (4.38).
Depending on the expressions of k and n, we will divide the proof of (4.39) into three steps:
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1. Assume that k = 2ky +j + 2k — 1 and n = 2ko + j + 27 — 1, for k,7 > 0. Since

~ _ 1
‘(k:o—l—j—i—k)—(ko+j+n))=§|k—n|2

N[

> kl,

from (4.38) and (4.35), we can write

Ay — An| = ‘)\ — AW

~\ 2
. L2
kot i 4T Ko+ j+7 ko—i—j—i—k) — (ko +j+n)

=
_é )2 : 5 2 § 2
—8(k+1+])—(n+1+j) \k —n? +2(k —n)(1+7)| > 2 |k* —n?|.
We obtain thus the proof of (4.39) for § = £/8 and ¢ given by (4.40).

2. The case k = 2kg + j + 2k and n = 2ko + j + 2n, with %,ﬁ € IN, can be treated in the
same way deducing (4.39) for § = /8 and ¢ (see (4.40)).

3. Let us analyze the last case k = 2ko+j + 2k and n = 2ko+j+2n—1 (with 75, neN),
k,n > q and |k — n| > q, with ¢ satisfying (4.40). In this case, one has

~ ~ 1 1 1 1 1 1

— ] = |= — — == >=lk=-—n|l—-l74+=)>=qg—74+=] >
)(k‘o-i-k) (ko—l-j—i-n)‘ ’2(14: n)—j 2‘_2|k n| <j+2>_2q <]+2>_k17
whence

_ M)
Ap — Ayl = ‘Ak+k DY

5‘ ko+k (k0+j+ﬁ)2‘:
:g‘kz_nz_[Qj(k:+1)+2n(1+j)+1”'

Observe that if & < n, from the previous inequality, we conclude (4.39) for for 5= ¢/8 and ¢
given by (4.40). Let us now see the case k > n (and then, k —n = |k — n| > ¢). The previous
inequality allows us to write

Ap— Anl = SR =02 — [2j(k + 1) + 2n(1 4+ j) + 1]

v

(k* —n?®) — [2j(k+ 1) + 2n(1 + 7) + 1]

1—

_ S 2j(k+1)+2n(1+j)+1]
| k2—n2
[ 2(k+1)+2n(1+j5)+1
2§ (=) g (k+n) ]

Y

O Covn Q0 v OO v OO
—

(]{2—712) 1_2j_w_1:| Z£<k2—n2).

Let us remark that the last inequality is valid thanks to (4.40).

In conclusion, we have proved the existence of a natural number ¢ > 1, depending on the
parameters in (4.6), such that (4.39) holds for 6 = £/16 and ¢ provided by formula (4.40). As
a consequence, one also has (4.25) for a new 6 > 0 and the same q.

Let us now show the estimate (4.26) for the sequence A = {Ag}p>1 = {/\g),/\g)}@l.
From the definition of the sequence A, for any r > 0, we can write:

Nr)=#{k: A\, <r} = #{k : /\,(:) < T}—i—# {k: : )\](3) < 7‘} = #A:1(r) +#Aa(r) = n1 +no,
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where A;(r) = {k : )\,(f) < r} and n; = #A,(r), i = 1,2. Our next objective will be to give
appropriate bounds for n; and no.
From the definition of A;(r) and nj, we deduce that ny is a natural number which is

N

characterized by )\%11) <rand )\Sl 41 > 1. Let us first work with the inequality )\;11) < r. From
the definition of )\,(91) (see (4.29)), one gets

+1 +1)\2 +1
§1+p?< +\/§p 2+<p ) <r-+ g—pm—i—p .

T 2T T 2T

The previous inequality also implies

§n%—\/§n1—r§0,
s (2 )< )

(1)

From the inequality A, ", ; > 7 we also deduce,

and

r<&(m+1)>? +'0+1—\/§p(n1+1)2+<p+1
2T T

2
. ) < &(ny +1)2,
-

that is to say, ny > \/F/\/E — 1. Summarizing, ni is a nonnegative integer such that

VT Voo [p

Y l<m <Y+

G Ve Ve

We can repeat the arguments before for obtaining upper and lower bounds for ns. Indeed,

vr > 0. (4.41)

from the definition of As(r) and na, we get that ng is a natural number that satisfies )\gi) <r

and )\5122) 41 > 7. The first inequality provides the estimate

r> A2 >l de, np<

SIS

On the other hand, n9 is such that

+1
0<A;?H—rgg(n2+1)2+\/%p(n2+1)+pT -

sl

whence

z[ W 1




In the last inequality we have used that va — b > v/a — Vb provided a,b > 0 and a > b. In
conclusion, we have proved that no is a nonnegative integer such that

é—&(ﬁﬂ/?’p:ﬁ—lgnggg, Vr > 0. (4.42)

Recall that N () = n1 + n2. Thus, from inequalities (4.41) and (4.42), we can write

2 1 p 3p+4 2 0
N r—wg(\ﬂﬂ/ . >—2§N(r)§\/g\/7~+\/;, Vr >0,
and deduce (4.26) with

2 and a—maxd L[]0y /3t ’
p—\/gad a—a{2\/g<\/:+ - >—|—2,\/;}.

This ends the proof. ]
We will finish this section giving a result on the set of eigenfunctions of the operators L

and L*. It reads as follows:

Proposition 10. Let us consider the sequences F = {\I/,(fl), \Il,(f)}kzl and F* = {<I>,(€1), @,(62)}/@1
given in Proposition 7. Then,

i) F and F* are biorthogonal sequences.
i) F and F* are dense in H™1(0,7;R?), L*(0,7;R?) and H}(0,m;R?).
ii) F and F* are unconditional bases for H—'(0,m;R?), L*(0,m;R?) and H}(0,7;R?).

Proof: From the expressions of \P,gj) and <1>,(€j) (see (4.30) and (4.31)) we can write
W () = Vi (- d o)) =vim(), j=12 k=>1
k ( ) Jyknk( )7 an k ],k77k( )’ J s 4y = 1,

where Vi, V' € R? (the function 7 is given in (4.28)).

Ttem ) is simple to deduce, since {n}x>1 is an orthogonal basis for H~1(0,7), H3(0,)
and L?(0,7) (in this last case, an orthonormal basis) and {Vj x, Vo }x>1 and Vi Vo bt
are biorthogonal basis of R?. Indeed, if My, = [V ;|Va] and Ny = (Vi V5'y ], then,

M{"Ny = MyN} = 1d, Yk > 1.

This proves item 7).

For showing item ii) we only need to assure that F and F* are dense in H{ (0, w; R?), since
HJ(0,7;R?) is dense in L?(0,m;R?) and in H1(0,7;R?). Let us consider f = (f1, fo)" €
H~1(0,7;R?) such that

<f,\lf§j')> —0, Vk>1, i=1,2.

(Recall that (-, -) stands for the usual duality pairing between H (0, 1; R?) and H{ (0, 1; R?)).
If we denote f;; (i = 1,2) the corresponding Fourier coefficients of the distribution f; €
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H~'(0,7) with respect to the sinus basis {rj;(-) }x>1, then the previous equality can be written
under the form

(fik, fo) My =0, VEk>1.

Using that det M} # 0 for any k > 1, we deduce fi = for = 0, for all £ > 1 and, therefore,
f = 0. This proves the density of F in H}(0,7;R?). A similar argument can be used for F*.
This shows item 7).

Let us now prove item 7). As before, we will only prove that F is an unconditional basis
for H} (0, m; R?). This amounts to prove that, for any f = (fi, f2)" e H(0,7;R?), the series

s() =3 ({8 r)w? + (8, 1) w?)

k>1

is unconditionally convergent in Hg (0, 7; R?). From the definition of the functions \Iil(f) and
<I>,(;) (see (4.30) and (4.31)), it is easy to see that

s -3 (4 )

k>1

where f; . is the Fourier coefficient of the function f; € H}(0,7) (i = 1,2). Accordingly, this
series converges unconditionally in Hj (0, 7; R?) (recall that {nk}r>1 is an orthogonal basis for
H}(0,7) and fi1, fo € H}(0,7)). This concludes the proof of the result. [

4.4 Approximate and null controllability of the linear system (4.6)

We will devote this section to proving the approximate and null controllability at time
T > 0 of system (4.6). To this aim, we will use in a fundamental way the properties of the
spectrum of the operator L (see (4.10)) established in Propositions 7, 8 and 9. Firstly, we will
show the result on approximate controllability of the linear system (Theorem 7) and then the
null controllability at time 7' of the same system (Theorem 8).

4.4.1 Approximate controllability: Proof of Theorem 7

Let us fix T > 0 and consider system (4.6) with &, p,7 > 0 given. Let us first assume
that system (4.6) is approximate controllable at time 7. In this case, condition (4.9) holds.
Indeed, otherwise, thanks to property (P2) of Proposition 8, the spectrum of the operator L
is not simple, i.e., there exist k,¢ > 1 such that )\,(f) = )\((51) = Xg. Thus, if we take a,b € R,
it is easy to see that the function

o(x,t) = <a <I>§1)(ac) + b@?(x)) e T () e Qr,
is the solution of the adjoint system (4.22) associated to the initial condition
0o = a®) + b3
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This function satisfies (see (4.8) and (4.31))

D*©,(0,1) 5,/ ( — - > e M=yt e (0,T).
k

/
a=— and b=

NG N

we have that B*D*p,(0,-) = 0 but ¢¢ # 0, contradicting the unique continuation property

Choosing

stated in the first point of Theorem 10. In conclusion, system (4.6) is not approximately
controllable at time T" > 0.

Let us now suppose that condition (4.9) holds and prove the unique continuation pro-
perty for system (4.22). Again, from the first point of Theorem 10 we infer the approximate
controllability property of system (4.6).

Let us consider g € HJ (0, ) and assume that the corresponding solution ¢ to the adjoint
problem (4.22) satisfies

B*D*p,(0,t) =0, Vte (0,7).

Observe that, thanks to Proposition 4
@ € C°([0,T); HL(0,7;R?)) N L2(0, T; H*(0, 7;R?) N HE (0, 7; R?)),

and then, B*D*p,(0,-) € L*(0,T).
From Proposition 10, ¢g can be written as g = Z <ak<I>,(€1) + b;&I’?) , where
E>1

ar =0 00), b= (80 00), VE=1
Using Proposition 7, the corresponding solution ¢ of system (4.22) associated to ¢g is given
by
(1) (2)
o(,t) = Z (akq)l(fl)e_kk (T—t) 4 bqu,(f)e_Ak (T_t)) , Yte(0,7),

k>1

where )\,(;), \11,(:) and @,(gi) (k> 1,i=1,2) are given in Proposition 7. Therefore,

. 2k AW 2@ (-

0= B*D*p,(0,t) = Z Ti (ake A (T=1) _ e~ (T t)), vt e (0,T).

From Proposmon 9, we can apply Lemma 1 in order to deduce the existence of a biorthogonal
(1) (2)

family {qk ,qk }k>1 to {e” Ak t) A t)}kzl in LQ(O,T). Then, the previous identity, in

particular, implies

2K ak:/TB*D*%(o gVt dt=0, Vk>1

T /TTk 0 Sk ’ =

2 k& T 2)

z by = — | B*D*.(0,t tYdt =0, Vk>1,
\/;m k /0 2 (0,1) g7 (8) dt = 0, Vk =

and ar = by = 0 for any £ > 1. In conclusion, ¢y = 0 and we have proved the unique
continuation property for the solutions of system (4.22). This ends the proof of Theorem 7.
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4.4.2 Null controllability: Proof of Theorem 8

Let us now prove the null controllability result stated in Theorem 8. To this aim, we
consider &, p and 7 three positive real numbers satisfying assumptions (4.9) and (4.11). We
will obtain the proof writing the controllability problem for system (4.6) as a moment problem
(see [39]).

Let us take yg = (6o, o) € H 1(0,7;R?). As a consequence of Proposition 6, we have
that the control v € L?(0,T) is such that the solution y = (8, ¢) € C°([0,T); H (0, m; R?))
of system (4.6) satisfies y(-,T) = 0 if and only if v € L%(0,T) fulfills

T
/ B*D*SOx(O,t)’U(t) dt = _<y03¢("0)>7 \V/SDO € H(%(Ovﬂ-a RQ)a
0

where ¢ € CY([0, T]; H} (0, m; R?)) is the solution of the adjoint system (4.22) associated to
wo. Observe that from Proposition 10 we can deduce that the previous equality is equivalent
to

T
/OB*D*gp,gf;( A= (w0 (,0), VE21 j=12

() . .
where 90(])( 1) = e MW (T_t)q)](j) is the solution of system (4.22) corresponding to g = <I>](j).
Taking into account the expressions of B, D and @,(j) (see (4.8) and (4.31)), we infer that
v e L*0,T) is a null control for system (4.6) associated to yo if and only if

2 k T . ; .
(UJH\f ¢ [T gyt = T (o, #)) VE 21, =1
T A\/TTE

Summarizing, we have transformed the null-controllability problem at time 7" > 0 for
system (4.6) into the following moment problem: given yo = (6o, ¢o) € H (0, m;R?), find
v e L*(0,T) such that the function wu(t) := v(T —t) € L*(0,T) satisfies

T .
)
/ e ty(t) dt = ki, Vk>1, j=1,2, (4.1)
0
where ¢i; = cx;(yo) is given by

]+1\/gv7—rk /\<])T<y <I>()>, VE>1, j=1,2. (4.2)

Our next task will be to solve problem (4.1). The assumptions (4.9) and (4.11), Propo-
sition 9 and Lemma 2 guarantee the existence of Ty > 0 such that for any 7" € (0,7) there

1) (2)
exists a biorthogonal family {qk y 4, )}k> to {e M 1 e M }psq in L2(0,T) which satisfies

€]
<COVNTT vk >1, j=1,2, (4.3)

%’
Hk L2(0,T)

for a positive constant C' independent of T

Let us first prove the result when T € (0,7p). Then, a formal solution to the moment
problem (4.1) is given by

u(t) =0T =) =3 (g +eaq”) (4.4)
E>1
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Let us now prove that u € L*(0,T) and, consequently, that v € L?(0,7). From the
expressions of ry, )\,(CJ) and <I>,(€J) (see (4.27), (4.29) and (4.31)) we can easily deduce the existence
of constants C, C, Co > 0 such that

Cik <1, < Cok, Cik?< ]Afj)‘ < Cok?, chfj"

<CK?, Vk>1, j=1,2,
Hyg

and, from (4.2),

C _\W ; 2@ .
sl < 2 e T ol @], < RN ol vE21 =12
0

Coming back to the expression of the null control v (see (4.4)) and taking into account (4.3)
and the previous inequality, we get

(1) (1) (2) (2)
vl z2(0,7) < Ce%HyO”Hfl Z <ec\/§e—kk T 4 OV N T>

E>1
c 2 1, (1) Cc? 1,2 (2
SC@THyOHH,l E <62T+2/\k T o=, T—|—e2T+2)‘k T oA, T)
E>1

o0
< Cetyollg— Y e ™ < Cetlyoll g /0 e T ds = % e ol
k>1
< Coe [yl
(4.5)
for positive constants Cy and M independent of 1. This inequality shows that v € LZ(O,T)
and proves the first part of Theorem 8.
The second part is a direct consequence of the expression of the null control v (see (4.4))
and (4.5). Indeed, if we define the operator C(TO) : H710,m;R?) — L*(0,T) by

e (o) == 3 (emwo)al (T =) + cpalyo)a (T =), Vyo € H™(0,m R?),
E>1

with cg; = cxj(yo) given by (4.2), it is not difficult to see that CI(P) is a linear operator which
satisfies (4.12) for a positive constants Cp and M. This ends the proof of Theorem 8 when
T e (0, T’o)

Let us now assume that 7' > fg. We will obtain the proof as a consequence of the previous
case. Indeed, if T' > Ty we can construct a null control at time 7' for system (4.6) associated
to yo € H1(0,m; R?) as

(0) . T
e, (o) () ifte [o, o

Clearly C(TO) eL (H_l(O,W;RQ), LQ(O,T))

< Co M/ |lyo|| g1 = Cillyol| g

HC(TO) (yo))

L2(0,T)
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with C] a new positive constant independent of T. So, we can conclude (4.12) for a new
positive constant Cp (only depending on the parameters in system (4.6)) and the same constant
M > 0 as before. This finishes the proof of Theorem 8.

4.5 Boundary controllability of the phase-field system

In this section we will prove the exact controllability at time 7" > 0 of the phase-field
system (4.1) to the constant trajectory (0,c), with ¢ = £1. To this end, we will perform a
fixed-point strategy which will use in a fundamental way a null controllability result for the
non-homogeneous linear system (4.6) (f € L*(0,7;R?) is a given function in an appropriate
weighted-Lebesgue space; see (4.2)).

4.5.1 Null controllability of the non-homogeneous system (4.6)

As said before, our next objective will be to show a null controllability result for non-
homogeneous system (4.6) when yo = (6o, ¢0) € H~'(0,7;R?) and f is a given function
satisfying appropriate assumptions. To this end, we will follow some ideas from [63].

Let us consider £, p and 7 three positive real numbers satisfying hypotheses (4.9) and (4.11).
The starting point is Theorem 8 and Remark 16. As a consequence, we obtain an estimate
for the cost of the null control of system (4.6). With the notations of Remark 16, one has

M
T Y

K(T)< CyeT, VT >0,

with Cy and M two positive constants only depending on &, p and 7.
In order to provide a null controllability result for the non-homogeneous problem (4.7) at

M
time 7" > 0, we will introduce the functions y(t) :=e ¢ , V¢t > 0, and, for ¢t € [0,T7],

_ b2(a+1)M _ aM 1
pr(t) i=e O-DI=t)  p(t):=e O-DI-t) vt e [T <1 — b2> ,T} , (4.1)

extended to [0,7(1 — l/bg)] in a constant way. Here a,b > 1 are constants that will be chosen
later. Observe that v, pr and pp are continuous and non increasing functions in [0,7] and

p#(T) = po(T) = 0.
With the previous functions, we also introduce the weighted normed spaces

F = {f € L*(Qr;R?) : pj; € L2<QT;R2>}, V= {v e L*(0,T) : % € L2<0,T)} :

Vo = {y € LX(Qr;R?) : pﬁ € LZ(QT;RQ)} :
0

V= {y € L*(Qr;R?) : % € L*(Qr) x CO(QT)} :
(4.2)
It is clear that F, V and ) are Hilbert spaces. For instance, the inner product in F is given
by

(Fus fo)r = // P21 fi(a,t) - folw t) dudt, Vfy, fo € F.
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A similar definition can be made for (-,-)y and (-,-)y,. On the other hand, ) is a Banach
space with the norm
) ) 1/2
ylly = (llys/pol22iqr + v/ polloig,))  + 9= (u1,32) €Y.
With the previous notation, one has:

Theorem 11. Let us consider &, p and T three positive real numbers satisfying (4.9) and (4.11).
Then, for every T > 0, there exist two bounded linear operators

SV H0,mRY) x F»V and EY : HY(0,mR%) x F = W

such that
(i) ¢y’ < Cef0 ) and B < 0O+ fo
L(H=1(0,mR2)xT.V) L(H=(0,m;R2)x F,))

a positive constant C' independent of T'.
(13) E(Tl) = EFEFO) ‘HA(OJ)X%(O,W)X]: € L(H Y0,7) x HL(0,7) x F,Y) and, for a new cons-

tant C > 0 independent of T, one has HEFEFI)H < CC(T+7)
K(H_l(O,ﬂ)XH(}(OJr)X]:,y)
(iii) For any (yo,f) € H™'(0,m;R?) x F (resp., (yo, f) € H '(0,7) x Hy(0,7) x F), y =
E,_(ZE))(y(], f) € o (resp. y = Eépl)(yo,f) € Y) is the solution of (4.7) associated to (yo, f)
and v = C(Tl)(yo, f)-

Remark 23. Before giving the proof of this result, let us underline that Proposition 11 provides
a null controllability result for the non-homogeneous system (4.7) when yo € H1(0,m; R?)
and f € F. Indeed, since py is a continuous function on [0, T satisfying po(T) = 0, it is clear
that
) 0 -1 . R2
y_ET (yO7f)ey0ﬂC ([OaTLH (Ovﬂ-aR))v

solves (4.7) and satisfies y(-,T) = 0 in H~ (0, m; R?).

Proof of Theorem 11:
Let us consider a,b > 1 and T > 0. With the previous definitions and notations, we define

the sequence
T

1—‘1621—‘—1)*14:7

vk > 0.

From the definition of the functions py and pr (see (4.1)) and the expression of Ty, one has
M

PO(Tk—i—Z) = p]_‘(Tk)eTk+2_Tk+1, vk > 0. (43)

This formula will be used in what follows.

Let us take yo = (Ao, do) € H1(0,m;R?) (resp., yo € H1(0,7) x H}(0,7)) and f € F.
Thus, we introduce the sequence {aj}r>0 C H (0, m;R?) (resp. {ax}r>0 € H *(0,7) x
HY0,7) if yo € H1(0,7) x H}(0,7)) defined by

ao = Yo, Ok+1 = gk(Tlc_+1>v vk > 0,
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where g is the solution to the linear system

Yt = Dijaw + Ay = in (0,m) X (Thy, Th41) := Qi
@(0, ) = g(ﬂv ) =0 on (Tk’? Tk’—i—l) (44)
@(-,T,j) =0 in (077{-)7

(the matrices D and A are given in (4.8)). From Proposition 4, it is clear that this system

admits a unique solution
Gk € L*(T, Tyr; H?(0,m) 0 Hg (0, 7)) N C([Ty, Tr11]; Ho (0, 75 R?))

which satisfies (4.17). In particular, 7 € C%(Q,; R?) and ayy1 € H (0, m; R?), for any k > 0,
and
Gkl cog, ey + laksill < TNz @z VE >0, (4.5)
where C' is a positive constant only depending on the coefficients of D and A.
For k£ > 0, we also consider the controlled autonomous problem

Ut — DYpe + Ay =0 in Qg,
y(()? ) = B’Uk, :l)(ﬂ', ) =0 on (Tka Tk+1) (46)
yA(vT]:r) = ag, g(’aTk;_l) =0 in (Oaﬂ-)’

where the control vy is given by vy = C%lll_Tk(ak) € L*(Ty,Typ41) (the linear operator

(0)
Tkr1—Ty

system satisfies

Jo € L*(Qo; R?)  (resp., o € L*(Qo; R*) N CY([0, Tu]; H~1(0,7) x H}(0, 7)),
Uk € L*(Qr; R?) N CO([Ti, Tta]; H (0, 70) x HJ(0,7)), Vk>1

is given in Theorem 8). Thanks to Proposition 5, the solution ¢ of the previous

and, from (4.19) (resp., (4.21)), (4.5) and Theorem 8§,

M
1901l 2(@oir2) < €™ (lvoll -1 + llvollz20m)) < Co e ™ [lyol| -1
X T At
(resp., ”y0HL2(QO)XCO(@0) <Cpe TeTl HyOHH*1><H01)7
and, for any k > 1,

M
1981l 20,y x oo,y < €T (HakHHfle& + HkaL2(Tk:Tk+1)) < Coe“T e 17T | fll r2(um2)-

If we set Yy := g + U5 in Qi = (0,71’) X (TkaTk—i-l)y then

Yp € L*(Qo;R?)  (resp., Yo € L*(Qo; R?*) N CO([0,T1); H~1(0,m) x Hg (0, 7)),
Yi € L2(Qr; R?) N CO([Th, Trey1]); H1(0,7) x HY(0,7)), VE>1

and

M
HYOHL2(Q0;R2) < CeTem (HyOHH* + HfHL2(Q0;R2))

M
(TeSp~, ||YO”L2(Q0)><CO(§0) < C€CT6T1 (”yo“H*1XH6 + ”fHL2(Qo;R2)) )7 (47)

M
Yl 22 (@uyxco@,) < C et~ || fll 2gum2), Yk > 1.
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Let us divide the proof into two cases: the case k = 0 and the case k > 1.
Case k = 0. First, from Theorem 8, we can use that bT7 = T'(b—1) to obtain (recall that
—cv

Yo 7, (Y0))

M Mb(at1)
lvollz2(0,m) < Coe™ [lyoll g = Coe ®=DT po(T1)|yoll g1

Using now that pg is a positive continuous non-increasing function, from the previous estimate,
we deduce the existence of a positive constant C' such that

Vo

c
<CeT|yolls-1- (4.8)
Po

L2(0,TY)

On the other hand, from (4.7),
cr At
1Yol L2(geir2) < Ce“ ™ (llyollg-1 + £l 22(Qom2))

Mb(a+1)
= Ce“Te =T po(Th) (lyoll -1 + 11 22(qoi)) -

Mb(at1)
(TeSp~, ”YE)HL2(Q0)><CO(60) < C€CT6 G-DT PO(Tl) (HyOHH*lXH& + Hf||L2(Q0;R2)>)'

Observe that | f||12g:r2) < |If|l7 (see the expression of pr in (4.1)). Hence, repeating the

previous argument, we get

Y 1
' " < 0 eCT41) (lyoll g + If15)
PO llL2(Qo;R2) (4.9)
\% 1 '
(esp. |2 <) (ol + 1£117)).
POl L2(Qo)xCO(@Qy)

Case k > 1. Again, taking into account formula v = CC(F(;)C)H—T;C (ar), Theorem 8, (4.5)
and (4.3), we infer

M M
[kl 2 (1 101y < C €Tt T ||ag]| g1 < C T T || ]| 12, im2)

or Po(Tk+1)
=Ce m”.f“LQ(Qk—1§R2)'

As in the case k = 0, using the fact that pg and pr are non-increasing functions, from the
previous inequality, we deduce

S

pF

Vk
0o

< CefT
L2(T,Tr41)

k> 1 (4.10)
L2(Qu-1iR?)

We can also repeat the previous argument to obtain an estimate for Y; when k£ > 1.
From (4.7),

0 eCT p0(Th+1)
1

M
o CT T —T, _
1Yill 200 xco@,) < C e e || fll L2 (@um2) = o (T )”fHLQ(Qk;RQ)

po(Tk+1
< 0T W(T;))ufrmk;m)?
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what implies

‘ Ye <CefT s , Yk >1. (4.11)
POTIL2(Qr)*CO(@y) PF L2 (QuiR?)
With the functions vg and Y, k£ > 0, defined above, we define
1 0
C(yo, f) = v = > vkl g, and EV(yo, f) =Y = > Vil rin) (4.12)
k>0 k>0

where 17 is the characteristic function on the set I. Let us first remark that, by construction,
Cél) and EFE,?) are linear operators. On the other hand, recall that Y = g + g%, k£ > 0, where
Ur and 7 are respectively the solution to systems (4.4) and (4.6). So,

Yk:(T];rl) = Ak+1 = Yk+1 (T]j+1) = Yk+1(T]€++1)’ Vk > 0,

which implies that the function Y is continuous at time T}, for any £ > 1, and is the solution
of system (4.7) associated to (yo, f,v).
Finally, thanks to (4.8)—(4.11), we also deduce that Cél)(yo, f) € Vand E;O)(yo, f) e

(resp., E (yo, ) € V) forany (yo, £) € H (0, RY)x F (resp., or any (yo, f) € H-1(0,m)
H}(0,7) x F) and
1
e, D], = lvlhy < Ce“T) (ol + 1115),

[P 0. D, = 1Yy, < Ce“C ) (lwolla—s +1£117). Viwo.S) € H (0. m:B?) x F.

(resp.,
|50, D], = Wlly < e+ (lol-smy + 1717,
Y(yo, f) € H1(0,7) x HL(0,7) x F).
The above estimates provide the proof of Proposition 11. This ends the proof. [

4.5.2 Proof of Theorem 9

We will devote this section to proving the local exact controllability at time 7" > 0 of the
phase-field system (4.1) stated in Theorem 9. To this objective, let us take

jo = (0o, ¢0) € H~(0,m) x (¢ + Hy (0, ))

(¢ = £1). As we saw in Section 4.1, the local exact controllability of system (4.1) at time T’
to the constant trajectory (0,c¢) is equivalent to the local null controllability of system (4.4)
at time T with yo = (6o, ¢o) = (6o, do — ¢) € H~1(0,7) x HE(0,7) (the nonlinear functions
g1 and g2 are given in (4.5)).

Let us take a,b > 1 (which will be determined below) and consider the functions pr and
po, defined in (4.1), and the spaces F, V and ) given in (4.2). In order to prove the local
null controllability result at time T for system (4.4) we will perform a fixed-point strategy
in the space ) which, in particular, will prove the existence of a control v € V such that
system (4.4) has a solution y € Y associated to (v,yo). The condition y € Y will imply the
null controllability result for this system.
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Let us fix € > 0 (to be determined bellow). With the previous data and notations, we
consider the closed ball in the space F

Be={feF:|flr<e}.

Observe that if the initial datum o € H1(0,7) x (¢ + H} (0, 7)) satisfies (4.15), then yo =
(60, o) = (B0, b0 — ¢) € H(0,7) x HE(0, ) satisfies

16ollz-1 + lIdollmz < e (4.13)

For each f € B. C F, we denote vy = C;l)(yg, f)eVandyy = (05, ¢5) := E(Tl)(yo,f) e,
where the operators Cgrl ) and E;l) are given in Theorem 11. As a consequence of this result
and (4.13), one has

1 1 —
lyslly + llvglly, < 0 eC(T+7) <||yOHH_1><Hé - ||f||f> <0cef(T1) e, VfeB., (4.14)

for a positive constant C' = C(&,p,7). Thus, we define the nonlinear operator A : B, —
C%(Qr;R?) given by (see (4.5))
£224% 1 L g3
N(f) = 3, 1. | (4.15)
?ZQSf - quf
It is clear that the operator N is well-defined. On the other hand, if N' admits a fixed point
f € F, then yr € Y, together with vy € V, provides a solution of the system (4.4) associated
to the initial datum yo = (6o, ¢0). In fact, from Proposition 5, y¢ € ([0, T); H1(0, ; R?)).
Finally, condition y; € C°([0,T]; H*(0,m;R?)) N Y in particular implies the null controlla-
bility result for system (4.4). This would prove Theorem 9.
The next task is to prove that the operator A has a fixed-point in the complete metric
space B, C F. To this end, we will apply the Banach Fixed-Point Theorem. Before, let us

v e <1,2a>.
a+1

With this choice, the functions pg/pr and pj/pF are uniformly bounded in [0, 7], i.e., there

select any a > 1 and b such that

exists a constant Cr > 0, depending on T', such that

2
PF

< C7p.

co,T]

|2
PF

< Cr and H

C0[0,T]
Let us now check the assumptions of the Banach Fixed-Point Theorem:
1. N(B.) C B.: Indeed, if f € B., then, from (4.14), we obtain

N ¢2 ¢3
Wllr <or |20 e (|2 %
rF o0 @e) PPles@n 17 lleo@n
2 2 3 3
<Oy \f’o o +‘po o5
PFllco@r) 11 PO llco@y) PFllco@p Il Pollco@r)

1
< cr (sl + lysll3) < Cre®@Hh) (2 4 8%) <
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for € = ¢(T") small enough.

2. N is a contraction map: Let us take fi,fo € B. C F and denote y; = (0;,¢;) =
E(Tl)(yo,fi) € Y, i = 1,2. Firstly, observe that the non linearity (g1,¢2), given in (4.5),
satisfies

19j(51) = gj(s2)] < Clls1l* + |saf* + [s1] + [s2])]s1 — 52|, Vs1,80 € R, j=1,2.
Thus, using again (4.14) and Theorem 11, we have
IN(f1) =N (f2)ll 7

2
SCTZ

J=1

9i(¢1) — 9(¢2)

pF

Co@Qr)

< COr |22 (161 + 162l + 16n] + o) 1222
PF Cc%(Qr)
2 2 3 2 -
SCT<¢1 +¢>z>po+(vn+¢z)po H¢ o2
PO pol ) pr polpol) 7oy Il Po llco@y)

<Cr (||y1||§; + lly2ll3 + iy + ||y2||y) HEFEFI)(ZJO, fi) = E(Tl)(yo7f2)Hy
< Op C(T+7) (E+e) i — follr-

From this inequality it is clear that we can choose ¢ = £(7) (small enough) in such a way
that AV is a contraction map.

In conclusion, we can apply the Banach Fixed-Point Theorem. This proves that the
operator A/ has a fixed-point and provides the proof of Theorem 9.

4.6 Appendix

This section is devoted to prove the appendices.

4.6.1 Appendix A

This appendix will deal with the existence and uniqueness of solution of the linear sys-
tems (4.16) and (4.7). To be precise, we will prove Propositions 4 and 5.
Proof of Proposition 4: Let us assume that ¢o € HZ(0,7;R?) and g € L?(Q7;R?). Let
us denote g = (6o, o) and g = (g1, g2). Then the system (4.16) can be write as

2 .
O — O+ 20— Zp=g in Qr,
T T
1 p 1 .
61— Ebua + 5PSbee — 30+ 6 = g2 in Qr,
T T

9(07 ) = ¢(07 ) = 0(777 ) = ¢(7‘-7 ) =0 on (O7T)a
00.T) = by, 6(-T) = do in (0.7)
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2
where ¢ = (6, ¢). On the other hand, £0,, = —0; + Py —¢ — g1. Thus, the previous system
T T

becomes

0, €0, - 20+ P0= g in Qr,
T T
I YT (4.16)
9(07 ) = ¢(Oa ) = 0(71-7 ) = ¢(7T7 ) =0 on (O>T>>
9(7T) == 907 ¢(7T) = ¢0 in (0777)7

Then, Proposition 4 is equivalent to prove that the system (4.16) has a unique strong
solution (6, ¢) satisfying

6, ¢ € C°([0,T); HL(0, 7)) N L*(0,T; H*(0,7) N H (0, 7))
and

10llcocrzy + @l oy + 1100 Lo arznmyy + €Ml Lo (ar2nmy)

(4.17)
< e (llgall ez + lg2ll 2z + Wollzy + lolly ) -

for a positive constant C, only depending on &, p and 7.

We will use the well-known Faedo-Galerkin method. First, let us consider the orthonormal
basis {nn},c v of L*(0,7) (n, is the normalized eigenfunction of the Dirichlet-Laplace ope-
rator, see (4.28)). For each m € N, we consider V,,, = [n1,72, -+ , ], the subspace generated
by the first m vectors of {9, }nen. Let us also consider P,,, the orthogonal projection operator
onto the finite-dimensional space V;, in L*(0,7). If we define

00' = Pubo, @5 = Pmdo, 97'(,t) = Pngi(-,t) and g3'(t,-) = Pnga(t,-),  (4.18)
one has 05", 7" € Vi, and g7, g5 € L*(0,T;Vyy), for any m € IN, and

05" — 60, &' — doin Hy(0,7), and g¢{" = g1, g5 — g2 in L*(Qr), asm — oc.
(4.19)
We want an approximate solution (™, ¢™) € C°([0,T); V;2) of the approximate problem

2 .
—O0 — €0, — Zom + Lom = g in Qr,
T T
m m P ym p— 1 m p(p B 1) m P m mo o
—O = &0y — SO — "+ 0" = gl + gy I Qr, (4.20)
0m(0,-) =¢"™(0,:) =0"(m,-) =" (m,-) =0 on (0,7,
0m(7T) = 96n7 ¢m(7T) = ¢7On in (0,7T),

under the form
0" (2, ) = 3 gy (@), 6@, t) = 3 Bm(Ony(@) (a,) € Qr.
j=1 j=1
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It is clear that, for any m > 1, system (4.20) is equivalent to a Cauchy problem for a linear
ordinary differential system for the variables oy, and B, 1 < j < m. In consequence, sys-
tem (4.20) admits a unique solution (™, ¢™) € C°([0,T]; V;2) with (81, ¢*) € L*(0,T; V).

The proof of Proposition 4 can be easily deduced from appropriate estimates of the ap-
proximate solution (0™, ¢"™) of system (4.20).

If we multiply the first equation in (4.20) by —£6;", the second one by %gbm, we integrate
on the interval (0,7) and we add both equalities, we get,

i Piam2 1d m|2 Pam m " pfd m|2 25 m|2
[ (5ioe = 2 emey -~ Lopon ) ane [T (<25 Loy + Elor?) ao

T 2(p—1 T 2 —1
0 T 0 2T T

:
™ 2 s

e A N (R P
0 TJo \2

Applying the Cauchy-Schwarz inequality in the previous equality, we obtain

Py gm 28, m d (1. m PE 1 ym Pigm
5”9t ('70”%2 + 7H¢z ('70”%2 - @ <TH¢ ('70”%2 + ZHG:D ('7””%2 < ZHet (')t)H%Q
+C (10" 0T + 6™ 072 + g7 ¢ Ol + g5, 1)I72) , ae. t € (0,T),

for a constant C' > 0 depending on the parameters £, p and 7. Using Poincaré inequality, it
follows

m m d m m
16 OIZ2 + 165 C e = 2 (1™ (D72 + 105 C- 1)1 72)
< C (10" DI + 107 C I + gt (D7 + 195 (- 1))

C(T—t)

for a new constant C' > 0. the previous inequality by e~ and integrating in the interval

[t,T], with t < T, we have
T
/t e T (07, s)M172 + 100 (o 9)l[72) ds+ e T (™07 + 105, 1)]132)

T
< g8 2e + 1105222 + / e T (| g (-, ) 122 + |98 (-, 5) 1 22) ds.

o(T—t)

Finally, multiplying the previous inequality by e and taking maximum with ¢ € [0, 7],

we can deduce
107132y + 167 22y + 16™ [Bozz) + 167 2o (sm,
< T (6132 + 168711253 + 197" 1320y + 195" 320 ) (4.21)
< T (llgol2z + 18013y + 911132 + 921320 ) -

Observe that in the previous inequalities we have used (4.18).
Let us notice that, from the first equation in (4.20),

1

m m_ 2 .m Pom
HemeLQ(QT)*E _et —;ff) +;9 — 01

L*(Qr) (4.22)
< T (llgol22 + 18012 + 9111320y + lo2l32(0r) ) -
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From (4.21) and (4.22), we get that the sequences {6™} _pv and {6;"} _py are respec-
tively bounded in L?(0,T; H?(0,7) N Hg(0,7)) N C°([0,T]; H}(0,7)) and L?(Qr). Then,
there exist a subsequence, still denoted {#™}en, and a function 6 € L°°(0,T; H(0,7)) N
L*(0,T; H*(0,7) N H3(0, 7)) such that 6; € L*(Qr) and

{ 0™ 560 weakly-* in L>(0,T; Hj(0,7)), 67" — 60, weakly in L*(Qr), (423

0™ — 0 weakly in L*(0,T; H*(0,7) N HL(0,)).
Observe that the previous regularity for function 8 also implies 6 € C°([0,T]; H:(0,7)).

In order to deal with ¢, let us multiply the second equation in (4.20) by —¢}" and
integrate on the interval (0, 7). After an integration by parts, we deduce

m 1d m P " m m p—1 " mm
A O A e
_p(p_l) " m m " B m m m
Ty /0 0™ oy d$+/0 (291 +g2)¢t da.

Using again Cauchy-Scharwz inequality, we also obtain

m d m m m
167" 01T = 165 C Bl < C (1™ ollZ2 + 167 ()]l
+ 1107 ()72 + Nl (Ol Z2 + 195" (- OlZ2) , ae. t € (0,T).

Reasoning as before, using inequality (4.21) and again the second equation in (4.20), we
deduce ¢}, ¢ € L*(Qr), ™ € C°([0,T]; Hy (0, 7)) and

168" 12(Qr) + 1™ | L2(rr2n0m1) + 116™ (|0 212

(4.24)
< €T (llgoliZy + 180123 + 9111320y + 921320y ) -

As before, inequality (4.24) allows us to extract a new subsequence (still denoted with the
index m) and a function ¢ € L*(0,T; H*(0,7) N H(0,7)) N C°([0,T); H)(0, 7)) such that
¢r € L*(Qr) and

{ ¢™ ¢ weakly-* in L°(0,T; HY(0,7)), ¢ — ¢ weakly in L2(Qr),

4.25
¢™ — ¢ weakly in L?(0,T; H*(0,7) N Ha(0,7)). (4.25)

Finally, using the convergences in (4.19), (4.23) and (4.25), we can verify standardly that
(0, ¢) is a strong solution of the system (4.16). In addition, inequality (4.17) can be obtained
combining the inequalities (4.21), (4.22) and (4.24). This proves the proposition. [
Proof of Proposition 5:

Let us take yg € H1(0,7), v € L*(0,T) and f € L*(Q7;R?) and consider the functional
G : L?(Qr;R?) — R given by

T
G(9) = (o, (-, 0)) — /O B*D* 0,0, t)ult) dt + / [ 1opdzar

where ¢ € C°([0,T); H} (0, 7;R?)) N L2(0,T; H*(0,7;R?) N HL (0, 7;R?)) is the solution of
(4.16) associated to g and ¢ = 0. From Proposition 4, we infer that G is bounded. In fact,
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from (4.17) we can deduce the existence of a positive constant C, only depending on D and
A, such that

1G(g)] < T (||l/0|\H*1 + ||U||L2(0,T) + ||f||L2(L2)) HQHLQ(L2)7
for all g € LQ(QT;RQ). Then, by the Riesz Representation Theorem, there exists a unique

function y € L*(Qr;R?) satisfying (4.18), i.e., a solution by transposition of (4.7) in the sense
of Definition 1. Moreover,

1yl z2 2y = 1G]] < T (llyoll -2 + vl 20,y + 111 2(z2)) 5

and y satisfies the equality y; — Dy,. + Ay = f in D'(Qr; R?).
Let us now see that the solution y of the system (4.7) is more regular. To be precise, let
us see that y,, € L2(0,T; (H?(0,7;R?) N HL(0,7;R?))) and

1Yaall L2((m2nm1y) < T (Ilyoll -1 + 1vll 20,7y + 11 l22y) » (4.26)

for a new constant C' > 0 (only depending on D and A). To this end, let us take two sequences
{y8Yn>1 € H (0, R?) and {v"}n>1 € Hg(0,T) such that

Yt — yo in H1(0,m;R?) and o" — v in L*(0,T).

With the previous regularity assumption it is possible to show that system (4.7) for yi, v"
and f has a unique strong solution y, € C°([0,T]; H}(0,m;R?)) N L?(0,T; H*(0,7;R?) N
H} (0, 7;R?)) which satisfies

T
// Yn - gdz dt = (yg,¢(-,0)) — / B*D*p,(0,t)v"(t) dt +/ fredxdt, VYn>1,
Qr 0 Qr

for any g € L?(Qr;R?), where ¢ is the solution of the system (4.16) associated to g and
vo = 0. Indeed, if we take the new function y,(-,t) = yn(-,T — t) — (v"(T — t),0), one has
that ¥, satisfies a system like (4.16) with regular data. Proposition 4 provides the regularity
and the previous formula. In fact, the previous equality and (4.18) also provide

{ lyallz22y < €T (lyoll a1 + vl 2oy + 122 (z2)) » (4.27)

Yn — Yy in LZ(QT; R2) and Yn,zz — Yzz in D/(QT; R2)7

for a new constant C' = C(D, A) > 0.
On the other hand, one has

//Tyn,m.¢dmdt://Tyn_%dmdt_/OTB*%(O’t)Un(t)dt’

for every ¢ € L*(0,T; H*(0,m;R?*) N H}(0,7;R?)). From this equality we deduce that the
sequence {Yn zz}n>1 is bounded in L*(0,T; (H?(0,m;R?) N Hy(0,7;R?))"). This property
together with (4.27) gives y,. € L*(0,T; (H?(0,7;R?) N H (0, 7;R?))’) and (4.26).

Combining the identity y; = Dy, — Ay + f and the regularity property for y,., we also
see that y; € L2(0,T; (H*(0,m;R?) N H (0, 7;R?))) and

HytHLQ((HQHHol)’) <t (HyOHH* + H’UHH(O,T) + HfHL?(L?)) )
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for a constant C' = C(D, A) > 0. Therefore, y € C°([0,T]; X), where X is the interpolation
space

X = [L*(0,m R?), (H*(0,m;R?) N Hy (0, m; R?))] 12 = H™1(0,m;R?).
In conclusion, we have proved (4.19). Finally, it is not difficult to check that y(-,0) = yo in
H~1(0,7;R?). This ends the proof. [

4.6.2 Appendix B

In this appendix we will provide a positive answer on the null controllability of the phase-
field system (4.1) in the case ¢ = 0. The computations and ideas used for obtaining this
controllability result follow the ideas developed for the cases ¢ =1 and ¢ = —1.

Let us recall that § = 6(z,t) denotes the temperature of the material and the phase-field
function ¢ = ¢(z,t) describes the phase transition of the material (solid or liquid) in such a
way that ¢ = 1 means that the material is in solid state, ¢ = —1 in liquid state and ¢ = 0 is
an intermediate (mushy) phase.

In Theorem 9, we proposed a local exact controllability result for the phase-field sys-
tem (4.1) to the trajectories (0,—1) or (0,1). Our objective here is to prove a local null
controllability result for the same system.

Let us consider the phase-field system (4.1) with ¢ = 0, that is to say, the system

G~ €l + 5 pEre + 2= 11(3) in Qr.

Gt — Efaa — %é = f2(9) in Qr, (4.1)
0(0,-) =v, ¢(0,-) =0, O(r,-) =0, ¢(m,-) =0 on (0,T),

é(,O) = 507 (5()0) - &O in (077'(').

where £, p and T are positive parameters and the nonlinear terms f1(¢) and f2(¢) are given
by

7 P (i 7 ~ 1 /7~ -
fi@) =L (6=6") and fo(6) = 5= (6-9).
For this system, a linearization around the equilibrium (0,0) provides the following linear
problem in vectorial form:

Yt — DYgr + Ay =0 in Qr,
y(0,-) = Bv, y(m,-)=0 on (0,7), (4.2)
y(ao) = Yo, in (Oyﬂ-)a

with yo = (6o, ¢0) , y = (¢, ¢) and

1 p P
po| ¢ 2% ) - P B:<1>. (4.3)
0 ¢ -2 = 0
T 2T

Following the same ideas used in the Appendix 4.6.1, we can prove that, for every yo €
H1(0,7;R?) and v € L*(0,T), system (4.2) has a unique solution by transposition (see
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Definition 1) y € L*(Q7;R?) N C°([0,T); H(0,7; R?)) which depends continuously on the
data:

Iyl 2222y + llyllcom—1) < Ce“T (H%HH*l + HUHL2(0,T)) )
for a constant C' > 0 only depending on the parameters £, p and 7 in system (4.1).

In order to state the null controllability result for systems (4.1) and (4.2), let us consider
the vectorial operators

L=-D8y+A and L*=—-D*0,, + A%, (4.4)

with domains D(L) = D(L*) = H?(0,m; R%) N H}(0, 7; R?).
The first result in this appendix establishes the approximate controllability of system (4.2)
at time T' > 0. One has:

Theorem 12. Let us consider £, p and T three positive real numbers and let us fiz T > 0.
Then, system (4.2) is approzimately controllable in Hil(O,w; R2) at time T if and only if the
eigenvalues of the operators L and L* are stmple. Moreover, this equivalence amounts to the
condition

4827202 — k) —8pT (P + k%) —dp— 140, VkL>1, >k (4.5)

The second result in this appendix establishes the null controllability result at time T" > 0
of system (4.2) and reads as follows:

Theorem 13. Let us us fixr T > 0 and consider &, p and T positive real numbers satisfying (4.5)
and

1p .
—=, Vj>1. 4,
575jo, j > (4.6)

Then, system (4.2) is ezactly controllable to zero in H~1(0,m;R?) at time T > 0. Moreover,
there exist two positive constants Cy and M, only depending on &, p and 7, such that for any
T > 0, there is a bounded linear operator CC(FO) : H71(0,m;R?) — L2(0,T) satisfying

0
HC;)”E(H*1(077T;R2)7L2(0’T)) < Cy eM/T’
and such that the solution

y=(0,9) € L*(Qr;R*) N C°([0,T]; H~'(0, m; R?))

of system (4.2) associated to yo = (Ao, ¢o) € H (0, m;R?) and v = Cg)) (yo) satisfies y(-,T) =

0.

Remark 24. Observe that assumptions (4.5) and (4.6) play the role in Theorems 12 and 13
of conditions (4.9) and (4.11) in Theorems 7 and 8.

The local null controllability result for the nonlinear system (4.1) is given in the next
result:
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Theorem 14. Let us consider &, 7 and p three positive numbers satisfying (4.5) and (4.6),
and let us fir T > 0. Then, there exist e > 0 such that, for any (Ao, ¢o) € H~1(0,7) x H}(0, )

fulfilling
Bollzr— + 1 dolly < e,

there exists v € 0, or which system (4. as a untque solution
h L%(0,T) for which 41) h ' luti
(0,9) € [L*(Qr) N C°(10, T H~'(0,m R?))] x C°(Qr)

which satisfies

0(\T)=0 and ¢(-,T)=0 in (0,7).

The proofs of Theorems 12, 13 and 14 follow the same reasoning and ideas of the proofs
of Theorems 7, 8 and 9. They are based on an exhaustive study of the eigenvalues and
eigenfunctions of the operators L and L*. In this sense, the properties of these eigenvalues
and eigenfunctions are very close to the properties of the spectra of the operators L and L*
(see (4.10). Indeed, we have the following result.

Proposition 11. Let us consider the operators L and L* given in (4.4) (the matrices D and
A are given in (4.3)). Then,

1. The spectra of L and L* are given by o(L) = o(L*) = {5‘12;1)75‘15:2)}1421 with

Py A = ek 4

2
P = \/S”ku (2p+1) .
T 4T
(1)

2. For each k > 1, the corresponding eigenfunction on} (resp., f)*) associated to ;\k and

MY = er? +

9+ 1
PEL_; i, V>, (4.7)
-

2p+1
47

where

5\22) are respectively given by

. 1 1—2p+ 4717 . 1 1—2p— 4717y
‘I’;(gl) = = ( ) M ‘I/;(f) = = ( M

8 8

BV \ 20— 1+4ri, ) T AT\ 20— 1 — driy
(The function nx is given in (4.28)).
3. The sequences F = {\il,(cl), ‘i/;(f)}kzl and F* = {i),gl),i),gQ)}kzl are such that

i) F and F* are biorthogonal sequences.
i) F and F* are dense in H1(0,m;R?), L?(0,7;R?) and HL(0,n; R?).
ii) F and F* are unconditional bases for H~1(0,m;R?), L*(0, m;R?) and H} (0, m;R?).
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The proof of Proposition 11 follows the same ideas of the proofs of Propositions 7 and 10.
The details are left to the reader.

Observe that the expressions of the eigenvalues of L and L* (see (4.7)) are close to those of
operators L and L* (see (4.29)). In fact, replacing (p, 7) by (2p,27) in (4.29), we obtain (4.7).
So, we can repeat the computations of the proof of Proposition 8 in order to proof the following
results concerning the spectral analysis for o(L) = o(L*) = {5\,({1), 5\,(5)};@1:

Proposition 12. Under the assumptions of Proposition 11, the following properties hold:
(P1) {/A\,(:)}kzl and {5\,(3)}1621 (see (4.7)) are increasing sequences satisfying

0<AM < AP vk > 1

(P2) The spectrum of L and L* is simple, i.c., 5\,(3) =+ j\él), for all k,£ > 1 if and only if the
parameters &, p and T satisfy condition (4.5).

(P3) Assume that the parameters &, p and T satisfy (4.6), i.e., there exists j > 0 such that

1 P 1p
(+1)27 DRI
Then, there exists an integer ko = ko(&, p,7,7) > 1 and a constant C = C (&, p,7,75) >0
such that ) R R
M < AP <AL < A2 < Yk > ko,
(2 _ 5@ 5@ 1(2)
min P =AML ALL - > c

(P4) Assume now that the parameters &, p and T satisfy (4.5) and (4.6). Then, one has:

2) 1
A=A

and there exists a positive integer k1 € IN, depending on &, p and T, such that

min {

We also have:

\O - 30[ 3@ 5@

JA® A“)‘} glkz—ﬁz\, Yk £>1, |k—f]> k.

Proposition 13. Let us assume that the parameters &, p, 7 satisfy (4.5). Then, the sequence
{5\,21),5\,&2)}@1, given by (4.7), can be rearranged into an increasing sequence A = {Aj}p>1
that satisfies (4.24) and Ay # Ay, for all k,n € IN with k # n. In addition, if (4.6) holds,
the sequence {AyYp>1 also satisfies (4.25) and (4.26).

As said before, the proofs of Theorems 12 and 13 follow the same ideas of the proofs of
Theorems 7 and 8. To be precise, Theorem 12 can be deduce from item (P2) in Proposition 12.
On the other hand, Theorem 13 can be proved combining Proposition 12, Proposition 13 and
Lemma 2, and following the same reasoning of Theorem 8.
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Finally, the same proof presented in Section 4.5.2 can be easily adapted to Theorem 14,
with the observation that the operator A/ in (4.15), that represents the nonlinearity of the
system (4.1) with ¢ = £1, can be defined as follows:

Lo
N(f) = J
_Z(b

The proof of Theorem 14 can be deduced applying the Banach Fixed-Point Theorem. The
details are left to the reader.
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