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M217i         Maia, Mariana de Brito. 

Um índice de somabilidade para operadores entre espaços de 

Banach / Mariana de Brito Maia. - João Pessoa, 2017. 

73 f. : il. - 

 

Orientador: Daniel Marinho Pellegrino. 

Tese (Doutorado) - UFPB/UFCG/PPGM 

 

1. Matemática. 2. Índice de somabilidade. 3. Operadores 

multilineares. 4. Espaços de Banach. 5. Polinômios. 6. 

Operadores múltiplo somantes. I. Título. 
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✷ ❮♥❞✐❝❡ ❞❡ ❙♦♠❛❜✐❧✐❞❛❞❡ ✶✹

✷✳✶ ❊①✐*/D♥❝✐❛ ❞♦ E♥❞✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✷ ❖♣❡&❛❞♦&❡* ▲✐♥❡❛&❡* (p, q)− s− somantes ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✸ ❚❡♦&✐❛ ▼✉❧/✐❧✐♥❡❛& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✹ ▲✐♥❡❛❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸ ❊2"✐♠❛"✐✈❛2 ♣❛#❛ ♦ >♥❞✐❝❡ ❞❡ 2♦♠❛❜✐❧✐❞❛❞❡ ✸✺

✸✳✶ ❊*/✐♠❛/✐✈❛* ✐♥❢❡&✐♦&❡* ♣❛&❛ ♦ E♥❞✐❝❡ ❞❡ *♦♠❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✶✳✶ ❋❡&&❛♠❡♥/❛* /L❝♥✐❝❛* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✶✳✷ ❈❛*♦ ❱❡/♦&✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✶✳✸ ❈❛*♦ ❊*❝❛❧❛& ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✷ ❊*/✐♠❛♥❞♦ ♦ E♥❞✐❝❡ ❞❡ *♦♠❛❜✐❧✐❞❛❞❡ ✈✐❛ &❡*✉❧/❛❞♦* ❞❡ ❝♦✐♥❝✐❞D♥❝✐❛ ✳ ✳ ✳ ✺✵

✸✳✷✳✶ ❮♥❞✐❝❡ ❞❡ ❙♦♠❛❜✐❧✐❞❛❞❡ ✈*✳ ❘❡*✉❧/❛❞♦* ❞❡ ❈♦✐♥❝✐❞D♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✷✳✷ ❊*/✐♠❛/✐✈❛* R/✐♠❛* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

❘❡❢❡#B♥❝✐❛2 ✺✾



■♥"#♦❞✉'(♦

❖! "#❛❜❛❧❤♦! #❡❧❛❝✐♦♥❛♥❞♦ ❛ ❝♦♥✈❡#❣0♥❝✐❛ ❛❜!♦❧✉"❛ ❡ ❛ ❝♦♥✈❡#❣0♥❝✐❛ ✐♥❝♦♥❞✐❝✐♦✲

♥❛❧ ❣❛♥❤❛#❛♠ ♥♦"♦#✐❡❞❛❞❡ 4✉❛♥❞♦✱ ❡♠ ✶✽✸✼✱ ❉✐#✐❝❤❧❡" ♣#♦✈♦✉ 4✉❡ ❛♠❜❛! ❝♦✐♥❝✐❞❡♠

♣❛#❛ !<#✐❡! ❞❡ ♥=♠❡#♦! #❡❛✐!✳ ❯♠ ♥♦✈♦ ❣#❛♥❞❡ ❛✈❛♥@♦ ♥❡!"❛ "❡♦#✐❛ !A ✈❡✐♦ ❛ !✉#❣✐# ❡♠

✶✾✷✷✱ 4✉❛♥❞♦✱ ❡♠ !✉❛ "❡!❡✱ ❇❛♥❛❝❤ ♣#♦✈♦✉ 4✉❡✱ ❞❛❞♦ ✉♠ ❡!♣❛@♦ E✱ "♦❞❛ !<#✐❡ ❛❜!♦✲

❧✉"❛♠❡♥"❡ ❝♦♥✈❡#❣❡♥"❡ ❡♠ E < ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥"❡ ❝♦♥✈❡#❣❡♥"❡ !❡✱ ❡ !♦♠❡♥"❡ !❡✱ E ❢♦#

✉♠ ❡!♣❛@♦ ❝♦♠♣❧❡"♦ ✭♣♦!"❡#✐♦#♠❡♥"❡ ❝❤❛♠❛❞♦ ❊!♣❛@♦ ❞❡ ❇❛♥❛❝❤✮✳ ❇❛♥❛❝❤ ❝♦♥"✐♥✉♦✉

✐♥"❡#❡!!❛❞♦ ♥♦ ❡!"✉❞♦ ❞❛ ❝♦♥✈❡#❣0♥❝✐❛ ❞❡ !<#✐❡!✱ ✐♥❝❧✉✐♥❞♦ ♦ "A♣✐❝♦ ❡♠ !✉❛ ❢❛♠♦!❛ #♦❞❛

❞❡ ❞✐!❝✉!!I❡! ♠❛"❡♠J"✐❝❛! ♥♦ ❜❛# ❙❝♦""✐!❤ ❈❛❢<✱ ♦♥❞❡ ▼❛③✉# ❡ ❖#❧✐❝③ ♣#♦♣✉!❡#❛♠ ♦

♣#♦❜❧❡♠❛ ✶✷✷ ❞♦ ❧✐✈#♦ ❚❤❡ ❙❝♦&&✐(❤ ❜♦♦❦ ❬✸✺❪✳ ❚❛♠❜<♠ ♠❡♥❝✐♦♥❛❞♦ ❡♠ ❬✼❪✱ ♦ 4✉❛❧ ✈✐✲

!❛✈❛ ❝❛#❛❝"❡#✐③❛# ❞✐♠❡♥!S♦ ✐♥✜♥✐"❛ ♣♦# ♠❡✐♦ ❞❛ ❡①✐!"0♥❝✐❛ ❞❡ !<#✐❡! ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥"❡

❝♦♥✈❡#❣❡♥"❡! 4✉❡ ♥S♦ !S♦ ❛❜!♦❧✉"❛♠❡♥"❡ ❝♦♥✈❡#❣❡♥"❡!✳ ❆ ♣#✐♠❡✐#❛ !♦❧✉@S♦ ♣❛#❝✐❛❧ !✉#✲

❣✐✉ ❡♠ ✶✾✹✼✱ 4✉❛♥❞♦ ▼❛❝♣❤❛✐❧✱ ❡♠ !❡✉ ❛#"✐❣♦ ❆❜(♦❧✉&❡ ❛♥❞ ✉♥❝♦♥❞✐&✐♦♥❛❧ ❝♦♥✈❡2❣❡♥❝❡

❬✸✶❪✱ ♣#♦✈♦✉ 4✉❡ ❝♦♥✈❡#❣0♥❝✐❛ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ♥S♦ ✐♠♣❧✐❝❛ ❝♦♥✈❡#❣0♥❝✐❛ ❛❜!♦❧✉"❛ ❡♠ ℓ1.

❊!"❡ #❡!✉❧"❛❞♦ ✐♥!♣✐#♦✉ ❉✈♦#❡"③❦② ❡ ❘♦❣❡#! ❛ ❞❛#✱ ❡♠ ✶✾✺✵✱ ❛ !♦❧✉@S♦ ❞❡✜♥✐"✐✈❛ ♣❛#❛

♦ ♣#♦❜❧❡♠❛ ♥♦ !❡✉ ❛#"✐❣♦ ❆❜(♦❧✉&❡ ❛♥❞ ✉♥❝♦♥❞✐&✐♦♥❛❧ ❝♦♥✈❡2❣❡♥❝❡ ✐♥ ♥♦2♠❡❞ ❧✐♥❡❛2

(♣❛❝❡( ❬✷✶❪✳ ❆"✉❛❧♠❡♥"❡ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦#❡♠❛ ❞❡ ❉✈♦#❡"③❦②✲❘♦❣❡#!✿ ❚♦❞❛ (62✐❡

✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥&❡ ❝♦♥✈❡2❣❡♥&❡ ❡♠ ✉♠ ❡(♣❛7♦ ❞❡ ❇❛♥❛❝❤ E 6 ❛❜(♦❧✉&❛♠❡♥&❡ ❝♦♥✈❡2✲

❣❡♥&❡ (❡✱ ❡ (♦♠❡♥&❡ (❡ ❛ ❞✐♠❡♥(;♦ ❞❡ E 6 ✜♥✐&❛✳ ❊!"❡ "❡♦#❡♠❛ < ❤♦❥❡ ✉♠ ❞♦! ♣✐❧❛#❡!

❞❛ "❡♦#✐❛ ❞♦! ♦♣❡#❛❞♦#❡! ❛❜!♦❧✉"❛♠❡♥"❡ !♦♠❛♥"❡!✳ ❙✉❛ ✐♠♣♦#"^♥❝✐❛ ♥S♦ #❡!✐❞❡ ❛♣❡♥❛!

♥♦ #❡!✉❧"❛❞♦ ❡♠ !✐✱ ♠❛! "❛♠❜<♠ ♥♦ ❢❛"♦ ❞❡ !✉❛ ❞❡♠♦♥!"#❛@S♦ "❡# ❛❜❡#"♦ ✉♠ ❧❡4✉❡ ❞❡

♦✉"#♦! ♣#♦❜❧❡♠❛! ❛ !❡#❡♠ ✐♥✈❡!"✐❣❛❞♦!✱ ♦ 4✉❡ ❞❡!♣❡#"♦✉ ♦ ✐♥"❡#❡!!❡ ❞❡ ●#♦"❤❡♥❞✐❡❝❦✳

❖ ❡!"✉❞♦ ❞♦! ♦♣❡#❛❞♦#❡! ❛❜!♦❧✉"❛♠❡♥"❡ !♦♠❛♥"❡! "❡♠ ✐♥`❝✐♦ ❝♦♠ ♦! "#❛❜❛❧❤♦!

❞❡ ●#♦"❤❡♥❞✐❡❝❦✳ ❊♠ ✶✾✺✸✱ ❞✉#❛♥"❡ ♦ ♣❡#`♦❞♦ ❡♠ 4✉❡ "#❛❜❛❧❤♦✉ ♥♦ ❇#❛!✐❧✱ ●#♦"❤❡♥✲



❞✐❡❝❦ ♣✉❜❧✐❝♦✉ ♦ ❘!"✉♠! ❞❡ ❧❛ )❤!♦,✐❡ ♠!),✐.✉❡ ❞❡" ♣,♦❞✉✐)" )❡♥"♦,✐❡❧" )♦♣♦❧♦❣✐.✉❡"

❬✷✺❪✳ ❖ ♣0✐♥❝✐♣❛❧ 0❡3✉❧4❛❞♦ ❞❛ 4❡♦0✐❛ ❞❡ ♦♣❡0❛❞♦0❡3 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠❛♥4❡3✱ ❝♦♥4✐♥✉❛

3❡♥❞♦✱ ❛47 ❤♦❥❡✱ ♦ ❚❡♦0❡♠❛ ❞❡ ●0♦4❤❡♥❞✐❡❝❦✱ <✉❡ ❡34❛❜❡❧❡❝❡ <✉❡ 4♦❞♦ ♦♣❡0❛❞♦0 ❧✐♥❡❛0

❞❡ ℓ1 ❡♠ ℓ2 7 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠❛♥4❡✱ ✐34♦ 7✱ ❧❡✈❛ 3❡<✉>♥❝✐❛3 ✐♥❝♦❞✐❝✐♦♥❛❧♠❡♥4❡ 3♦♠?✲

✈❡✐3 ❡♠ 3❡<✉>♥❝✐❛3 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠?✈❡✐3✳ ❊♠ ✶✾✺✺✱ ●0♦4❤❡♥❞✐❡❝❦ ❛♣0❡3❡♥4♦✉ ✉♠❛

♥♦✈❛ ❞❡♠♦♥340❛DE♦ ♣❛0❛ ♦ ❚❡♦0❡♠❛ ❞❡ ❉✈♦0❡4③❦②✲❘♦❣❡03 ✭❱❡❥❛ ❬✷✻❪✮✱ ♠♦340❛♥❞♦ <✉E♦

♣0♦❢P❝✉❛ ❢♦✐ ❛ 3✉❛ ❝♦♥40✐❜✉✐DE♦ ♥❛ 4❡♦0✐❛ ❞♦3 ♦♣❡0❛❞♦0❡3 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠❛♥4❡3✳ ◆♦

❡♥4❛♥4♦✱ ❡33❛ 4❡♦0✐❛ 3R ❢♦✐ ✐♥34✐4✉P❞❛✱ ❞❡ ❢❛4♦✱ ❡♠ ✶✾✻✼✱ <✉❛♥❞♦ T✐❡43❝❤ ✐♥40♦❞✉③✐✉ ❛

❝❧❛33❡ ❞♦3 ♦♣❡0❛❞♦0❡3 p−3♦♠❛♥4❡3✱ ♥♦ 3❡✉ ❛04✐❣♦ ❆❜"♦❧✉) p−"✉♠♠✐❡,❡♥❞❡ ❆❜❜✐❧❞✉♥✲
❣❡♥ ✐♥ ♥♦,♠✐❡,)❡♥ ❘5✉♠❡♥ ❬✹✸❪✱ ♠✉✐4❛3 ❞❛3 ♣0♦♣0✐❡❞❛❞❡3 ❞❡33❛ ❝❧❛33❡ 3E♦ ❞❡✈✐❞❛3 ❛

❡❧❡✳ ▼❛✐3 4❛0❞❡✱ ▼✐4✐❛❣✐♥ ❡ T❡➟❝③②➠3❦✐✱ ❡①♣❛♥❞❡♠ ❛ ♥♦DE♦ ❞❡ T✐❡43❝❤✱ ♣❛0❛ ♦♣❡0❛❞♦0❡3

(p, q)−3♦♠❛♥4❡3✱ ❡♠ ❬✸✼❪✳ T♦07♠✱ ❛ ❣0❛♥❞❡ ❝♦♥40✐❜✉✐DE♦ T❡➟❝③②➠3❦✐ 3❡ ❞❡✉ <✉❛♥❞♦✱

❥✉♥4❛♠❡♥4❡ ❝♦♠ ▲✐♥❞❡♥340❛✉33✱ ♣✉❜❧✐❝❛0❛♠✱ ❡♠ ✶✾✻✽✱ ❆❜"♦❧✉)❡❧② "✉♠♠✐♥❣ ♦♣❡,❛)♦," ✐♥

Lp−"♣❛❝❡" ❛♥❞ )❤❡✐, ❛♣♣❧✐❝❛)✐♦♥" ❬✸✵❪✱ <✉❡✱ ❛♦ 40❛❞✉③✐0 ♦3 40❛❜❛❧❤♦3 ❞❡ ●0♦4❤❡♥❞✐❡❝❦

❞❛ ❧✐♥❣✉❛❣❡♠ 4❡♥3♦0✐❛❧✱ 4♦0♥♦✉ ❛❝❡33P✈❡❧ ^ ❝♦♠✉♥✐❞❛❞❡ ❝✐❡♥4P✜❝❛ ❛ 4❡♦0✐❛ ❞❡ ♦♣❡0❛❞♦0❡3

3♦♠❛♥4❡3✱ ❛❧7♠ ❞❡ ❝♦♥4❡0 ♠✉✐4♦3 0❡3✉❧4❛❞♦3 ❝❧?33✐❝♦3 ❡ <✉❡ ❛47 ❤♦❥❡ ✐♥3♣✐0❛♠ ♥♦✈♦3

40❛❜❛❧❤♦3✳

❖ ❞❡3❞♦❜0❛♠❡♥4♦ ♥❛4✉0❛❧ 3❡0✐❛ ❛ ✐♥✈❡34✐❣❛DE♦ ❞♦3 ♦♣❡0❛❞♦0❡3 ♠✉❧4✐❧✐♥❡❛0❡3✱ ♠❡✲

♥♦3 ♥❛4✉0❛❧ 7 ❛ ❛❞❛♣4❛DE♦ ❞❛3 47❝♥✐❝❛3 ❝♦♥❤❡❝✐❞❛3 ♣❛0❛ ♦♣❡0❛❞♦0❡3 ❧✐♥❡❛0❡3 ❡♠ ✉♠

❝♦♥4❡①4♦ ♠❛✐3 ❣❡0❛❧✱ ♦ <✉❡ ♣0♦❞✉③✐✉ ✉♠ ♥♦✈♦ 0❛♠♦ ❞❡ ❡34✉❞♦ ♠✉✐4♦ ❢0✉4P❢❡0♦ ❛ 4❡♦0✐❛

❞❡ ♦♣❡0❛❞♦0❡3 ♥E♦✲❧✐♥❡❛0❡3✳ ❆3 ♣0✐♠❡✐0❛3 ❣❡♥❡0❛❧✐③❛Da❡3✱ ♥❡34❡ 3❡♥4✐❞♦✱ ❢♦0❛♠ ✐❞❡❛❧✐✲

③❛❞❛3 ♣♦0 T✐❡43❝❤✳ ❊♠ ✶✾✽✸✱ ♥♦3 ❛04✐❣♦3 ❬✹✺❪ ❡ ❬✹✻❪ 3E♦ ✐♥40♦❞✉③✐❞♦3 ♦3 ♦♣❡0❛❞♦0❡3

♠✉❧4✐❧✐♥❡❛0❡3 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠❛♥4❡3 ❡ ♦3 ♣♦❧✐♥b♠✐♦3 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠❛♥4❡3✳

❉❡♥40❡ ❛3 ❡①4❡♥3a❡3 ♣❛0❛ ❛ 4❡♦0✐❛ ♠✉❧4✐❧✐♥❡❛0✱ ❛ ❞♦3 ♦♣❡0❛❞♦0❡3 ♠c❧4✐♣❧♦ 3♦♠❛♥✲

4❡3 ✈❡♠ ❣❛♥❤❛♥❞♦ ❡3♣❛D♦ ♣♦0 ❝♦♠❜✐♥❛0 ❜♦❛3 ♣0♦♣0✐❡❞❛❞❡3 ❡ ❣❡♥❡0❛❧✐③❛Da❡3 ♥E♦ 40✐✈✐❛✐3✱

3❡♥❞♦ ♣♦0 ✐33♦ ❝♦♥3✐❞❡0❛❞❛✱ ♣♦0 ♠✉✐4♦3 ♣❡3<✉✐3❛❞♦0❡3✱ ❛ ♠❛✐3 ❝♦♠♣❧❡4❛ ❣❡♥❡0❛❧✐③❛DE♦ ❞♦

✐❞❡❛❧ ❞❡ ♦♣❡0❛❞♦0❡3 ❛❜3♦❧✉4❛♠❡♥4❡ 3♦♠❛♥4❡3✳ ❖3 ♦♣❡0❛❞♦0❡3 ♠c❧4✐♣❧♦ 3♦♠❛♥4❡3 ❢♦0❛♠

✐♥40♦❞✉③✐❞♦3 ♣♦0 ▼?0✐♦ ❈❛0✈❛❧❤♦ ❞❡ ▼❛4♦3✱ ❡♠ ✶✾✾✷✱ ♥♦ 3❡✉ 40❛❜❛❧❤♦ ✐♥4✐4✉❧❛❞♦ ❙),✐❝✲

)❧② ❛❜"♦❧✉)❡❧② "✉♠♠✐♥❣ ♠✉❧)✐❧✐♥❡❛, ♠❛♣♣✐♥❣" ❬✸✸❪✱ <✉❡ ♥♦ ❡♥4❛♥4♦ ♥E♦ ❢♦✐ ♣✉❜❧✐❝❛❞♦✳

❯♠❛ ✈❡03E♦ ♠❡❧❤♦0❛❞❛ ❞❡34❡ 0❡❧❛4R0✐♦ ❞❡ ♣❡3<✉✐3❛ ❢♦✐ ♣✉❜❧✐❝❛❞❛ ❡♠ ✷✵✵✸✱ 3♦❜ ♥♦✈♦

4P4✉❧♦ ❋✉❧❧② ❛❜"♦❧✉)❡❧② "✉♠♠✐♥❣ ❛♥❞ ❍✐❧❜❡,)✲❙❝❤♠✐❞) ♠✉❧)✐❧✐♥❡❛, ♠❛♣♣✐♥❣" ❬✸✹❪✳ ❆ ♠♦✲

4✐✈❛DE♦ ❞❡34❡ 40❛❜❛❧❤♦ ❢♦✐ ✉♠❛ <✉❡34E♦ ❞❡ T✐❡43❝❤ 3♦❜0❡ ❛ ❝♦✐♥❝✐❞>♥❝✐❛ ❞♦3 ❢✉♥❝✐♦♥❛✐3
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m−❧✐♥❡❛%❡& ❞❡ ❍✐❧❜❡%*✲❙❝❤♠✐❞* ❡ ♦ ❡&♣❛2♦ ❞♦& ❢✉♥❝✐♦♥❛✐& m−❧✐♥❡❛%❡& ❛❜&♦❧✉*❛♠❡♥*❡

(s; r1, · · · , rm)−&♦♠❛♥*❡& ♣❛%❛ ❝❡%*♦& ✈❛❧♦%❡& ❞❡ s ❡ rk, k = 1, · · · ,m. ❚❛♠❜7♠ ❡♠ ✷✵✵✸

❋❡%♥❛♥❞♦ ❇♦♠❜❛❧✱ ❉❛✈✐❞ ?7%❡③✲●❛%❝B❛ ❡ ■❣♥❛❝✐♦ ❱✐❧❧❛♥✉❡✈❛ ♣✉❜❧✐❝❛%❛♠ ▼✉❧#✐❧✐♥❡❛( ❡①✲

#❡♥+✐♦♥+ ♦❢ ●(♦#❤❡♥❞✐❡❝❦✬+ #❤❡♦(❡♠ ❬✶✶❪ ❡▼✉❧#✐♣❧❡ +✉♠♠✐♥❣ ♦♣❡(❛#♦(+ ♦♥ ❇❛♥❛❝❤ +♣❛❝❡+

❬✹✶❪✱ ♦♥❞❡✱ ❞❡ ❢♦%♠❛ ✐♥❞❡♣❡♥❞❡♥*❡✱ ❞❡✜♥✐%❛♠ ❡ ♠♦&*%❛%❛♠ ♠✉✐*❛& ♣%♦♣%✐❡❞❛❞❡& ❞❡&&❛

❝❧❛&&❡ ❞❡ ♦♣❡%❛❞♦%❡&✱ ❛ K✉❛❧ ❞❡✜♥✐♠♦& ❛❜❛✐①♦✳

❙❡❥❛♠ 1 ≤ p, q < ∞ ❡ E1, · · · , Em, F ❡+♣❛:♦+ ❞❡ ❇❛♥❛❝❤✳ ❉✐③❡♠♦+ >✉❡ ✉♠
♦♣❡(❛❞♦( T ∈ L(E1, · · · , Em;F ) ? ♠@❧#✐♣❧♦ (p, q)−+♦♠❛♥#❡ +❡ ❡①✐+#❡ ✉♠❛ ❝♦♥+#❛♥#❡
C ≥ 0 ✭✐♥❞❡♣❡♥❞❡♥#❡ ❞❡ n✮ #❛❧ >✉❡

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

. ✭✶✮

♣❛(❛ #♦❞♦ n ∈ N ❡ #♦❞♦+ x
(i)
ki
∈ Ei, ki = 1, · · · , n, i = 1, · · · ,m.

❉❡♥♦*❛%❡♠♦& ♣♦% Πmult
p,q (E1, · · · , Em;F ) ♦ ❝♦♥❥✉♥*♦ ❢♦%♠❛❞♦ ♣♦% *❛✐& ♦♣❡%❛❞♦%❡&✳

➱ ❜❡♠ &❛❜✐❞♦ K✉❡ ♥❡♠ *♦❞♦& ♦& ♦♣❡%❛❞♦%❡& m−❧✐♥❡❛%❡& &❛*✐&❢❛③❡♠ ❛ ❞❡&✐❣✉❛❧❞❛❞❡✱

♣♦% ❡①❡♠♣❧♦✱ ✉♠❛ ✈❡%&R♦ ❢%❛❝❛ ❞♦ *❡♦%❡♠❛ ❞❡ ❉✈♦%❡*③❦②✲❘♦❣❡%& ❞✐③ K✉❡ ❛ ✐❞❡♥*✐❞❛❞❡

&♦❜%❡ ✉♠ ❡&♣❛2♦ ❞❡ ❇❛♥❛❝❤ E &❡%V ❛❜&♦❧✉*❛♠❡♥*❡ p−&♦♠❛♥*❡ &❡✱ ❡ &♦♠❡♥*❡ &❡✱ E *❡♠

❞✐♠❡♥&R♦ ✜♥✐*❛✳

➱ ❝❧❛%♦ K✉❡✱ K✉❛♥❞♦ ✭✶✮ ♥R♦ 7 ✈V❧✐❞❛✱ ✐&*♦ &✐❣✐♥✐✜❝❛ K✉❡ *❛❧ ❝♦♥&*❛♥*❡ C ♥R♦ ❡①✐&*❡✳

◆R♦ *R♦ X❜✈✐♦ 7 ♦ ❢❛*♦ ❞❡ ❡①✐&*✐% ✉♠❛ ❝♦♥&*❛♥*❡ Cn✱ ❞❡♣❡♥❞❡♥❞♦ ❞❡ n✱ &❛*✐&❢❛③❡♥❞♦

✭✶✮✱ ❥V K✉❡ &❡%✐❛ ♣♦&&B✈❡❧ K✉❡ ✈❛%✐❛♥❞♦ ♦& ✈❡*♦%❡& x
(i)
ki

❛ ❝♦♥&*❛♥*❡ ♣♦❞❡%✐❛ *❡♥❞❡% ❛♦

✐♥✜♥✐*♦✳ ◆♦ ❡♥*❛♥*♦ ✈❛♠♦& ♣%♦✈❛% K✉❡ ♥R♦ 7 ❡&*❡ ♦ ❝❛&♦ ❡ K✉❛♥❞♦ ✭✶✮ ❢❛❧❤❛ ❡①✐&*✐%V

✉♠❛ ❝♦♥&*❛♥*❡ Cn K✉❡ *♦%♥❛ ❛ ❞❡&✐❣✉❛❧❞❛❞❡ ✈❡%❞❛❞❡✐%❛✳ ▼❛✐& ❛✐♥❞❛✱ ❡&*❛ ❝♦♥&*❛♥*❡ &❡%V

❞❛ ❢♦%♠❛ Cn = Cns ♣❛%❛ ❝❡%*♦ s ❞❡♣❡♥❞❡♥❞♦ ❞❡ p, q,m✳ ◆♦*❡ K✉❡ ♦ ♥Z♠❡%♦ s ❢✉♥❝✐♦♥❛

❝♦♠♦ ✉♠ *✐♣♦ ❞❡ B♥❞✐❝❡ ❞❡ ✭♥R♦✮ &♦♠❛❜✐❧✐❞❛❞❡✿ K✉❛♥❞♦ s = 0 ♦ ♦♣❡%❛❞♦% 7 ♠Z❧*✐♣❧♦

(p, q)✲&♦♠❛♥*❡ ❡ K✉❛♥❞♦ s ♥R♦ ♣♦❞❡ &❡% ❡&❝♦❧❤✐❞♦ ❝♦♠♦ &❡♥❞♦ ③❡%♦✱ ♦ ♦♣❡%❛❞♦% ♥R♦ 7

♠Z❧*✐♣❧♦ (p, q)✲&♦♠❛♥*❡ ❡ ♦& ✈❛❧♦%❡& ✏X*✐♠♦&✑ ❞❡ s ♣♦❞❡♠ &❡% ♥❛*✉%❛❧♠❡♥*❡ ✐❞❡♥*✐✜❝❛❞♦&

❝♦♠♦ ✉♠ B♥❞✐❝❡ ❞❡ ✭♥R♦✮ &♦♠❛❜✐❧✐❞❛❞❡✳ ◆❡&*❡ ❝❛&♦✱ K✉❛♥*♦ ♠❛✐& ♦ ✈❛❧♦% ✏X*✐♠♦✑ ❞❡

s ❝%❡&❝❡✱ ♠❛✐& ✏❧♦♥❣❡✑ ♦ ♦♣❡%❛❞♦% ❡&*❛%V ❞❡ &❡% ♠Z❧*✐♣❧♦ (p, q)✲&♦♠❛♥*❡✳ ❆&&✐♠✱ ♥♦&&♦

♦❜❥❡*✐✈♦ 7 ❞❡✜♥✐% ♦ B♥❞✐❝❡ ❞❡ &♦♠❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛% (E1 × · · · × Em, F ) ❡ *%❛③❡% ❛ *♦♥❛

❛❧❣✉♠❛& ♣%♦♣%✐❡❞❛❞❡& ✐♥*❡%❡&&❛♥*❡& ❞❡&*❡ B♥❞✐❝❡✱ ❜❡♠ ❝♦♠♦ ✐♥✈❡&*✐❣❛% ♦& ✈❛❧♦%❡& X*✐♠♦&

❞♦ B♥❞✐❝❡ ♣❛%❛ ❝❡%*♦& ❡&♣❛2♦&✳

❖ m−D♥❞✐❝❡ ♠✉❧#✐❧✐♥❡❛( ❞❡ (p, q)−+♦♠❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛( ❞❡ ❡+♣❛:♦+ ❞❡ ❇❛♥❛❝❤
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(E1 × · · · × Em, F )  ❞❡✜♥✐❞♦ ❝♦♠♦

ηm−mult(p,q) (E1, · · · , Em;F ) = inf sm,p,q

)❛❧ ,✉❡✱ ♣❛0❛ )♦❞♦ T ∈ L(E1, · · · , Em;F ), ❡①✐2)❡ ✉♠❛ ❝♦♥2)❛♥)❡ C > 0 ✭♥4♦ ❞❡♣❡♥❞❡♥❞♦

❞❡ n✮ 2❛)✐2❢❛③❡♥❞♦

(

n
∑

k1,··· ,km=1

‖T (x(1)k1 , · · · , x
(m)
km

)‖p
) 1

p

≤ Cnsm,p,q

m
∏

i=1

‖
(

x
(i)
ki

)n

ki=1
‖w,q. ✭✷✮

♣❛0❛ )♦❞♦ ✐♥)❡✐0♦ ♣♦2✐)✐✈♦ n ❡ )♦❞♦ x
(i)
ki
∈ Ei ❝♦♠ 1 ≤ ki ≤ n ❡ 1 ≤ i ≤ m.

❊$%❛ ❞❡✜♥✐,-♦ ❢♦✐ ✐♥$♣✐1❛❞❛ ♥❛$ ✐❞❡✐❛$ ❞❡ ❬✹❪✱ ♦♥❞❡ ✉♠ %✐♣♦ ❞❡ 8♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐✲

❞❛❞❡ ❢♦✐ ✐♥✈❡$%✐❣❛❞♦ ♣❛1❛ ❞❡$✐❣✉❛❧❞❛❞❡$ ❞♦ %✐♣♦ ❍❛1❞②✕▲✐%%❧❡✇♦♦❞✳ ❖✉%1♦$ 1❡$✉❧%❛❞♦$

1❡❝❡♥%❡$✱ ♥❡$%❛ ❧✐♥❤❛ ❞❡ ❞❡$✐❣✉❛❧❞❛❞❡$ ❝❧G$$✐❝❛$ ♣♦❞❡♠ $❡1 ❡♥❝♦♥%1❛❞♦$ ❡♠ ❬✷✷❪ ❞❡ ●❛✲

❧✐❝❡1✱ ▼❛♥$✐❧❧❛ ❡ ▼✉1♦✳

❱❡❥❛ L✉❡ ❡♠ ❝❡1%♦ $❡♥%✐❞♦ ♦ 8♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐❞❛❞❡ ♠❡❞❡ L✉-♦ ❞✐$%❛♥%❡$ ❡$%-♦

♦$ ❡$♣❛,♦$ Πmult
(p,q) (E1, . . . , Em;F ) ❡ ♦ ❡$♣❛,♦ ❞♦$ ♦♣❡1❛❞♦1❡$ m✲❧✐♥❡❛1❡$ ❝♦♥%8♥✉♦$ ❞❡

E1×· · ·×Em ❡♠ F ✱ ❞❡♥♦%❛❞♦ ♣♦1 L (E1, . . . , Em;F ) ✳ ◗✉❛♥❞♦ ❡$$❡$ ❡$♣❛,♦$ ❝♦✐♥❝✐❞❡♠

%❡♠♦$

ηm−mult(p,q) (E1, · · · , Em;F ) = 0.

❊$%❡ %1❛❜❛❧❤♦ ❢♦✐ ❞✐✈✐❞✐❞♦ ❞❛ $❡❣✉✐♥%❡ ❢♦1♠❛✿

✭✐✮ ◆♦ ♣1✐♠❡✐1♦ ❝❛♣8%✉❧♦ ❢❛③❡♠♦$ ✉♠❛ ❜1❡✈❡ 1❡✈✐$-♦ ❞❛$ ❚❡♦1✐❛$ ❞❡ ♦♣❡1❛❞♦1❡$ ❛❜✲

$♦❧✉%❛♠❡♥%❡ $♦♠❛♥%❡$✱ ♦♣❡1❛❞♦1❡$ ♠R❧%✐♣❧♦ $♦♠❛♥%❡$✱ ♣♦❧✐♥S♠✐♦$ ❤♦♠♦❣T♥❡♦$ ❡

❝♦%✐♣♦❀

✭✐✐✮ ◆♦ $❡❣✉♥❞♦ ❝❛♣8%✉❧♦ ♣1♦✈❛♠♦$ ❛ ❡①✐$%T♥❝✐❛ ❞♦ 8♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐❞❛❞❡✱ ♣❛1❛ ♦

❝❛$♦ ♠R❧%✐♣❧♦ $♦♠❛♥%❡ ❡ ♣♦❧✐♥♦♠✐❛❧✱ ✐$%♦ W ❢❡✐%♦ ♦❜%❡♥❞♦ ❡$%✐♠❛%✐✈❛$ $✉♣❡1✐♦1❡$

♣❛1❛ ❡$%❡ 8♥❞✐❝❡ ❡♠ ❡$♣❛,♦$ ❞❡ ❇❛♥❛❝❤ L✉❛✐$L✉❡1✳ ❆❧W♠ ❞✐$$♦✱ ❞❡✜♥✐♠♦$ ✉♠ ♥♦✈♦

✐❞❡❛❧ ❞❡ ♦♣❡1❛❞♦1❡$✱ L✉❡ ✈❡1❡♠♦$ %❡1 ❜♦❛$ ♣1♦♣1✐❡❞❛❞❡$✱ ❝♦♠♦ ♣♦1 ❡①❡♠♣❧♦✱ $❡1

✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ✐♥❥❡%✐✈♦✳ ◆❡$%❡ ❝❛♣8%✉❧♦✱ ✐♥❝❧✉8♠♦$ ❛✐♥❞❛ ✉♠ 1❡$✉❧%❛❞♦ $♦❜1❡

❧✐♥❡❛❜✐❧✐❞❛❞❡✳

✭✐✐✐✮ ◆♦ R❧%✐♠♦ ❝❛♣8%✉❧♦ ❜✉$❝❛♠♦$ ❡$%✐♠❛%✐✈❛$ ♠❡❧❤♦1❡$ ♣❛1❛ ♦ 8♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐❞❛❞❡

❞❡ ❝❡1%♦$ ❡$♣❛,♦$ ❞❡ ❇❛♥❛❝❤✳ Z❛1❛ ✐$%♦✱ ✈❛♠♦$ ❝❛❧❝✉❧❛1 ❡$%✐♠❛%✐✈❛$ ✐♥❢❡1✐♦1❡$ ♣❛1❛

♦ 8♥❞✐❝❡ ❡ %❛♠❜W♠ ❢❛1❡♠♦$ ❛ ♣♦♥%❡ ❡♥%1❡ 8♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐❞❛❞❡ ❡ 1❡$✉❧%❛❞♦$ ❞❡

✹



❝♦✐♥❝✐❞%♥❝✐❛✳ ❆♦ ✜♥❛❧ ❞❡,-❡ ❝❛♣/-✉❧♦, ♦❜-❡2❡♠♦, ♦ /♥❞✐❝❡ 4-✐♠♦ ♣❛2❛ ❞❡-❡2♠✐♥❛❞♦,

❡,♣❛5♦, ❞❡ ❇❛♥❛❝❤✳

8❛2-❡ ❞❡,-❡ -2❛❜❛❧❤♦ ♣♦❞❡ ,❡2 ❡♥❝♦♥-2❛❞❛ ❡♠ ♥♦,,♦ ❛2-✐❣♦✿

▼✳ ▼❛✐❛✱ ❉✳ 8❡❧❧❡❣2✐♥♦✱ ❏✳ ❙❛♥-♦,✱ ❆♥ ✐♥❞❡① ♦❢ (✉♠♠❛❜✐❧✐.② ❢♦0 ♣❛✐0( ♦❢ ❇❛♥❛❝❤

(♣❛❝❡(✱ ❏✳ ▼❛-❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✹✹✶ ✭✷✵✶✻✮✱ ✼✵✷✕✼✷✷✳

✺



◆♦"❛$%♦ ❡ "❡'♠✐♥♦❧♦❣✐❛

• K ❞❡♥♦$❛&' ♦ ❝♦&♣♦ ❞♦* &❡❛✐* R ♦✉ ❞♦* ❝♦♠♣❧❡①♦* C. ❚♦❞♦* ♦* ❡*♣❛1♦* ✈❡$♦&✐❛✐*

*❡&3♦ ❝♦♥*✐❞❡&❛❞♦* *♦❜&❡ K.

• ❊♠ ❣❡&❛❧✱ X, Y,E,Ei, F, Fi, ... ❞❡♥♦$❛&3♦ ❡*♣❛1♦ ♥♦&♠❛❞♦*✳ ❆ ♥♦&♠❛ ❞❡ ✉♠ ❡*✲

♣❛1♦ X *❡&' ✉*✉❛❧♠❡♥$❡ ❞❡♥♦$❛❞❛ ♣♦& ‖ · ‖X ♦✉ ‖ · ‖ ❝❛*♦ ❡*$❡❥❛ ❝❧❛&♦ ♦ ❡*♣❛1♦ ❡♠
<✉❡*$3♦✳ ❆ ❜♦❧❛ ✉♥✐$'&✐❛ ❢❡❝❤❛❞❛ {x ∈ X; ‖x‖ ≤ 1} ❞♦ ❡*♣❛1♦ X *❡&' ❞❡♥♦$❛❞❛

♣♦& BX . ❖ ❞✉❛❧ $♦♣♦❧@❣✐❝♦ ❞❡ X, *❡&' ❞❡♥♦$❛❞♦ ♣♦& X∗.

• L(E1, · · · , Em;F ) *❡&' ♦ ❡*♣❛1♦ ❞❡ $♦❞❛* ❛* ❛♣❧✐❝❛1A❡* m−❧✐♥❡❛&❡* ❝♦♥$B♥✉❛* ❞❡
E1×· · ·×Em ❡♠ F. ◗✉❛♥❞♦ E1 = · · · = Em = E✱ ❡*❝&❡✈❡&❡♠♦* ❛♣❡♥❛* L(mE;F ).
❉✐&❡♠♦* <✉❡ T ∈ L(E;F ) E ❞❡ ♣♦*$♦ ✜♥✐$♦ <✉❛♥❞♦ ❛ ❞✐♠❡♥*3♦ ❞❛ *✉❛ ✐♠❛❣❡♠

T (F ) ❢♦& ✜♥✐$❛✳

• ❉❛❞♦ ♦ ♥G♠❡&♦ &❡❛❧ p ∈ (1,∞) ❖ ❝♦♥❥✉❣❛❞♦ ❞❡ p *❡&' ♦ ♥G♠❡&♦ p∗ ∈ (1,∞) , $❛❧

<✉❡

1
p
+ 1

p∗
= 1. H❛&❛ p = 1, $❡&❡♠♦* p∗ =∞.

• ❚&❛❜❛❧❤❛&❡♠♦* ♦* *❡❣✉✐♥$❡* ❡*♣❛1♦* ❞❡ *❡<✉I♥❝✐❛*

✐✮ ❙❡ 1 ≤ p <∞,

ℓp(X) :=

{

(xn)
∞
n=1 ∈ XN;

∑

n

‖xn‖p <∞
}

.

❙❡ X = K, ❡*❝&❡✈❡&❡♠♦* *✐♠♣❧❡*♠❡♥$❡ ℓp.

✐✐✮ ℓ∞(X) E ♦ ❡*♣❛1♦ ❞❛* *❡<✉I♥❝✐❛* ❧✐♠✐$❛❞❛* ❞❡ X. ▼❛✐* ✉♠❛ ✈❡③✱ *❡ X = K,

❡*❝&❡✈❡♠♦* ℓ∞.

✐✐✐✮ c0 E ♦ ❡*♣❛1♦ ❞❛* *❡<✉I♥❝✐❛* ❞❡ K <✉❡ ❝♦♥✈❡&❣❡♠ ♣❛&❛ 0.



✐✈✮ ℓNp := {(xn)∞n=1 ∈ ℓp; xn = 0, ♣❛%❛ &♦❞♦ n ≥ N + 1} .

✈✮ ❉❡♥♦&❛%❡♠♦- Xp :=







ℓp, -❡ 1 ≤ p <∞
c0, -❡ p =∞

✳

✈✐✮ ℓp (N
m;X) :=

{

(x
✐

)∞
✐=1 ♦♥❞❡ ✐ := (i1, · · · , im) ❡ ❝❛❞❛ x

✐

∈ X;
∑

✐

‖x
✐

‖p <∞
}

.

✈✐✐✮ ❙❡ 1 ≤ p ≤ ∞,

ℓp,w(X) :=
{

(xn)
∞
n=1 ∈ XN; (ϕ (xn))

∞
n=1 ∈ ℓp(X) ♣❛%❛ &♦❞♦ ϕ ∈ X∗

}

.

❙❡ X = K, ❡-❝%❡✈❡%❡♠♦- -✐♠♣❧❡-♠❡♥&❡ ℓp,w.

✼



❈❛♣#$✉❧♦ ✶

)*❡❧✐♠✐♥❛*❡/

◆❡"#❡ ❝❛♣'#✉❧♦ #❡♠♦" ✉♠❛ ❜-❡✈❡ -❡✈✐"0♦ ❞❛ #❡♦-✐❛ ❞❡ ♦♣❡-❛❞♦-❡" ❛❜"♦❧✉#❛♠❡♥#❡

"♦♠❛♥#❡"✱ ♦♣❡-❛❞♦-❡" ♠4❧#✐♣❧♦ "♦♠❛♥#❡"✱ ♣♦❧✐♥5♠✐♦" ❛❜"♦❧✉#❛♠❡♥#❡ "♦♠❛♥#❡" ❡ ❝♦#✐♣♦

❞❡ ✉♠ ❡"♣❛6♦ ❞❡ ❇❛♥❛❝❤✳

✶✳✶ ❖♣❡%❛❞♦%❡) ❆❜)♦❧✉.❛♠❡♥.❡ ❙♦♠❛♥.❡)

◆❡"#❛ "❡60♦ ♠❡♥❝✐♦♥❛-❡♠♦" ❛❧❣✉♥" -❡"✉❧#❛❞♦" "♦❜-❡ ♦♣❡-❛❞♦-❡" ❛❜"♦❧✉#❛♠❡♥#❡

p−"♦♠❛♥#❡"✱ ;✉❡ ✉#✐❧✐③❛-❡♠♦" ❛♦ ❧♦♥❣♦ ❞♦ #-❛❜❛❧❤♦✳ =❛-❛ ✉♠ ❡"#✉❞♦ ♠❛✐" ❞❡#❛❧❤❛❞♦

✈❡❥❛ ❬✶✽❪✳

❉❡✜♥✐%&♦ ✶✳✶✳✶ ❙❡❥❛♠ 1 ≤ p < ∞ ❡ u : X → Y ✉♠ ♦♣❡(❛❞♦( ❡♥+(❡ ❡,♣❛-♦, ❞❡

❇❛♥❛❝❤✳ ❉✐③❡♠♦, 5✉❡ u 6 p−,♦♠❛♥+❡ ,❡ ❡①✐,+❡ ✉♠❛ ❝♦♥,+❛♥+❡ c ≥ 0 +❛❧ 5✉❡ ♣❛(❛ +♦❞♦

n ∈ N ❡ 5✉❛❧5✉❡( ❡,❝♦❧❤❛ ❞❡ x1, · · · , xn ∈ X +❡♠♦,

(

n
∑

i=1

‖u(xi)‖p
) 1

p

≤ c sup
ϕ∈BX∗

(

n
∑

i=1

|ϕ(xi)|p
) 1

p

. ✭✶✳✶✮

❉❡♥♦#❛♠♦" ♣♦- Πp(X, Y ) ♦ ❝♦♥❥✉♥#♦ ❞❡ #♦❞♦" ♦" ♦♣❡-❛❞♦-❡" p−"♦♠❛♥#❡" ❞❡ X
❡♠ Y. ➱ ❢H❝✐❧ ✈❡- ;✉❡ Πp(X, Y ) I ✉♠ "✉❜❡"♣❛6♦ ❧✐♥❡❛- ❞♦ ❡"♣❛6♦ ❞♦" ♦♣❡-❛❞♦-❡" ❧✐♥❡❛-❡"

❧✐♠✐#❛❞♦" ❡♥#-❡ X ❡ Y ✱ L(X, Y ). ❖ '♥✜♠♦ ❞♦" c ;✉❡ "❛#✐"❢❛③❡♠ ❛ ❞❡"✐❣✉❛❧❞❛❞❡ ✭✶✳✶✮✱

❞❡♥♦#❛❞♦ ♣♦- πp(u), ❞❡✜♥❡ ✉♠❛ ♥♦-♠❛ ❡♠ Πp(X, Y ) #❛❧ ;✉❡✱ ♣❛-❛ #♦❞♦ u ∈ Πp(X, Y ),

#❡♠♦"

‖u‖ ≤ πp(u).

❆❧I♠ ❞✐""♦✱ (Πp(X, Y ), πp(·)) I ✉♠ ❡"♣❛6♦ ❞❡ ❇❛♥❛❝❤✳



❚❡♦#❡♠❛ ✶✳✶✳✷ ✭❚❡♦#❡♠❛ ❞❛ ■♥❝❧✉01♦✮ ❙❡ 1 ≤ p < q < ∞, ❡♥#$♦ Πp(X, Y ) ⊂
Πq(X, Y ). ❆❧(♠ ❞✐,,♦✱ ♣❛0❛ u ∈ Πp(X, Y ), #❡♠♦, πq(u) ≤ πp(u).

❉❡♠♦♥04#❛51♦✳ ❱❡❥❛ ❬✶✽✱ ❚❡♦*❡♠❛ ✷✳✽❪✳

/♦❞❡♠♦1 ❣❡♥❡*❛❧✐③❛* ♦1 ❝♦♥❝❡✐8♦1 ❡18❛❜❡❧❡❝✐❞♦1 ❛:✉✐ ❡ ♦❜8❡* ❛ ♥♦<=♦ ❞❡ ♦♣❡*❛❞♦*❡1

❛❜1♦❧✉8❛♠❡♥8❡ (p, q)−1♦♠❛♥8❡1✳

❉❡✜♥✐51♦ ✶✳✶✳✸ ❙❡❥❛♠ 1 ≤ p, q < ∞ ❡ u : X → Y ✉♠ ♦♣❡0❛❞♦0 ❡♥#0❡ ❡,♣❛3♦, ❞❡

❇❛♥❛❝❤✳ ❉✐③❡♠♦, :✉❡ u ( (p, q)−,♦♠❛♥#❡ ,❡ ❡①✐,#❡ ✉♠❛ ❝♦♥,#❛♥#❡ c ≥ 0 #❛❧ :✉❡ ♣❛0❛

#♦❞♦ n ∈ N ❡ :✉❛❧:✉❡0 ❡,❝♦❧❤❛ ❞❡ x1, · · · , xn ∈ X #❡♠♦,

(

n
∑

i=1

‖u(xi)‖p
) 1

p

≤ c sup
ϕ∈BX∗

(

n
∑

i=1

|ϕ(xi)|q
) 1

q

. ✭✶✳✷✮

❖ ❡1♣❛<♦ ❢♦*♠❛❞♦ ♣♦* ❡11❡1 ♦♣❡*❛❞♦*❡1 1❡*C ❞❡♥♦8❛❞♦ ♣♦* Π(p,q)(X, Y ) ❡ ♦ D♥✜♠♦

❞❛1 ❝♦♥18❛♥8❡1 c :✉❡ 1❛8✐1❢❛③ ❛ ❞❡1✐❣✉❛❧❞❛❞❡ 1.2✱ ♦ :✉❛❧ ❞❡♥♦8❛♠♦1 ♣♦* πp,q(u)✱ 8❛♠❜F♠

❞❡✜♥❡ ✉♠❛ ♥♦*♠❛✱ ✐♥❝❧✉1✐✈❡ (Πp,q(X, Y ), πp,q(·)) 1❡*C ✉♠ ❡1♣❛<♦ ❞❡ ❇❛♥❛❝❤✳ ❖ ♣*J①✐♠♦
*❡1✉❧8❛❞♦ ❢♦*♥❡❝❡ ✉♠❛ ❝❛*❛❝8❡*✐③❛<=♦ ❞❡18❡ ❡1♣❛<♦ ❡ 1✉❛ ♣*♦✈❛ ♣♦❞❡ 1❡* ✈✐18❛ 8❛♠❜F♠

❡♠ ❬✺✵❪✳

9#♦♣♦0✐51♦ ✶✳✶✳✹ ❙❡❥❛ u ∈ L(X, Y ). ❙$♦ ❡:✉✐✈❛❧❡♥#❡,✿

✭✐✮ u ( (p, q)−,♦♠❛♥#❡❀

✭✐✐✮ ❊①✐,#❡ c > 0 #❛❧ :✉❡

(

∞
∑

k=1

‖u(xk)‖p
) 1

p

≤ c sup
ϕ∈BX∗

(

∞
∑

k=1

|ϕ(xk)|q
) 1

q

✭✶✳✸✮

,❡♠♣0❡ :✉❡ (xk)
∞
k=1 ∈ ℓq,w(X);

✭✐✐✐✮ (u(xk))
∞
k=1 ∈ ℓp(Y ) ,❡♠♣0❡ :✉❡ (xk)

∞
k=1 ∈ ℓq,w(X).

❚❡♦#❡♠❛ ✶✳✶✳✺ ✭❚❡♦#❡♠❛ ❞❛ ■♥❝❧✉01♦ ❣❡♥❡#❛❧✐③❛❞♦✮ ❙✉♣♦♥❤❛ :✉❡

1 ≤ qj ≤ pj <∞ (j = 1, 2)

,❛#✐,❢❛③❡♠

q1 ≤ q2, p1 ≤ p2 ❡
1

q1
− 1

p1
≤ 1

q2
− 1

p2
. ✭✶✳✹✮

❊♥#$♦

Πp1,q1(E;F ) ⊂ Πp2,q2(E;F )

♣❛0❛ :✉❛✐,:✉❡0 ❡,♣❛3♦, ❞❡ ❇❛♥❛❝❤ E ❡ F ✳ ▼❛✐, ❛✐♥❞❛✱ ♣❛0❛ u ∈ Πp1,q1(E;F ) #❡♠♦,

πp2,q2(u) ≤ πp1,q1(u).

✾



❉❡♠♦♥%&'❛)*♦✳ ❱❡❥❛ ❬✶✽✱ ❚❡♦*❡♠❛ ✶✵✳✹❪✳

❖1 ♣*3①✐♠♦1 *❡1✉❧8❛❞♦1 ❞✐③❡♠ *❡1♣❡✐8♦ ; 8❡♦*✐❛ ❞❡ ✐❞❡❛✐1 ❡ 1✉❛1 ❞❡♠♦♥18*❛=>❡1

♣♦❞❡♠ 1❡* ❡♥❝♦♥8*❛❞❛1 ❡♠ ❬✾❪✳

❉❡✜♥✐)*♦ ✶✳✶✳✻ ❯♠ ✐❞❡❛❧ ❞❡ ♦♣❡)❛❞♦)❡* I + ✉♠❛ *✉❜❝❧❛**❡ ❞❛ ❝❧❛**❡ L ❞❡ /♦❞♦* ♦*
♦♣❡)❛❞♦)❡* ❧✐♥❡❛)❡* ❝♦♥/1♥✉♦* ❡♥/)❡ ❡*♣❛2♦* ❞❡ ❇❛♥❛❝❤ /❛❧ 5✉❡✱ ♣❛)❛ 5✉❛✐*5✉❡) ❡*♣❛2♦*

E ❡ F, ❛* ❝♦♠♣♦♥❡♥/❡* I(E;F ) = L(E;F ) ∩ I *❛/✐*❢❛③❡♠✿
✐✮ I(E;F ) + ✉♠ *✉❜❡*♣❛2♦ ✈❡/♦)✐❛❧ ❞❡ L(E;F );
✐✐✮ ✭=)♦♣)✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✮ ❙❡ u ∈ L(E;F ), v ∈ I(F ;G) ❡ t ∈ L(G;H), ❡♥/?♦ tvu ∈
I(E;H).

❉❡✜♥✐)*♦ ✶✳✶✳✼ ❯♠ ✐❞❡❛❧ ♥♦)♠❛❞♦ ❞❡ ♦♣❡)❛❞♦)❡* (I, ‖ · ‖I) + ✉♠ ✐❞❡❛❧ ❞❡ ♦♣❡)❛❞♦)❡*

I ♠✉♥✐❞♦ ❞❛ ❢✉♥2?♦ ‖ · ‖I : I → [0,∞) /❛❧ 5✉❡✿

✐✮ ‖ · ‖I )❡*/)✐/❛ ❛ I(E;F ) + ✉♠❛ ♥♦)♠❛ ♣❛)❛ 5✉❛✐*5✉❡) ❡*♣❛2♦* ❞❡ ❇❛♥❛❝❤ E ❡ F ;

✐✐✮ ‖idK‖I = 1, ❝♦♠ idK : K→ K ❞❛❞❛ ♣♦) idK(x) = x;

✐✐✐✮ ❙❡ u ∈ L(E;F ), v ∈ I(F ;G) ❡ t ∈ L(G;H), ❡♥/?♦ ‖tvu‖I ≤ ‖t‖‖v‖I‖u‖.

❚❡♦'❡♠❛ ✶✳✶✳✽ ❙❡ 1 ≤ q ≤ p <∞, ❡♥/?♦ (Πp,q, πp,q) + ✉♠ ✐❞❡❛❧ ♥♦)♠❛❞♦ ❞❡ ♦♣❡)❛❞♦✲

)❡* ❧✐♥❡❛)❡*✳

❉❡✜♥✐)*♦ ✶✳✶✳✾ ❙❡ ❛* ❝♦♠♣♦♥❡♥/❡* I(E;F ) *?♦ ❝♦♠♣❧❡/❛* ❝♦♠ )❡*♣❡✐/♦ ❛ ♥♦)♠❛ ‖·‖I
❞✐③❡♠♦* 5✉❡ I + ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤✳

❉❡✜♥✐)*♦ ✶✳✶✳✶✵ ❯♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ (I, ‖ · ‖I) + ✐♥❥❡/✐✈♦ *❡✱ ♣❛)❛ 5✉❛✐*5✉❡) ❡*♣❛2♦*
❞❡ ❇❛♥❛❝❤ E, F, G, ‖u ◦ v‖I = ‖v‖I *❡♠♣)❡ 5✉❡ u ∈ L(F ;G) + ✉♠❛ ✐*♦♠❡/)✐❛ *♦❜)❡
❛ ✐♠❛❣❡♠ ❡ v ∈ I(E;F ).

5'♦♣♦%✐)*♦ ✶✳✶✳✶✶ ❙❡ 1 ≤ q ≤ p < ∞, ❡♥/?♦
(

Πmult
p,q , πp,q

)

+ ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤✳

▼❛✐* ❛✐♥❞❛✱ + ✉♠ ✐❞❡❛❧ ✐♥❥❡/✐✈♦✳

❖ ♣*♦❣*❡11B♦ ♥❛8✉*❛❧ ❞❡ ♥♦11♦ ❡18✉❞♦ ♥♦1 ❧❡✈❛*✐❛ ❛♦1 ♦♣❡*❛❞♦*❡1 ♠✉❧8✐❧✐♥❡❛*❡1

❛❜1♦❧✉8❛♠❡♥8❡ (p, q)−1♦♠❛♥8❡1✳ ❆♣❡1❛* ❞❡ 8*❛8❛*✲1❡ ❞❡ ✉♠❛ ❝❧❛11❡✱ ❛ ♣*✐♠❡✐*❛ ✈✐18❛✱
♠✉✐8♦ ♣*3①✐♠❛ ❛♦1 ♦♣❡*❛❞♦*❡1 ❛❜1♦❧✉8❛♠❡♥8❡ (p, q)−1♦♠❛♥8❡1✱ ❡18❛ ❝❧❛11❡ ❞❡8G♠ ❛❧❣✉✲

♠❛1 ♣*♦♣*✐❡❞❛❞❡1 H✉❡ ♠♦18*❛♠ H✉❡✱ ♥❛ ✈❡*❞❛❞❡✱ ❛1 ❞✉❛1 1B♦ ❜❡♠ ❞✐❢❡*❡♥8❡1✳ ❈♦♠♦

❡18❛ ❣❡♥❡*❛❧✐③❛=B♦✱ ❡♠ ♣❛*8✐❝✉❧❛*✱ ♥B♦ G ♦ ♥♦11♦ ❢♦❝♦✱ ✈❛♠♦1 ♣*♦11❡❣✉✐* ❝♦♠ ♣♦❧✐♥K♠✐♦1

❛❜1♦❧✉8❛♠❡♥8❡ 1♦♠❛♥8❡1✳

✶✵



✶✳✷ #♦❧✐♥(♠✐♦* ❛❜*♦❧✉.❛♠❡♥.❡ *♦♠❛♥.❡*✳

◆♦""♦ ♦❜❥❡&✐✈♦ ❛❣♦+❛ , +❡✈❡+ ♦ ❝♦♥❝❡✐&♦ ❞❡ ♣♦❧✐♥2♠✐♦" ❤♦♠♦❣5♥❡♦" ❛❜"♦❧✉&❛♠❡♥&❡

"♦♠❛♥&❡" ❡♥&+❡ ❡"♣❛7♦" ❞❡ ❇❛♥❛❝❤✳ ❈♦♠♦ ✈❡+❡♠♦"✱ ❡"&❡ ❝♦♥❝❡✐&♦ , ✉♠❛ ❝♦♥"❡<✉5♥❝✐❛

♥❛&✉+❛❧ ❞❛ ♥♦7=♦ ❞❡ ♦♣❡+❛❞♦+❡" ❛❜"♦❧✉&❛♠❡♥&❡ "♦♠❛♥&❡"✳

❉❡✜♥✐%&♦ ✶✳✷✳✶ ❙❡❥❛♠ E ❡ F ❡%♣❛'♦% ✈❡*♦+✐❛✐% %♦❜+❡ K✳ ❯♠ ❛♣❧✐❝❛'2♦ P : E →
F 3 ✉♠ ♣♦❧✐♥6♠✐♦ m−❤♦♠♦❣9♥❡♦ ❝♦♥*:♥✉♦ %❡ ❡①✐%*❡ A ∈ L(mE;F ) *❛❧ <✉❡ P (x) =

A(x, · · · , x), ♣❛+❛ *♦❞♦ x ∈ E. ❉✐③❡♠♦% <✉❡ P 3 ♦ ♣♦❧✐♥6♠✐♦ m−❤♦♠♦❣9♥❡♦ ❝♦♥*:♥✉♦

❛%%♦❝✐❛❞♦ ❛ A. ❖ ❝♦♥❥✉♥*♦ ❞❡ *♦❞♦% ♦% ♣♦❧✐♥6♠✐♦% m−❤♦♠♦❣9♥❡♦% ❝♦♥*:♥✉♦% ❞❡ E ❡♠

F %❡+A ❞❡♥♦*❛❞♦ ♣♦+ P(mE;F ), ♦ <✉❛❧ 3 ✉♠ ❡%♣❛'♦ ✈❡*♦+✐❛❧ ❝♦♠♣❧❡*♦✱ <✉❛♥❞♦ ♠✉♥✐❞♦

❝♦♠ ❛ ♥♦+♠❛

‖P‖ = sup
‖x‖=1

‖P (x)‖ .

❆ ❞❡✜♥✐7=♦ ❛❝✐♠❛ &♦+♥❛ ♥❛&✉+❛❧ ❛ ❞❡✜♥✐7=♦ ❞❡ ♣♦❧✐♥2♠✐♦" ❛❜"♦❧✉&❛♠❡♥&❡ (p, q)−"♦♠❛♥&❡"✳

❉❡✜♥✐%&♦ ✶✳✷✳✷ ❙❡❥❛♠ E ❡ F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❡ 1 ≤ p, q < ∞, ❝♦♠ p ≥ q

m
. ❯♠

♣♦❧✐♥6♠✐♦ m✲❤♦♠♦❣9♥❡♦ P : E → F 3 ❛❜%♦❧✉*❛♠❡♥*❡ (p, q)✲%♦♠❛♥*❡ %❡ ❡①✐%*❡ ✉♠❛

❝♦♥%*❛♥*❡✱ C ≥ 0 *❛❧ <✉❡

(

n
∑

j=1

‖P (xj)‖p
) 1

p

≤ C
∥

∥

∥
(xj)

n

j=1

∥

∥

∥

m

w,q
✭✶✳✺✮

♣❛+❛ *♦❞♦ ✐♥*❡✐+♦ ♣♦%✐*✐✈♦ n.

❉❡♥♦&❛♠♦" ♣♦+ P(p,q)(
mE;F ) ♦ ❝♦♥❥✉♥&♦ ❞♦" ♣♦❧✐♥2♠✐♦" m−❤♦♠♦❣5♥❡♦" ❛❜"♦❧✉✲

&❛♠❡♥&❡ (p, q)−"♦♠❛♥&❡" ❞❡ E ❡♠ F ✳ ❊""❡ ❝♦♥❥✉♥&♦ "❡+G ✉♠ "✉❜❡"♣❛7♦ ✈❡&♦+✐❛❧ ❞❡

P(mE;F ). ▼❛✐" ✉♠❛ ✈❡③ ♦ J♥✜♠♦ ❞♦" C <✉❡ "❛&✐"❢❛③ ❛ ❞❡"✐❣✉❛❧❞❛❞❡ ✭✶✳✺✮ ❞❡✜♥❡ ✉♠❛

♥♦+♠❛ ❡♠ P(p,q)(
mE;F ), ❛ <✉❛❧ ❞❡♥♦&❛+❡♠♦" ♣♦+ ‖ · ‖pol(p,q).

✶✳✸ ❖♣❡3❛❞♦3❡* ♠5❧.✐♣❧♦ *♦♠❛♥.❡*

❊"&❛ "❡7=♦ &❡♠ ♣♦+ ♦❜❥❡&✐✈♦ +❡❧❡♠❜+❛+ +❡"✉❧&❛❞♦" ✐♠♣♦+&❛♥&❡" ❞❛ &❡♦+✐❛ ❞❡ ♦♣❡✲

+❛❞♦+❡" ♠L❧&✐♣❧♦ "♦♠❛♥&❡"✳

❉❡✜♥✐%&♦ ✶✳✸✳✶ ❙❡❥❛♠ 1 ≤ p, q1, · · · , qm < ∞ ❡ E1, · · · , Em, F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤✳

❯♠❛ ❛♣❧✐❝❛'2♦ T ∈ L(E1, · · · , Em;F ) 3 ♠E❧*✐♣❧♦ (p, q1, · · · , qm)−%♦♠❛♥*❡ %❡ ❡①✐%*❡ ✉♠
C ≥ 0 *❛❧ <✉❡

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C

m
∏

i=1

∥

∥

∥

(

x
(i)
ki

)n

k=1

∥

∥

∥

w,qi

✭✶✳✻✮

✶✶



♣❛"❛ #♦❞♦ n ∈ N✱ #♦❞♦ x
(i)
ki
∈ Ei, ❝♦♠ ki = 1, . . . , n ❡ i = 1, · · · ,m.

❉❡♥♦$❛&❡♠♦( ♣♦& Πmult
p,q1,···qm

(E1, · · · , Em;F ) ♦ ❝♦♥❥✉♥$♦ ❢♦&♠❛❞♦ ♣♦& $❛✐( ♦♣❡&❛❞♦✲
&❡(✳ ❙❡ q1 = · · · = qm = q ♦✉ p = q1 = · · · = qm ❡(❝&❡✈❡♠♦( Π

mult
p,q (E1, · · · , Em;F ) ♦✉

Πmult
p (E1, · · · , Em;F ), &❡(♣❡❝$✐✈❛♠❡♥$❡✱ ❡ 5✉❛♥❞♦ E1 = · · · = Em, ♥♦((❛ ♥♦$❛67♦ (❡&8

Πmult
p,q (mE;F ).

❱❛♠♦( ❢♦❝❛& ♥♦ ❝❛(♦ Πmult
p,q (E1, · · · , Em;F ) ♦ ❝♦♥❥✉♥$♦ ❞♦( ♦♣❡&❛❞♦&❡( m−❧✐♥❡❛&❡(

♠;❧$✐♣❧♦ (p, q)−(♦♠❛♥$❡( ❞❡ E1×· · ·×Em ❡♠ F ✳ ❊((❡ ❝♦♥❥✉♥$♦ = ✉♠ (✉❜❡(♣❛6♦ ✈❡$♦&✐❛❧

❞❡ L(E1, · · · , Em;F ).
➱ ❢8❝✐❧ ✈❡& 5✉❡ @♥✜♠♦ ❞♦( C 5✉❡ (❛$✐(❢❛③ ❛ ❞❡(✐❣✉❛❧❞❛❞❡ ✭✶✳✻✮✱ ❞❡✜♥❡ ✉♠❛ ♥♦&♠❛

❡♠ Πmult
p,q (E1, · · · , Em;F ), ❛ 5✉❛❧ ❞❡♥♦$❛&❡♠♦( ♣♦& πmultp,q (·). ❆❧=♠ ❞✐((♦✱ ♦ ❡(♣❛6♦ ❞♦(

♦♣❡&❛❞♦&❡( m−❧✐♥❡❛&❡( ♠;❧$✐♣❧♦ (p, q)−(♦♠❛♥$❡( ❞❡ E1 × · · · ×Em ❡♠ F ♠✉♥✐❞♦ ❝♦♠

❛ ♥♦&♠❛ πmultp,q (·) = ✉♠ ❡(♣❛6♦ ❞❡ ❇❛♥❛❝❤✳ ❆5✉✐ $❛♠❜=♠ $❡&❡♠♦( ✉♠❛ ✐♠♣♦&$❛♥$❡

❝❛&❛❝$❡&✐③❛67♦✱ ✈✐❛ (❡5✉K♥❝✐❛(✱ ♣❛&❛ (✉❛ ♣&♦✈❛ ✈❡❥❛ ❬✺✵❪✳

 !♦♣♦$✐&'♦ ✶✳✸✳✷ ❙❡❥❛♠ 1 ≤ q1, · · · , qm ≤ p < ∞ ❡ T ∈ L(E1, · · · , Em;F ). ❙,♦
❡-✉✐✈❛❧❡♥#❡3✿

✭✐✮ T 7 ♠8❧#✐♣❧♦ (p, q1, · · · , qm)−3♦♠❛♥#❡❀

✭✐✐✮

(

T
(

x
(1)
k1
, · · · , x(m)

km

))∞

k1,··· ,km=1
∈ ℓp(Nm;F ) 3❡♠♣"❡ -✉❡

(

x
(i)
ki

)∞

ki=1
∈ ℓqi,w(Ei).

◆❡($❛ ❝❧❛((❡ ❞❡ ♦♣❡&❛❞♦&❡( ♥7♦ $❡♠♦( ✉♠ $❡♦&❡♠❛ ❞❡ ✐♥❝❧✉(7♦ (❡♠❡❧❤❛♥$❡ ❛♦(

5✉❡ ❥8 ✈✐♠♦( ♣❛&❛ ❛( ❝❧❛((❡( ❛♥$❡&✐♦&❡(✳ ❚♦❞❛✈✐❛✱ ❡①✐($❡♠ &❡(✉❧$❛❞♦( ♣❛&❝✐❛✐(✱ 5✉❡ ♥7♦

(❡&7♦ ❛❜♦&❞❛❞♦( ♥❡($❡ $&❛❜❛❧❤♦✳

✶✳✹ ❊$♣❛'♦ ❝♦♠ ❝♦+✐♣♦ ✜♥✐+♦ ❡ ❋✉♥'2❡$ ❞❡ ❘❛❞❡♠❛✲

❝❤❡7

❘❡❧❡♠❜&❡♠♦( 5✉❡✱ ♣❛&❛ 2 ≤ q ≤ ∞✱ ✉♠ ❡(♣❛6♦ E #❡♠ ❝♦#✐♣♦ q (❡ ❡①✐($❡ ✉♠❛ ❝♦♥(✲

$❛♥$❡ C ≥ 0 $❛❧ 5✉❡✱ ♣❛&❛ 5✉❛❧5✉❡& ❡(❝♦❧❤❛ ❞❡ ✉♠ ♥;♠❡&♦ ✜♥✐$♦ ❞❡ ✈❡$♦&❡( x1, · · · , xn
❞❡ E✱ $❡♠♦(

(

n
∑

k=1

‖xk‖q
) 1

q

≤ C





∫ 1

0

∥

∥

∥

∥

∥

n
∑

k=1

rk(t)xk

∥

∥

∥

∥

∥

2

dt





1
2

,

✶✷



♦♥❞❡ rk ❞❡♥♦$❛ ❛ k✲'(✐♠❛ ❢✉♥-.♦ ❞❡ ❘❛❞❡♠❛❝❤❡2✳ ▼❛✐( ❡(♣❡❝✐✜❝❛♠❡♥$❡✱ ♣❛2❛ k ∈

N ❡ t ∈ [0, 1] , rk(t) = sign
[

sen
(

2kπt
)]

. ◗✉❛♥❞♦ q = ∞ (✉❜($✐$✉:♠♦(

(

n
∑

k=1

‖xk‖q
) 1

q

♣♦2 max
k≤n

‖xk‖✳ ➱ ❝❧❛2♦ =✉❡ (❡ q1 ≤ q2, ❡♥$.♦ E $❡2 ❝♦$✐♣♦ q1 ✐♠♣❧✐❝❛ =✉❡ E $❡♠ ❝♦$✐♣♦

q2; ♣♦2$❛♥$♦✱ ❞❛=✉✐ ❡♠ ❞✐❛♥$❡✱ ❞❡♥♦$❛2❡♠♦( inf{q : E $❡♠ ❝♦$✐♣♦ q} ♣♦2 cot(E)✳

❉❡✜♥✐%&♦ ✶✳✹✳✶ ❙❡ 2 ≤ q < ∞, ❡♥#$♦ ❞✐③❡♠♦* +✉❡ ♦ ❡*♣❛/♦ ❞❡ ❇❛♥❛❝❤ X ❢❛#♦4❛

✜♥✐#❛♠❡♥#❡ ❛ ✐♥❝❧✉*$♦ ❢♦4♠❛❧ ℓq →֒ ℓ∞✱ ♣❛4❛ 0 < δ < 1✱ *❡✱ ♣❛4❛ #♦❞♦ n ∈ N✱ ❡①✐*#✐4❡♠

x1, · · · , xn ∈ X #❛✐* +✉❡

(1− δ)‖a‖∞ ≤
∥

∥

∥

∥

∥

∑

k≤n

akxk

∥

∥

∥

∥

∥

≤ ‖a‖q

♣❛4❛ #♦❞♦ a = (ak)
n
k=1 ∈ ℓnq .

❉❛❞♦ ✉♠ ❡(♣❛-♦ ❞❡ ❇❛♥❛❝❤ X✱ ❞❡✜♥✐2❡♠♦(

rX := sup {2 ≤ q ≤ ∞ : X ❢❛$♦2❛ ✜♥✐$❛♠❡♥$❡ ❛ ✐♥❝❧✉(.♦ ❢♦2♠❛❧ ℓq →֒ ℓ∞} ;
sX := inf {2 ≤ q ≤ ∞ : idX ∈ Πq,1(X)} .

❚❡♦,❡♠❛ ✶✳✹✳✷ 9❛4❛ #♦❞♦ ❡*♣❛/♦ ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥*$♦ ✐♥✜♥✐#❛ X✱ #❡♠♦*

cot(X) = rX = sX .

❉❡♠♦♥01,❛%&♦✳ ❬✶✽✱ ❚❡♦2❡♠❛ ✶✹✳✺❪✳

✶✸



❈❛♣#$✉❧♦ ✷

❮♥❞✐❝❡ ❞❡ ❙♦♠❛❜✐❧✐❞❛❞❡

◆❡"#❡ ❝❛♣'#✉❧♦ ♣+♦✈❛♠♦" ❛ ❡①✐"#0♥❝✐❛ ❞♦ '♥❞✐❝❡ ❞❡ "♦♠❛❜✐❧✐❞❛❞❡✱ ♣❛+❛ ♦ ❝❛"♦

♠✉❧#✐❧✐♥❡❛+ ❡ ♣♦❧✐♥♦♠✐❛❧✱ ✐"#♦ 5 ❢❡✐#♦ ♦❜#❡♥❞♦ ❡"#✐♠❛#✐✈❛" "✉♣❡+✐♦+❡" ♣❛+❛ ❡"#❡ '♥❞✐❝❡✳

❆❧5♠ ❞✐""♦✱ ❞❡✜♥✐♠♦" ♥♦✈♦" ✐❞❡❛✐" ❞❡ ♦♣❡+❛❞♦+❡" :✉❡ ✈❡+❡♠♦" #❡+ ❜♦❛" ♣+♦♣+✐❡❞❛❞❡"✳

❚❛♠❜5♠ ♠♦"#+❛+❡♠♦" ✉♠ +❡"✉❧#❛❞♦ ❞❛ #❡♦+✐❛ ❞❡ ❧✐♥❡❛❜✐❧✐❞❛❞❡✳

✷✳✶ ❊①✐&'(♥❝✐❛ ❞♦ .♥❞✐❝❡

◆❡"#❛ "❡<=♦ ♣+♦✈❛+❡♠♦" :✉❡ ❡①✐"#❡ ✉♠❛ ❝♦♥"#❛♥#❡ Cn ❞❡♣❡♥❞❡♥❞♦ ❞❡ n :✉❡ "❛#✐"✲

❢❛③ ✭✶✳✻✮ ♣❛+❛ #♦❞❛ ❛♣❧✐❝❛<=♦ T ∈ L(E1, · · · , Em;F )✱ ❡ ♠❛✐"✱ ❡"#❛ ❝♦♥"#❛♥#❡ 5 ❞❛ ❢♦+♠❛
Cn = Cns, ❝♦♠ s ≥ 0. ❱❡❥❛ :✉❡ ❡"#❡ s ♣♦❞❡ "❡+ ✈✐"#♦ ❝♦♠♦ ✉♠ '♥❞✐❝❡ ❞❡ "♦♠❛❜✐❧✐❞❛❞❡✳

❉❡ ❢❛#♦✱ :✉❛♥❞♦ ♣♦❞❡♠♦" #♦♠❛+ s = 0 +❡❝❛'♠♦" ♥❛ ❞❡✜♥✐<=♦ ❞❡ ♦♣❡+❛❞♦+❡" ♠G❧#✐♣❧♦"

(p, q)− "♦♠❛♥#❡"✱ :✉❛♥❞♦ ♥=♦✱ ♣♦❞❡♠♦" ♥♦" ♣❡+❣✉♥#❛+ "♦❜+❡ :✉❛❧ "❡+✐❛ ♦ '♥❞✐❝❡ I#✐♠♦✱
♦✉ "❡❥❛✱ ♦ ♠❡♥♦+ s ♣❛+❛ ♦ :✉❛❧ #❡+'❛♠♦" ❛ ❞❡"✐❣✉❛❧❞❛❞❡ ✈J❧✐❞❛ ♣❛+❛ #♦❞♦ ♦♣❡+❛❞♦+

m−❧✐♥❡❛+ ❝♦♥#'♥✉♦ ❞❡ E1×· · ·×Em ❡♠ F ✳ ❚❡♥❞♦ ✐""♦ ❡♠ ♠❡♥#❡✱ ❞❡✜♥✐♠♦" ♦ '♥❞✐❝❡ ❞❡

"♦♠❛❜✐❧✐❞❛❞❡ ♣❛+❛ ♦ ♣❛+ ❞❡ ❡"♣❛<♦" (E1 × · · · ×Em, F )✱ ♦♥❞❡ m 5 ✉♠ ✐♥#❡✐+♦ ♣♦"✐#✐✈♦✱

❝♦♠♦ "❡❣✉❡✿

❉❡✜♥✐%&♦ ✷✳✶✳✶ ❖ m−!♥❞✐❝❡ ♠✉❧*✐❧✐♥❡❛, ❞❡ (p, q)−-♦♠❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛, ❞❡ ❡-♣❛1♦- ❞❡
❇❛♥❛❝❤ (E1 × · · · × Em, F ) 4 ❞❡✜♥✐❞♦ ❝♦♠♦

ηm−mult(p,q) (E1, · · · , Em;F ) = inf sm,p,q

*❛❧ 6✉❡✱ ♣❛,❛ *♦❞♦ T ∈ L(E1, · · · , Em;F ), ❡①✐-*❡ ✉♠❛ ❝♦♥-*❛♥*❡ C > 0 ✭♥:♦ ❞❡♣❡♥❞❡♥❞♦



❞❡ n✮ #❛%✐#❢❛③❡♥❞♦

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ Cnsm,p,q

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

✭✷✳✶✮

♣❛,❛ %♦❞♦ ✐♥%❡✐,♦ ♣♦#✐%✐✈♦ n ❡ %♦❞♦ x
(i)
ki
∈ Ei ❝♦♠ 1 ≤ k ≤ n ❡ 1 ≤ i ≤ m.

◗✉❛♥❞♦ E1 = · · · = Em = E, ❡,❝.❡✈❡♠♦, ηm−mult(p,q) (E;F ) ♥♦ ❧✉❣❛. ❞❡

ηm−mult(p,q) (E, · · · , E;F ).
❉❡ ♠❛♥❡✐.❛ ,✐♠✐❧❛. ❞❡✜♥✐♠♦, ♦ m−6♥❞✐❝❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ (p, q)−,♦♠❛❜✐❧✐❞❛❞❡ ❞♦

♣❛. ❞❡ ❡,♣❛9♦, ❞❡ ❇❛♥❛❝❤ (E,F )✱ ❞❛ ,❡❣✉✐♥=❡ ♠❛♥❡✐.❛✿

❉❡✜♥✐%&♦ ✷✳✶✳✷ ❖ m−1♥❞✐❝❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ (p, q)−#♦♠❛❜✐❧✐❞❛❞❡ ❞♦ ♣❛, ❞❡ ❡#♣❛4♦# ❞❡

❇❛♥❛❝❤ (E,F ) 7 ❞❡✜♥✐❞♦ ❝♦♠♦

ηm−pol(p,q) (E;F ) = inf sm,p,q

%❛❧ 9✉❡✱ ♣❛,❛ %♦❞♦ P ∈ P(mE;F ), ❡①✐#%❡ ✉♠❛ ❝♦♥#%❛♥%❡ C > 0 ✭♥>♦ ❞❡♣❡♥❞❡♥❞♦ ❞❡ n✮

#❛%✐#❢❛③❡♥❞♦

(

n
∑

k=1

‖P (xk)‖p
) 1

p

≤ Cnsm,p,q‖ (xk)nk=1 ‖mw,q ✭✷✳✷✮

♣❛,❛ %♦❞♦ ✐♥%❡✐,♦ ♣♦#✐%✐✈♦ n ❡ %♦❞♦ xk ∈ E ❝♦♠ 1 ≤ k ≤ n.

◗✉❛♥❞♦ m = 1✱ =❡♠♦, Πmult
p,q (1E;F ) = P(p,q)(

1E;F ) = Πp,q(E;F ) ❡✱ ♥❡,=❡ ❝❛,♦✱

❡,❝.❡✈❡♠♦, ,✐♠♣❧❡,♠❡♥=❡ η(p,q)(E;F )✳

❆ ,❡❣✉✐. ✈❛♠♦, ♠♦,=.❛. @✉❡ ❡,=❡ 6♥❞✐❝❡ ❡①✐,=❡ ❡ B ,❡♠♣.❡ ✜♥✐=♦✳

❯♠ ❞♦, .❡,✉❧=❛❞♦, ❢✉♥❞❛♠❡♥=❛✐, ❞❛ =❡♦.✐❛ ❞❡ ♦♣❡.❛❞♦.❡, ❛❜♦,✉❧❛=❡♠❡♥=❡ p✕

,♦♠❛♥=❡, B ♦ ❥G ♠❡♥❝✐♦♥❛❞♦ ❚❡♦.❡♠❛ ❞❡ ❉✈♦.❡=③❦②✲❘♦❣❡., @✉❡ ❣❛.❛♥=❡ ❛ ❡①✐,=N♥❝✐❛ ❞❡

✉♠❛ ,❡@✉N♥❝✐❛ ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥=❡ ,♦♠G✈❡❧ @✉❡ ♥O♦ B ❛❜,♦❧✉=❛♠❡♥=❡ ,♦♠G✈❡❧ ❡♠ @✉❛❧✲

@✉❡. ❡,♣❛9♦ ❞❡ ❞✐♠❡♥,O♦ ✐♥✜♥✐=❛✳ ❯♠❛ ✈❡.,O♦ ❢.❛❝❛ ❞❡,,❡ =❡♦.❡♠❛ ❞✐③ @✉❡ ♦ ♦♣❡.❛❞♦.

✐❞❡♥=✐❞❛❞❡ ,♦❜.❡ ♦ ❡,♣❛9♦ ❞❡ ❇❛♥❛❝❤ E✱ ❞❛❞♦ ♣♦. idE(x) = x, ♣❛.❛ =♦❞♦ x ∈ E, ,❡.G
❛❜,♦❧✉=❛♠❡♥=❡ p−,♦♠❛♥=❡ ,❡✱ ❡ ,♦♠❡♥=❡ ,❡✱ E ❢♦. ❞❡ ❞✐♠❡♥,O♦ ✜♥✐=❛✱ ♥❡,=❡ ❝❛,♦✱ ❛

♥♦.♠❛ p−,♦♠❛♥=❡ ♣♦❞❡ ,❡. ❝❛❧❝✉❧❛❞❛✳ ❖ ♣.✐♠❡✐.♦ .❡,✉❧=❛❞♦ @✉❡ ❡♥✉♥❝✐❛.❡♠♦, ❛ ❡,=❡

.❡,♣❡✐=♦ ❢♦✐ ♣.♦✈❛❞♦ ✐♥✐❝✐❛❧♠❡♥=❡✱ ❡♠ ❬✷✹❪✱ ♣♦. ●❛.❧✐♥❣ ❡ ●♦.❞♦♥✱ ❡♠ ✶✾✼✶✳

❚❡♦,❡♠❛ ✷✳✶✳✸ ❙❡ E 7 ✉♠ ❡#♣❛4♦ ❞❡ ❇❛♥❛❝❤ ❡ dimE = n, ❡♥%>♦ π2(idE) =
√
n.

✶✺



❊!"✐♠❛"✐✈❛! ♣❛(❛ ❡!!❛ ♥♦(♠❛ !❡(,♦ ❢✉♥❞❛♠❡♥"❛✐! ❛♦ ❧♦♥❣♦ ❞❡!"❡ "(❛❜❛❧❤♦✱ ❛!!✐♠

♣(♦!!❡❣✉✐♠♦! ❝♦♠ ✉♠ ❝♦(♦❧6(✐♦ ❞❡!"❡ (❡!✉❧"❛❞♦✳ ❆ ♣❛("✐( ❞❡ ❛❣♦(❛ ✈❛♠♦! ❡①"(❛♣♦❧❛( ❛

♥♦:,♦ ❞❡ ♦♣❡(❛❞♦( ❛❜!♦❧✉"❛♠❡♥"❡ p−!♦♠❛♥"❡ ♣❛(❛ p > 0. ❋✐①❛❞♦ ✉♠ n ∈ N✱ ♣♦❞❡♠♦!

❝♦♥!✐❞❡(❛( ♦ <♥✜♠♦ ❞❛! ❝♦♥!"❛♥"❡! >✉❡ !❛"✐!❢❛③❡♠ ✭✶✳✷✮✱ ♣❛(❛ >✉❛❧>✉❡( ❝♦♥❥✉♥"♦ ❞❡ n

✈❡"♦(❡! ❞❡ E. ❉❡♥♦"❛(❡♠♦! ♣♦( π
(n)
p,q (·) ❡!!❡ <♥✜♠♦✳

❈♦"♦❧$"✐♦ ✷✳✶✳✹ ❙❡❥❛ 0 < p <∞. ❙❡ E $ ✉♠ ❡'♣❛)♦ ❞❡ ❇❛♥❛❝❤ ❡ dimE = n, ❡♥01♦

π(n)
p (idE) ≤ nmax{ 1

p
, 1
2}. ✭✷✳✸✮

❉❡♠♦♥./"❛12♦✳ ❙❡❥❛ 0 < p < 2 ❡ r > 0 "❛❧ >✉❡ 1
p
= 1

2
+ 1

r
. ❉❛❞♦! x1, · · · , xn ∈ E ❡

✉!❛♥❞♦ ❛ ❞❡!✐❣✉❛❧❞❛❞❡ ❞❡ ❍I❧❞❡( ♦❜"❡♠♦!

(

n
∑

j=1

‖idE(xj)‖p
) 1

p

≤
(

n
∑

j=1

‖idE(xj)‖2
) 1

2

·
(

n
∑

j=1

|1|r
) 1

r

≤ π2(idE)
∥

∥(xj)
n
j=1

∥

∥

w,2
n

1
r

❚❡♦#❡♠❛ 2.1.3

≤ n
1
2
+ 1

r

∥

∥(xj)
n
j=1

∥

∥

w,p
.

▲♦❣♦

π(n)
p (idE) ≤ n

1
p .

K❛(❛ ♦ ❝❛!♦ p ≥ 2 ✉!❛♠♦! ♦ ❚❡♦(❡♠❛ ❞❛ ■♥❝❧✉!,♦ ✭✶✳✶✳✷✮ ♣❛(❛ ♦❜"❡(

π(n)
p (idE) ≤ πp(idE) ≤ π2(idE) = n

1
2 .

❉♦ ❝♦(♦❧6(✐♦ ❛❝✐♠❛✱ !❡ X N ✉♠ !✉❜❡!♣❛:♦ ❞❡ ✉♠ ❡!♣❛:♦ n−❞✐♠❡♥!✐♦♥❛❧ ♥♦(♠❛❞♦
E✱ ❡♥",♦

π(n)
p (idX) ≤ (dimX)max{ 1

p
, 1
2} ≤ nmax{ 1

p
, 1
2}.

3"♦♣♦.✐12♦ ✷✳✶✳✺ ❙❡❥❛♠ 0 < p <∞ ❡ E1, · · · , Em, F ❡!♣❛$♦! ❞❡ ❇❛♥❛❝❤✳ ❊♥-.♦

ηm−mult(p,p) (E1, · · · , Em;F ) ≤ m ·max
{

1

p
,
1

2

}

.

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛♠ T ∈ L(E1, · · · , Em;F ), x(i)ki ∈ Ei ❡Xi = span
{

x
(i)
1i
, · · · , x(i)ni

}

⊂
Ei ❝♦♠ ki = 1, . . . , n ❡ i = 1, . . . ,m. ❊♥)*♦

✶✻



(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ ‖T‖
(

n
∑

k1=1

∥

∥

∥x
(1)
k1

∥

∥

∥

p

) 1
p

· · ·
(

n
∑

km=1

∥

∥

∥x
(m)
km

∥

∥

∥

p

) 1
p

= ‖T‖
(

n
∑

k1=1

∥

∥

∥
idX1

(

x
(1)
k1

)∥

∥

∥

p

) 1
p

· · ·
(

n
∑

km=1

∥

∥

∥
idXm

(

x
(m)
km

)∥

∥

∥

p

) 1
p

.

❈♦♠♦ idXi
# ❛❜&♦❧✉)❛♠❡♥)❡ p✲&♦♠❛♥)❡✱ ♣❛/❛ ❝❛❞❛ i = 1, · · · ,m, )❡♠♦&

(

n
∑

ki=1

∥

∥

∥idXi

(

x
(i)
ki

)∥

∥

∥

p

) 1
p

≤ π(n)
p (idXi

) sup
ψ∈B

X
∗

i

(

n
∑

ki=1

∣

∣

∣ψ
(

x
(i)
ki

)∣

∣

∣

p

) 1
p

.

2❡❧♦ ❚❡♦/❡♠❛ ❞❡ ❍❛❤♥✕❇❛♥❛❝❤✱ ♣❛/❛ ❝❛❞❛ ψ ∈ X∗
i ❡①✐&)❡ ✉♠❛ ❡①)❡♥&:♦ ψ̄ ∈ E∗i

)❛❧ ;✉❡ ‖ψ‖ =
∥

∥ψ̄
∥

∥ . 2♦/)❛♥)♦

(

n
∑

ki=1

∥

∥

∥idXi

(

x
(i)
ki

)∥

∥

∥

p

) 1
p

≤ π(n)
p (idXi

) sup
ψ̄∈BE∗

i

(

n
∑

ki=1

∣

∣

∣ψ̄
(

x
(i)
ki

)∣

∣

∣

p

) 1
p

≤ π(n)
p (idXi

) sup
ϕ∈BE∗

i

(

n
∑

ki=1

∣

∣

∣
ϕ
(

x
(i)
ki

)∣

∣

∣

p

) 1
p

= π(n)
p (idXi

)

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,p

,

❡✱ ❛&&✐♠✱

(

∑n

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p) 1
p

≤ ‖T‖ π(n)
p (idX1)

∥

∥

∥

∥

(

x
(1)
k1

)n

k1=1

∥

∥

∥

∥

w,p

· · · πnp (idXm
)

∥

∥

∥

∥

(

x
(m)
km

)n

km=1

∥

∥

∥

∥

w,p

.

2❡❧♦ ❝♦/♦❧</✐♦ ❛♥)❡/✐♦/✱ )❡♠♦&✿

✶✮ ❙❡ 0 < p ≤ 2, ❡♥):♦

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p (2.3)

≤ ‖T‖
(

n
1
p

)m
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,p

= ‖T‖nm
p

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,p

,

✶✼



❡

ηm−mult(p,p) (E1, · · · , Em;F ) ≤
m

p
.

✷✮ ❙❡ p ≥ 2, ❡♥%&♦✱ ❛♥❛❧♦❣❛♠❡♥%❡✱

ηm−mult(p,p) (E1, · · · , Em;F ) ≤
m

2
.

❖ .❡/✉❧%❛❞♦ ❛❝✐♠❛ /✉/❝✐%❛ ❛ ♣❡.❣✉♥%❛✿ /❡.6 7✉❡ ❡//❡/ ✈❛❧♦.❡/ ♣♦❞❡♠ /❡. ♠❡❧❤♦✲

.❛❞♦/❄ ❖ ♣.<①✐♠♦ ❝♦.♦❧6.✐♦ ♠♦/%.❛ 7✉❡ ❡//❛ ❡/%✐♠❛%✐✈❛ > <%✐♠❛ ♣❛.❛ ❛❧❣✉♥/ ❡/♣❛?♦/✱

♥&♦ ♣♦❞❡♥❞♦ /❡. ✉♥✐✈❡./❛❧♠❡♥%❡ ♠❡❧❤♦.❛❞❛✳

❈♦"♦❧$"✐♦ ✷✳✶✳✻ ηm−mult(2,2) (ℓ2; c0) =
m
2
✳

❉❡♠♦♥./"❛12♦✳ ❙❡❥❛ t ✉♠ ♥B♠❡.♦ .❡❛❧ ♣♦/✐%✐✈♦ %❛❧ 7✉❡✱ ♣❛.❛ ❝❛❞❛ T ∈ L(mℓ2; c0),
❡①✐/%❡ ✉♠❛ ❝♦♥/%❛♥%❡ C ≥ 0 /❛%✐/❢❛③❡♥❞♦

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

2
) 1

2

≤ Cnt
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,2

✭✷✳✹✮

♣❛.❛ %♦❞♦ ✐♥%❡✐.♦ ♣♦/✐%✐✈♦ n ❡ %♦❞♦ x
(i)
ki
∈ ℓ2✱ 1 ≤ ki ≤ n✳

❆❣♦.❛✱ /❡❥❛ Tn ∈ L(mℓ2; c0) ❞❡✜♥✐❞♦ ♣♦.

Tn
(

x(1), · · · , x(m)
)

=
(

x
(1)
k1
· · · x(m)

km

)n

k1,··· ,km=1
.

❈❧❛.❛♠❡♥%❡ ‖Tn‖ = 1 ❡

(

n
∑

k1,··· ,km=1

‖Tn(ek1 , · · · , ekm)‖2
) 1

2

= n
m
2 .

❈♦♠♦

∥

∥(eki)
n
ki=1

∥

∥

w,2
= 1, ❛ ❡7✉❛?&♦ ❛♥%❡.✐♦. ❥✉♥%❛♠❡♥%❡ ❝♦♠ ✭✷✳✹✮ ✐♠♣❧✐❝❛

n
m
2 ≤ Cnt

❡✱ ♣♦.%❛♥%♦✱ t ≥ m
2
✳ ❆ ❞❡/✐❣✉❛❧❞❛❞❡ ✐♥✈❡./❛ > ❞❛❞❛ ♣❡❧❛ ♣.♦♣♦/✐?&♦ ❛♥%❡.✐♦.✱ ♦ 7✉❡

❝♦♥❝❧✉✐ ❛ ♣.♦✈❛✳

✶✽



◆♦"❡ $✉❡ &❡ q < p✱ ( ❡✈✐❞❡♥"❡ $✉❡✱ ✉&❛♥❞♦ ❛ ✐♥❝❧✉&0♦ ♣❛2❛ ♥♦2♠❛ ❢2❛❝❛✱ ✈❛❧❡

ηm−mult(p,q) (E1, · · · , Em;F ) ≤ ηm−mult(p,p) (E1, · · · , Em;F ) .

◆♦ ❡♥"❛♥"♦✱ ❝♦♥&❡❣✉✐♠♦& ♠❡❧❤♦2❛2 ❡&&❛ ❡&"✐♠❛"✐✈❛ $✉❛♥❞♦ q ≥ 2. 7❛2❛ "❛♥"♦✱ ♥❡❝❡&&✐✲

"❛♠♦& ❞♦ 2❡&✉❧"❛❞♦ ❛ &❡❣✉✐2✱ $✉❡ 2❛❧❛❝✐♦♥❛ ♣❛2❝✐❛❧♠❡♥"❡ ❛& ♥♦2♠❛& πp1,q ❡ πp2,q ❞❡ ✉♠

♦♣❡2❛❞♦2 ✭♣❛2❛ &✉❛ ❞❡♠♦♥&"2❛:0♦ ✈❡❥❛ ❬✷✸✱ ❈♦2♦❧@2✐♦ ✶✻✳✸✳✶❪✮✳

 !♦♣♦$✐&'♦ ✷✳✶✳✼ ❙❡❥❛♠ E ❡ F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❡ 1 ≤ q ≤ p1 ≤ p2✳ ❙❡ T ∈
Π(p1,q)(E,F ), ❡♥/0♦

πp2,q(T ) ≤ ‖T‖1−
p1
p2 (πp1,q(T ))

p1
p2 .

❊♠ ♣❛2"✐❝✉❧❛2✱ ♦ 2❡&✉❧"❛❞♦ ❝♦♥"✐♥✉❛ ✈@❧✐❞♦ ♣❛2❛ π
(n)
p,q (·).

 !♦♣♦$✐&'♦ ✷✳✶✳✽ ❙❡❥❛♠ 1 ≤ q ≤ p <∞ ❡ E1, · · · , Em, F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤✳ ❊♥/0♦

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
mq

p
max

{

1

q
,
1

2

}

.

❉❡♠♦♥$1!❛&'♦✳ ◆♦"❡ $✉❡

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ ‖T‖
(

n
∑

k1=1

∥

∥

∥
x
(1)
k1

∥

∥

∥

p

) 1
p

· · ·
(

n
∑

km=1

∥

∥

∥
x
(m)
km

∥

∥

∥

p

) 1
p

♣❛2❛ "♦❞♦ x
(i)
ki
∈ Ei, 1 ≤ ki ≤ n, 1 ≤ i ≤ m. ❙❡❥❛♠ Xi := span

{

x
(i)
1i
, · · · , x(i)ni

}

⊂ Ei

❝♦♠ i = 1, · · · ,m. ❈♦♠♦ Xi ( ✉♠ ❡&♣❛:♦ ❞❡ ❞✐♠❡♥&0♦ ✜♥✐"❛✱ idXi
( ❛❜&♦❧✉"❛♠❡♥"❡

q✲&♦♠❛♥"❡✳ ▲♦❣♦✱ ♣❡❧❛ 72♦♣♦&✐:0♦ ✷✳✶✳✼ "❡♠♦&

π(n)
p,q (idXi

) ≤ π(n)
q (idXi

)
q

p . ✭✷✳✺✮

7♦2"❛♥"♦✱ ♣❛2❛ ❝❛❞❛ i = 1, · · · ,m, ♦❜"❡♠♦&

(

n
∑

ki=1

∥

∥

∥
x
(i)
ki

∥

∥

∥

p

) 1
p

≤ π(n)
p,q (idXi

)
∥

∥(xki)
n
ki=1

∥

∥

w,q

(2.5)

≤ π(n)
q (idXi

)
q

p

∥

∥(xki)
n
ki=1

∥

∥

w,q

❡✱ ❛&&✐♠ ♣❡❧♦ ❈♦2♦❧@2✐♦ ✷✳✶✳✹✱ "❡♠♦&

(

n
∑

ki=1

∥

∥

∥x
(i)
ki

∥

∥

∥

p

) 1
p

≤
(

nmax{ 1
q
, 1
2}
)

q

p
∥

∥(xki)
n
ki=1

∥

∥

w,q

✶✾



▲♦❣♦

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
mq

p
max

{

1

q
,
1

2

}

.

❆ ♥♦%&♦ ❞❡ ♦♣❡*❛❞♦*❡, ♠.❧0✐♣❧♦ (p, q)−,♦♠❛♥0❡, ♥&♦ ,❡ ❛♣❧✐❝❛ 3✉❛♥❞♦ p < q,

♣♦✐, ♥❡,0❡ ❝❛,♦ ❛♣❡♥❛, ♦ ♦♣❡*❛❞♦* ♥✉❧♦ ♣♦❞❡ ,❡* ♠.❧0✐♣❧♦ (p, q)−,♦♠❛♥0❡✳ ◆♦ ❡♥0❛♥0♦✱
♥❡,,❡ ❝♦♥0❡①0♦✱ 9 ❞❡ ♣❛*0✐❝✉❧❛* ✐♥0❡*❡,,❡ ✐♥✈❡,0✐❣❛* ♦ ❝❛,♦ ❡♠ 3✉❡ p < q, ❥< 3✉❡ ♥❡,0❡

❝❛,♦ ,❛❜❡♠♦, 3✉❡ ♦ >♥❞✐❝❡ 9 ,❡♠♣*❡ ❞✐❢❡*❡♥0❡ ❞❡ ③❡*♦✳

 !♦♣♦$✐&'♦ ✷✳✶✳✾ ❙❡❥❛♠ 0 < p < q <∞ ❡ E1, · · · , Em, F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤✳ ❊♥01♦

ηm−mult(p,q) (E1, · · · , Em;F ) ≤ m

[(

1

p
− 1

q

)

+max

{

1

q
,
1

2

}]

.

❉❡♠♦♥$0!❛&'♦✳ A❛*❛ x
(i)
ki
∈ Ei, i = 1, · · · ,m, 0❡♠♦,

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ ‖T‖
(

n
∑

k1=1

∥

∥

∥
x
(1)
k1

∥

∥

∥

p

) 1
p

· · ·
(

n
∑

km=1

∥

∥

∥
x
(m)
km

∥

∥

∥

p

) 1
p

.

❉❛ ❞❡,✐❣✉❛❧❞❛❞❡ ❞❡ ❍D❧❞❡*

(

n
∑

ki=1

∥

∥

∥
x
(i)
ki

∥

∥

∥

p

) 1
p

≤
(

n
∑

ki=1

∥

∥

∥
x
(i)
ki

∥

∥

∥

q

) 1
q
(

n
∑

km=1

|1|
pq

q−p

)
q−p

pq

≤
(

n
∑

ki=1

∥

∥

∥
x
(i)
ki

∥

∥

∥

q

) 1
q

n
q−p

qp .

❆,,✐♠✱ ✉,❛♥❞♦ ♦ ❈♦*♦❧<*✐♦ ✷✳✶✳✹

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ ‖T‖
(

nmax{ 1
q
, 1
2}
∥

∥

∥

∥

(

x
(1)
k1

)n

k1=1

∥

∥

∥

∥

w,q

n
q−p

qp

)

· · ·
(

nmax{ 1
q
, 1
2}
∥

∥

∥

∥

(

x
(m)
km

)n

km=1

∥

∥

∥

∥

w,q

n
q−p

qp

)

= ‖T‖nm[( 1
p
− 1

q )+max{ 1
q
, 1
2}]

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

.

✷✵



◆♦"❡ $✉❡ ♦m−&♥❞✐❝❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ (p, q)−/♦♠❛❜✐❧✐❞❛❞❡ ♣♦❞❡ /❡1 ❡/"✐♠❛❞♦ ✉/❛♥❞♦
❛/ ❡/"✐♠❛"✐✈❛/ ♣❛1❛ m−&♥❞✐❝❡ ♠✉❧"✐❧✐♥❡❛1 ❞❡ (p, q)−/♦♠❛❜✐❧✐❞❛❞❡✱ ♥♦//♦ ♣14①✐♠♦ 1❡/✉❧✲
"❛❞♦ ♠❡❧❤♦1❛ ❡//❛/ ❡/"✐♠❛"✐✈❛/✳

 !♦♣♦$✐&'♦ ✷✳✶✳✶✵ ❙❡❥❛♠ E,F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤✱ m ✉♠ ♥0♠❡1♦ ♥❛2✉1❛❧✱ q > 0 ❡

p < q

m
✳ ❊♥26♦

ηm−pol(p,q) (E;F ) ≤ 1

p
+m

[

max

{

1

q
,
1

2

}

− 1

q

]

.

❉❡♠♦♥$0!❛&'♦✳ 9❛1❛ $✉❛❧$✉❡1 P ∈ P (mE;F ) , ♣❡❧❛ ❞❡/✐❣✉❛❧❞❛❞❡ ❞❡ ❍<❧❞❡1 "❡♠♦/

(

n
∑

k=1

‖P (xk)‖p
) 1

p

≤ ‖P‖
(

n
∑

k=1

‖xk‖mp
) 1

p

≤ ‖P‖





(

n
∑

k=1

(‖xk‖mp)
q

mp

)
mp

q
(

n
∑

k=1

|1|(
q

mp)
∗

) 1

( q
mp)

∗





1
p

= ‖P‖
(

n
∑

k=1

‖xk‖q
)m

q

n
q−mp

qp .

❆//✐♠✱ ♠❛✐/ ✉♠❛ ✈❡③✱ ♣❡❧♦ ❈♦1♦❧@1✐♦ ✷✳✶✳✹

(

n
∑

k=1

‖P (xk)‖p
) 1

p

≤ ‖P‖nmmax{ 1
q
, 1
2}n

q−mp

qp ‖(xk)nk=1‖mw,q

= ‖P‖n 1
p
+m[max{ 1

q
, 1
2}− 1

q ] ‖(xk)nk=1‖mw,q .

✷✳✷ ❖♣❡%❛❞♦%❡) ▲✐♥❡❛%❡) (p, q)− s− somantes

❙❡❥❛♠ 1 ≤ p, q <∞ ❡ E,F ❡/♣❛F♦/ ❞❡ ❇❛♥❛❝❤✳ ❈♦♥/✐❞❡1❡ ♦/ ♦♣❡1❛❞♦1❡/ ❧✐♥❡❛1❡/

❝♦♥"&♥✉♦/ u : E −→ F $✉❡ /❛"✐/❢❛③❡♠✱ ♣❛1❛ ❝❛❞❛ n ∈ N ❡ ♣❛1❛ $✉❛✐/$✉❡1 x1, · · · , xn ∈
E,

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ Cns sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

, ✭✷✳✻✮

♦♥❞❡ s ≥ 0 L ✜①♦ ❡ C ❝♦♥/"❛♥"❡✳ ❉❡♥♦"❛1❡♠♦/ ♣♦1 Πs
p,q(E;F ) ♦ ❝♦♥❥✉♥"♦ ❢♦1♠❛❞♦ ♣♦1

"❛✐/ ♦♣❡1❛❞♦1❡/✳ ❱❡❥❛ $✉❡ Πs
p,q(E;F ) L ✉♠ /✉❜❡/♣❛F♦ ✈❡"♦1✐❛❧ ❞❡ L(E;F )✳ ❉❡ ❢❛"♦✱

/❡❥❛♠ u, v ∈ Πs
p,q ❡ λ ∈ K, "❡♠♦/

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ C1n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

✷✶



❡

(

n
∑

k=1

‖v(xk)‖p
) 1

p

≤ C2n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

.

❆❣♦$❛✱ ♣❡❧❛ ❞❡*✐❣✉❛❧❞❛❞❡ -$✐❛♥❣✉❧❛$ ❡ ♣❡❧❛ ❞❡*✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇*❦✐✱

(

n
∑

k=1

‖(u+ λv)(xk)‖p
) 1

p

≤
(

n
∑

k=1

(‖u(xk)‖+ ‖λv(xk)‖)p
) 1

p

≤
(

n
∑

k=1

‖u(xk)‖p
) 1

p

+ |λ|
(

n
∑

k=1

‖v(xk)‖p
) 1

p

≤ (C1 + |λ|C2)n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

.

▲♦❣♦ u+ λv ∈ Πs
p,q(E;F )✳

❖❜*❡$✈❡ 7✉❡✱ *❡ u ∈ Π0
p,q(E;F ), ❡♥-8♦

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ C sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

❛**✐♠ u *❡$: ✉♠ ♦♣❡$❛❞♦$ ❛❜*♦❧✉-❛♠❡♥-❡ (p, q)−*♦♠❛♥-❡✱ ❡ ♠❛✐*✱ ❞❡*❞❡ 7✉❡ ns ≥
1, ♣❛$❛ -♦❞♦ s ≥ 0 ❡ ♣❛$❛ -♦❞♦ n ∈ N, -❡♠♦*

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ Cns sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

❡ ♣♦$-❛♥-♦ u ∈ Πs
p,q(E;F ), ♣❛$❛ -♦❞♦ s.

 !♦♣♦$✐&'♦ ✷✳✷✳✶ ❖ !♥✜♠♦ ❞♦' C (✉❡ ✈❡,✐✜❝❛♠ ❛ ❞❡'✐❣✉❛❧❞❛❞❡ ✭✷✳✻✮✱ ❞❡✜♥❡ ✉♠❛

♥♦,♠❛ ❡♠ Πs
p,q(E;F ), ❞❡♥♦8❛❞❛ ♣♦, π

s
p,q(u), ❡ ‖u‖ ≤ πsp,q(u) ≤ πp,q(u).

❉❡♠♦♥$/!❛&'♦✳ ;$✐♠❡✐$❛♠❡♥-❡✱ ♥♦-❡ 7✉❡ πsp,q(u) ≥ 0, ♣❛$❛ -♦❞♦ u ∈ Πs
p,q(E;F ).

❆❧<♠ ❞✐**♦✱ *❡ πsp,q(u) = 0, -♦♠❛♥❞♦ n = 1✱ ♦❜-❡$❡♠♦* ‖u(x)‖ = 0, ♣❛$❛ -♦❞♦ x ∈ E ❡✱

❛**✐♠✱ u = 0. ▲♦❣♦ πsp,q(u) = 0 *❡✱ ❡ *♦♠❡♥-❡ *❡✱ u = 0.

❆❣♦$❛✱ ♣❛$❛ 7✉❛❧7✉❡$ λ ∈ K -❡♠♦*

(

n
∑

k=1

‖λu(xk)‖p
) 1

p

= |λ|
(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ |λ|πsp,q(u)ns sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

.

❈♦♠♦ πsp,q(λu) < ♦ >♥✜♠♦ 7✉❡ *❛-✐*❢❛③ ❛ ❞❡*✐❣✉❛❧❞❛❞❡ -❡♠♦*

πsp,q(λu) ≤ |λ|πsp,q(u). ✭✷✳✼✮

✷✷



 ♦" ♦✉$"♦ ❧❛❞♦✱

|λ|
(

n
∑

k=1

‖u(xk)‖p
) 1

p

=

(

n
∑

k=1

‖λu(xk)‖p
) 1

p

≤ πsp,q(λu)n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

❡✱ ♣♦"$❛♥$♦✱

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ πsp,q(λu)

|λ| ns sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

,

♦✉ ,❡❥❛✱

⇒ πsp,q(u) ≤
πsp,q(λu)

|λ| .

❆,,✐♠

|λ|πsp,q(u) ≤ πsp,q(λu), ✭✷✳✽✮

❞♦♥❞❡✱ ❞❡ ✭✷✳✼✮ ❡ ✭✷✳✽✮✱ $❡♠♦,

πsp,q(λu) = |λ|πsp,q(u).

◆♦✈❛♠❡♥$❡✱ ,❡❥❛♠ u, v ∈ Πs
p,q(E;F ), ❡♥$9♦

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ πsp,q(u)n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

❡

(

n
∑

k=1

‖v(xk)‖p
) 1

p

≤ πsp,q(v)n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

.

▲♦❣♦✱ ✉,❛♥❞♦ ❛, ❞❡,✐❣✉❛❧❞❛❞❡, $"✐❛♥❣✉❧❛" ❡ ❞❡ ▼✐♥❦♦✇,❦✐

(

n
∑

k=1

‖(u+ v)(xk)‖p
) 1

p

≤
(

n
∑

k=1

‖u(xk)‖p
) 1

p

+

(

n
∑

k=1

‖v(xk)‖p
) 1

p

≤ (πsp,q(u) + πsp,q(v))n
s sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

,

❛,,✐♠

πsp,q(u+ v) ≤ πsp,q(u) + πsp,q(v).

 ♦"$❛♥$♦ πsp,q(·) ? ✉♠❛ ♥♦"♠❛ ♣❛"❛ Πs
p,q(E;F ).  ♦" @❧$✐♠♦✱ ♣❛"❛ ♠♦,$"❛" ❛ ❞❡,✐❣✉❛❧❞❛❞❡

❞❛, ♥♦"♠❛,✱ ? ,✉✜❝✐❡♥$❡ $♦♠❛" n = 1 ❡ ✉♠ x ∈ E C✉❛❧C✉❡"✳ ❉❛E✱ ✉,❛♥❞♦ ♦ ❝♦"♦❧F"✐♦ ❞♦

❚❡♦"❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤

‖u(x)‖ ≤ πsp,q(u)‖x‖.

✷✸



❈♦♠♦

‖u‖ = inf{c ; ‖u(x)‖ ≤ c‖x‖},

‖u‖ ≤ πsp,q(u).

❆ $❧&✐♠❛ ❞❡+✐❣✉❛❧❞❛❞❡ ❞❡❝♦//❡ ❞❛ ♦❜+❡/✈❛23♦ ❛♥&❡/✐♦/✳

❉❡♥♦&❛/❡♠♦+ ❞❡ ♣♦/ Πs
p,q ❛ +✉❜❝❧❛++❡ ❞❡ &♦❞♦+ ♦+ ♦♣❡/❛❞♦/❡+ ❧✐♥❡❛/❡+ ❡♥&/❡ ❡+♣❛2♦+

❞❡ ❇❛♥❛❝❤ :✉❡ +3♦ ❛❜+♦❧✉&❛♠❡♥&❡ (p, q)−s−+♦♠❛♥&❡+✳ ❉❡+❡❥❛♠♦+ ♣/♦✈❛/ :✉❡ ❡+&❛ ❝❧❛++❡
❞❡&<♠ ❜♦❛+ ♣/♦♣/✐❡❞❛❞❡+✱ ✈❛♠♦+ ❝♦♠❡2❛/ ♣/♦✈❛♥❞♦ +❡ &/❛&❛/ ❞❡ ✉♠ ✐❞❡❛❧ ❞❡ ♦♣❡/❛❞♦/❡+

♥♦/♠❛❞♦+✱ ♠❛+ ❛♥&❡+ ✈❛♠♦+ ❡♥✉♥❝✐❛/ ✉♠ ❧❡♠❛ :✉❡ +❡/> ✉+❛❞♦ ♥❛ ❞❡♠♦♥+&/❛23♦ ❛ +❡❣✉✐/✳

▲❡♠❛ ✷✳✷✳✷ ❙❡❥❛♠ E,F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❡ 1 ≤ q ≤ p < ∞✳ ❊♥01♦ Πs
p,q(E,F )

❝♦♥02♠ ♦% ♦♣❡3❛❞♦3❡% ❞❡ ♣♦%0♦ ✜♥✐0♦✳

❉❡♠♦♥)*+❛,-♦✳ ❱❛♠♦+ ♠♦+&/❛/ :✉❡ Πp,q(E,F ) ❝♦♥&<♠ ♦+ ♦♣❡/❛❞♦/❡+ ❞❡ ♣♦+&♦ ✜♥✐&♦✳

❙❡❥❛

u : E → F : u(x) = ϕ(x)y

❝♦♠ ϕ ∈ E∗ ❡ y ∈ F ❡ +❡❥❛♠ x1, · · · , xn ∈ E. ❙❡ ϕ = 0, ❡♥&3♦✱ ❝❧❛/♦ :✉❡✱ u ∈ Πp,q(E,F ).

❙✉♣♦♥❤❛♠♦+ ϕ 6= 0, ❛++✐♠

(

n
∑

k=1

‖u (xk)‖p
) 1

p

=

(

n
∑

k=1

‖yϕ (xk)‖p
) 1

p

= ‖y‖ ‖ϕ‖
(

n
∑

k=1

|ϕ (xk)|p
‖ϕ‖p

) 1
p

≤ ‖y‖ ‖ϕ‖ sup
ψ∈BE∗

(

n
∑

k=1

|ψ(xk)|p
) 1

p

≤ ‖y‖ ‖ϕ‖ sup
ψ∈BE∗

(

n
∑

k=1

|ψ(xk)|q
) 1

q

,

❧♦❣♦ u ∈ Πp,q(E,F ).❆❣♦/❛ +❡❥❛ v ✉♠ ♦♣❡/❛❞♦/ ❞❡ ♣♦+&♦ ✜♥✐&♦✱ ❡♥&3♦ v(x) =
∑m

j=1 ϕ(x)yj,

❝♦♠ ϕj ∈ E∗ ❡ yj ∈ F, 1 ≤ j ≤ m, ♣♦/&❛♥&♦ v ∈ Πp,q(E,F ). ❈♦♠♦ Πp,q(E,F ) ⊆
Πs
p,q(E,F ), ♣❛/❛ &♦❞♦ s ≥ 0, ♦ /❡+✉❧&❛❞♦ +❡❣✉❡✳

❚❡♦+❡♠❛ ✷✳✷✳✸ ❙❡ 1 ≤ q ≤ p < ∞, ❡♥01♦
(

Πs
p,q, π

s
p,q

)

2 ✉♠ ✐❞❡❛❧ ♥♦3♠❛❞♦ ❞❡ ♦♣❡3❛✲

❞♦3❡% ❧✐♥❡❛3❡%✳

✷✹



❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛♠ E,F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤✳ ❏0 ♠♦%12❛♠♦% 3✉❡ Πs
p,q(E;F ) 5

✉♠ %✉❜❡%♣❛'♦ ❞❡ L(E;F ). ❆❧5♠ ❞✐%%♦✱ ❞♦ ❧❡♠❛ ❛♥1❡2✐♦2 Πs
p,q ❝♦♥15♠ ♦% ♦♣❡2❛❞♦2❡% ❞❡

♣♦%1♦ ✜♥✐1♦✳ ❆❣♦2❛ %❡❥❛♠ u ∈ L(E;F ), u 6= 0, v ∈ Πs
p,q(F ;G) ❡ t ∈ L(G;H). =❛2❛

x1, · · · , xk ∈ E 1❡♠♦%

(

n
∑

k=1

‖t ◦ v ◦ u(xk)‖p
) 1

p

≤
(

n
∑

k=1

‖t‖p‖(v ◦ u)(xk)‖p
) 1

p

= ‖t‖
(

n
∑

k=1

‖(v ◦ u)(xk)‖p
) 1

p

≤ ‖t‖πsp,q(v)ns sup
ϕ∈BF∗

(

n
∑

k=1

|ϕ(u(xk))|q
) 1

q

= ‖t‖πsp,q(v)ns sup
ϕ∈BF∗

(

n
∑

k=1

‖u‖q|ϕ(u(xk))|q
‖u‖q

) 1
q

.

❈♦♠♦ ‖ϕu‖ ≤ ‖ϕ‖‖u‖ ≤ ‖u‖, 1❡♠♦%

ϕu

‖u‖
∈ BE∗ ❡✱ ❝♦♥%❡3✉❡♥1❡♠❡♥1❡✱

(

n
∑

k=1

‖t ◦ v ◦ u(xk)‖p
) 1

p

≤ ‖t‖πsp,q(v)‖u‖ns sup
ψ∈BE∗

(

n
∑

k=1

|ψ(xk)|q
) 1

q

.

▲♦❣♦✱

t ◦ v ◦ u ∈ Πs
p,q(E,H)

❡

πsp,q(t ◦ v ◦ u) ≤ ‖t‖πsp,q(v)‖u‖.

❘❡%1❛ ❝❛❧❝✉❧❛2 ❛ ♥♦2♠❛ ❞❛ ✐❞❡♥1✐❞❛❞❡✳ ❏0 %❛❜❡♠♦% 3✉❡ 1 = ‖idK‖L(K) ≤ πsp,q(idK).

❙❡❥❛♠ x1, · · · , xn ∈ K. ❊♥1B♦

(

n
∑

k=1

|idK(xk)|p
) 1

p

≤
(

n
∑

k=1

|idK(xk)|q
) 1

q

=

(

n
∑

k=1

|xk|q
) 1

q

≤ ns sup
ϕ∈BK∗

(

n
∑

k=1

|ϕ(xk)|q
) 1

q

.

❆%%✐♠ πsp,q(idK) = 1.

,'♦♣♦%✐)*♦ ✷✳✷✳✹ ❙❡ 1 ≤ q ≤ p <∞, ❡♥#$♦
(

Πs
p,q, π

s
p,q

)

& ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ✐♥❥❡#✐✈♦✳

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ (un)
∞
n=1 ✉♠❛ %❡3✉C♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠

(

Πs
p,q(E;F ), π

s
p,q(·)

)

✳

❈♦♠♦ ‖ · ‖ ≤ πsp,q(·), 1❡♠♦% (un)
∞
n=1 5 ❞❡ ❈❛✉❝❤② ❡♠ L(E;F ), 3✉❡ 5 ❇❛♥❛❝❤✱ ❧♦❣♦

(un)
∞
n=1 ❝♦♥✈❡2❣❡ ♣❛2❛ ✉♠ u ∈ L(E;F ). ❱❛♠♦% ♠♦%12❛2 3✉❡ u ∈ Πs

p,q(E;F ). ❉❛❞♦

ǫ > 0, ❡①✐%1❡ m0 ∈ N 1❛❧ 3✉❡ ♣❛2❛ 1♦❞♦ m1,m2 ≥ m0,

πsp,q(um1 − um2) ≤ ǫ.

✷✺



▲♦❣♦✱

(

n
∑

k=1

‖um1(xk)− um2(xk)‖p
) 1

p

≤ ǫns‖ (xk)nk=1 ‖w,q.

❋❛③❡♥❞♦ m2 →∞, ❝♦♠♦ ♦ ,❡❣✉♥❞♦ ❧❛❞♦ ❞❛ ❞❡,✐❣✉❛❧❞❛❞❡ ♥0♦ ❞❡♣❡♥❞❡ ❞❡ m2, 2❡♠♦,

(

n
∑

k=1

‖um1(xk)− u(xk)‖p
) 1

p

≤ ǫns‖ (xk)nk=1 ‖w,q.

❆,,✐♠ um1 − u ∈ Πs
p,q(E;F ) ❡✱ ❝♦♠♦ Πs

p,q(E;F ) 4 ✉♠ ,✉❜❡,♣❛6♦ ✈❡2♦8✐❛❧ ❞❡ L(E;F )✱ u
4 (p, q)− s−,♦♠❛♥2❡ ❡✱ ♣♦82❛♥2♦✱

(

Πs
p,q, π

s
p,q

)

4 ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤✳

❆❣♦8❛ ✈❛♠♦, ♠♦,28❛8 <✉❡

(

Πs
p,q, π

s
p,q

)

4 ✐♥❥❡2✐✈♦✳ ❙❡❥❛♠ u ∈ Πs
p,q(E;F ) ❡ v ∈

L(F ;G) ✉♠ ✐,♦♠♦8✜,♠♦ ✐,♦♠428✐❝♦ ,♦❜8❡ ❛ ✐♠❛❣❡♠✳ ❊♥20♦

(

n
∑

k=1

‖u(xk)‖p
) 1

p

=

(

n
∑

k=1

‖v(u(xk))‖p
) 1

p

≤ πsp,q(v ◦ u)ns‖ (xk)nk=1 ‖w,q

❡

(

n
∑

k=1

‖v(u(xk))‖p
) 1

p

=

(

n
∑

k=1

‖u(xk)‖p
) 1

p

≤ πsp,q(u)n
s‖ (xk)nk=1 ‖w,q.

❉❛B ,❡❣✉❡ <✉❡ πsp,q(u) ≤ πsp,q(v ◦ u) ≤ πsp,q(u).

❚❡♦#❡♠❛ ✷✳✷✳✺ ✭❚❡♦#❡♠❛ ❞❛ ■♥❝❧✉01♦✮ ❙✉♣♦♥❤❛ '✉❡ 1 ≤ qj ≤ pj < ∞ (j = 1, 2)

)❛*✐)❢❛③❡♠

q1 ≤ q2, p1 ≤ p2 ❡
1

q1
− 1

p1
≤ 1

q2
− 1

p2
. ✭✷✳✾✮

❊♥*0♦

Πs
p1,q1

(E;F ) ⊂ Πs
p2,q2

(E;F )

♣❛1❛ '✉❛✐)'✉❡1 ❡)♣❛2♦) ❞❡ ❇❛♥❛❝❤ E ❡ F ✳ ▼❛✐) ❛✐♥❞❛✱ ♣❛1❛ u ∈ Πs
p1,q1

(E;F ) *❡♠♦)

πsp2,q2(u) ≤ πsp1,q1(u).

❉❡♠♦♥04#❛51♦✳ ◆♦2❡ ✐♥✐❝✐❛❧♠❡♥2❡ <✉❡✱ ,❡ q1 = q2 = q✱ 2❡♠♦,

(

n
∑

k=1

‖u(xk)‖p2
) 1

p2

≤
(

n
∑

k=1

‖u(xk)‖p1
) 1

p1

≤ πsp1,q(u)n
s‖ (xk)nk=1 ‖w,q.

H❛8❛ q1 < q2, 2❡♠♦, ♣♦8 ✷✳✾ p1 < p2. ❉❡✜♥❛

1

q
=

1

q1
− 1

q2
❡

1

p
=

1

p1
− 1

p2
.

✷✻



❙❡❥❛♠ u ∈ Πs
p1,q1

(E;F ) ❡ x1, · · · , xn ∈ E✱ ❡✱ ♣❛'❛ ❝❛❞❛ k = 1, · · · , n, ❞❡✜♥❛ λk =

‖u(xk)‖
p2
p . ❆--✐♠

‖u(λkxk)‖p1 =
(

‖u(xk)‖‖u(xk)‖
p2
p

)p1

= ‖u(xk)‖p2 .

❈♦♠♦ u 1 (p1, q1)− s−-♦♠❛♥2❡✱ ❡♥23♦

(

n
∑

k=1

‖u(xk)‖p2
) 1

p1

=

(

n
∑

k=1

‖u(λkxk)‖p1
) 1

p1

≤ πsp1,q1(u)n
s sup
ϕ∈BE∗

(

n
∑

k=1

λq1k |ϕ(xk)|q1
) 1

q1

.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡-✐❣✉❛❧❞❛❞❡ ❞❡ ❍8❧❞❡' ♣❛'❛ ♦- ❝♦♥❥✉❣❛❞♦-

q

q1
❡

q2
q1

2❡♠♦-

(

n
∑

k=1

‖u(xk)‖p2
) 1

p1

≤ πsp1,q1(u)n
s

(

n
∑

k=1

λqk

) 1
q

sup
ϕ∈BE∗

(

n
∑

k=1

|ϕ(xk)|q2
) 1

q2

= πsp1,q1(u)n
s‖(λk)nk=1‖q‖(xk)nk=1‖w,q2

≤ πsp1,q1(u)n
s‖(λk)nk=1‖p‖(xk)nk=1‖w,q2

= πsp1,q1(u)n
s

(

n
∑

k=1

λpk

) 1
p

‖(xk)nk=1‖w,q2

= πsp1,q1(u)n
s

(

n
∑

k=1

‖u(xk)‖p2
) 1

p

‖(xk)nk=1‖w,q2 ,

♦✉ -❡❥❛✱

(

n
∑

k=1

‖u(xk)‖p2
) 1

p2

≤ πsp1,q1(u)n
s‖(xk)nk=1‖w,q2 .

▲♦❣♦✱ u ∈ Πs
p2,q2

(E;F ) ❡ πsp2,q2(u) ≤ πsp1,q1(u).

 !♦♣♦$✐&'♦ ✷✳✷✳✻ ❙❡❥❛♠ 0 < q, p <∞✳ ❊♥#$♦✱ ❡①✐*#❡ ✉♠ 0 ≤ s <∞✱ #❛❧ /✉❡

L(E;F ) = Πs
p,q(E;F ).

❉❡♠♦♥%&'❛)*♦✳ ❙❡❣✉❡ ✐♠❡❞✐❛(❛♠❡♥(❡ ❞❛ *+♦♣♦.✐/0♦ ✷✳✶✳✽ ❡ ❞❛ *+♦♣♦.✐/0♦ ✷✳✶✳✾✳

✷✳✸ ❚❡♦&✐❛ ▼✉❧,✐❧✐♥❡❛&

*❛..❛♥❞♦ ❛❣♦+❛ ❛♦ ❝♦♥(❡①(♦ ♠✉❧(✐❧✐♥❡❛+ (❡♠♦. ❛ .❡❣✉✐♥(❡ ❞❡✜♥✐/0♦✿

❉❡✜♥✐)*♦ ✷✳✸✳✶ ❙❡❥❛♠ 0 < p, q1, · · · , qm < ∞✱ s ≥ 0 ❡ E1, · · · , Em, F ❡*♣❛3♦* ❞❡

❇❛♥❛❝❤✳ ❯♠❛ ❛♣❧✐❝❛3$♦ T ∈ L(E1, · · · , Em;F ) 9 ♠:❧#✐♣❧♦ (p, q1, · · · , qm)− s−*♦♠❛♥#❡

*❡ ❡①✐*#❡ ✉♠ C ≥ 0 #❛❧ /✉❡

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ Cns
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

✭✷✳✶✵✮

✷✼



♣❛"❛ #♦❞♦ n ∈ N✱ #♦❞♦ x
(i)
ki
∈ Ei, ❝♦♠ i = 1, · · · ,m✳

❉❡♥♦$❛&❡♠♦( ♣♦& Πmult−s
p,q1,···qm

(E1, · · · , Em;F ) ♦ ❝♦♥❥✉♥$♦ ❢♦&♠❛❞♦ ♣♦& $❛✐( ♦♣❡&❛❞♦✲
&❡(✳ ❙❡ q1 = · · · = qm = q ♦✉ p = q1 = · · · = qm ❡(❝&❡✈❡♠♦( Πmult−s

p,q (E1, · · · , Em;F )
♦✉ Πmult−s

p (E1, · · · , Em;F ), &❡(♣❡❝$✐✈❛♠❡♥$❡✳ ❈❛(♦ E1 = · · · = Em, ♥♦((❛ ♥♦$❛56♦

(❡&7 Πmult−s
p,q (mE;F ). ❱❡❥❛ 9✉❡ Πmult−s

p,q1,··· ,qm
(E1, · · · , Em;F ) : ✉♠ (✉❜❡(♣❛5♦ ✈❡$♦&✐❛❧ ❞❡

L(E1, · · · , Em;F )✳ ❉❡ ❢❛$♦✱ (❡❥❛♠ u, v ∈ Πmult−s
p,q1,··· ,qm

❡ λ ∈ K, $❡♠♦(

(

n
∑

k1,··· ,km=1

∥

∥

∥u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C1n
s

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

❡

(

n
∑

k1,··· ,km=1

∥

∥

∥
v
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C2n
s

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

.

❆❣♦&❛✱ ♣❡❧❛( ❞❡(✐❣✉❛❧❞❛❞❡( $&✐❛♥❣✉❧❛& ❡ ❞❡ ▼✐♥❦♦✇(❦✐✱

(

n
∑

k1,··· ,km=1

∥

∥

∥(u+ λv)
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤
(

n
∑

k1,··· ,km=1

(∥

∥

∥u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥+
∥

∥

∥λv
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

)p

) 1
p

≤
(

n
∑

k1,··· ,km=1

∥

∥

∥
u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

+ |λ|
(

n
∑

k1,··· ,km=1

∥

∥

∥
v
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ (C1 + |λ|C2)n
s

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

.

▲♦❣♦✱ u+λv ∈ Πmult−s
p,q1,··· ,qm

(E1, · · · , Em;F )✳ ❖❜(❡&✈❡ 9✉❡✱ (❡ u ∈ Πmult−0
p,q1,··· ,qm

(E1, · · · , Em;F ),
❡♥$6♦

(

n
∑

k1,··· ,km=1

∥

∥

∥u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

❛((✐♠ u (❡&7 ✉♠ ♦♣❡&❛❞♦& ♠E❧$✐♣❧♦ (p, q1, · · · , qm)−(♦♠❛♥$❡✱ ❡ ♠❛✐(✱ ❞❡(❞❡ 9✉❡ ns ≥
1, ♣❛&❛ $♦❞♦ s ≥ 0 ❡ ♣❛&❛ $♦❞♦ n ∈ N, $❡♠♦(

(

n
∑

k1,··· ,km=1

∥

∥

∥u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ Cns
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

.

F♦&$❛♥$♦ u ∈ Πmult−s
p,q1,··· ,qm

(E1, · · · , Em;F ) , ♣❛&❛ $♦❞♦ s.❆((✐♠ Πmult
p,q1,··· ,qm

(E1, · · · , Em;F )
⊆ Πmult−s

p,q1,··· ,qm
(E1, · · · , Em;F ) ♣❛&❛ $♦❞♦ s ≥ 0.

✷✽



 !♦♣♦$✐&'♦ ✷✳✸✳✷ ❖ !♥✜♠♦ ❞♦' C (✉❡ ✈❡,✐✜❝❛♠ ❛ ❞❡'✐❣✉❛❧❞❛❞❡ ✭✷✳✶✵✮ ❞❡✜♥❡ ✉♠❛

♥♦,♠❛ ❡♠ Πs
p,q1,···qm

(E1, · · · , Em;F ), ❞❡♥♦8❛❞❛ ♣♦, πmult−sp,q1,··· ,qm
(u), ❡ ❛✐♥❞❛

‖u‖ ≤ πmult−sp,q1,··· ,qm
(u) ≤ πmultp,q1,··· ,qm

(u).

❉❡♠♦♥$/!❛&'♦✳  !✐♠❡✐!❛♠❡♥'❡✱ ♥♦'❡ *✉❡ πsp,q1,··· ,qm(u) ≥ 0, ♣❛!❛ '♦❞♦

u ∈ Πs
p,q1,··· ,qm

(E1, · · · , Em;F ). ❆❧0♠ ❞✐11♦✱ 1❡ πsp,q1,··· ,qm(u) = 0, '♦♠❛♥❞♦ n = 1✱ '❡♠♦1✱

♣❛!❛ '♦❞♦1 (x1, · · · , xm) ∈ E1 × · · · × Em, ‖u(x1, · · · , xm)‖ = 0, ♦✉ 1❡❥❛✱ u = 0. ▲♦❣♦

πsp,q1,··· ,qm(u) = 0 1❡✱ ❡ 1♦♠❡♥'❡ 1❡✱ u = 0.

❆❣♦!❛✱ ♣❛!❛ *✉❛❧*✉❡! λ ∈ K '❡♠♦1

(

n
∑

k1,··· ,km=1

∥

∥

∥λu
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

= |λ|
(

n
∑

k1,··· ,km=1

∥

∥

∥u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ πmult−sp,q1,··· ,qm
(u) |λ|ns

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

❯♠❛ ✈❡③ *✉❡ πmult−sp,q1,··· ,qm
(λu) 0 ♦ 8♥✜♠♦✱ '❡♠♦1

πmult−sp,q1,··· ,qm
(λu) ≤ |λ| πmult−sp,q1,··· ,qm

(u). ✭✷✳✶✶✮

 ♦! ♦✉'!♦ ❧❛❞♦✱ ❞❡

|λ|
(

n
∑

k1,··· ,km=1

∥

∥

∥
u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

=

(

n
∑

k1,··· ,km=1

∥

∥

∥
λu
(

x
(1)
km
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ πmult−sp,q1,··· ,qm
(λu)ns

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

'❡♠♦1

(

n
∑

k1,··· ,km=1

∥

∥

∥
u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ πmult−sp,q1,··· ,qm
(λu)

|λ| ns
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

❡✱ ❛11✐♠✱

πmult−sp,q1,··· ,qm
(u) ≤ πmult−sp,q1,··· ,qm

(λu)

|λ| ,

♦✉ 1❡❥❛✱

|λ|πmult−sp,q1,··· ,qm
(u) ≤ πmult−sp,q1,··· ,qm

(λu) ✭✷✳✶✷✮

❉❡ (2.11) ❡ (2.12) 1❡❣✉❡ *✉❡

πmult−sp,q1,··· ,qm
(λu) = |λ|πmult−sp,q1,··· ,qm

(u).

✷✾



❙❡❥❛♠ u, v ∈ Πmult−s
p,q1,··· ,qm

(E1, · · · , Em;F ), ❡♥&'♦
(

n
∑

k1,··· ,km=1

∥

∥

∥
u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C1n
s

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

❡

(

n
∑

k1,··· ,km=1

∥

∥

∥v
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ C2n
s

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

.

❆**✐♠✱ ♣❡❧❛* ❞❡*✐❣✉❛❧❞❛❞❡* &2✐❛♥❣✉❧❛2 ❡ ❞❡ ▼✐♥❦♦✇*❦✐✱

(

n
∑

k1,··· ,km=1

∥

∥

∥
(u+ v)

(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤
(

n
∑

k1,··· ,km=1

(∥

∥

∥
u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥
+
∥

∥

∥
v
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

)p

) 1
p

≤
(

n
∑

k1,··· ,km=1

∥

∥

∥
u
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

+

(

n
∑

k1,··· ,km=1

∥

∥

∥
v
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤
(

πmult−sp,q1,··· ,qm
(u) + πmult−sp,q1,··· ,qm

(v)
)

nmult−s
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,qi

.

▲♦❣♦

πmult−sp,q1,··· ,qm
(u+ v) ≤ πmult−sp,q1,··· ,qm

(u) + πmult−sp,q1,··· ,qm
(v),

❡✱ ♣♦2&❛♥&♦✱ πmult−sp,q1,··· ,qm
(·) 7 ✉♠❛ ♥♦2♠❛ ♣❛2❛ Πmult−s

p,q1,··· ,qm
(E1, · · · , Em;F ). 8♦2 9❧&✐♠♦✱ ❞❛❞❛

u ∈ Πmult−s
p,q1,··· ,qm

(E1, · · · , Em;F ), &♦♠❡ n = 1, ❡♥&'♦✱ ♣❛2❛ :✉❛✐*:✉❡2 (x1, · · · , xm) ∈
E1 × · · · × Em, &❡♠♦*

‖u(x1, · · · , xm)‖ ≤ πmult−sp,q1,··· ,qm
(u)

m
∏

i=1

‖xi‖w,qi .

8♦2 ♦✉&2♦ ❧❛❞♦✱ ♣❛2❛ ❝❛❞❛ i = {1, · · · ,m}, ♣♦2 ❍❛❤♥✲❇❛♥❛❝❤✱

sup
ϕ∈BE′

i

|ϕ(xi)| = ‖xi‖Ei
.

❊♥&'♦

‖u(x1, · · · , xm)‖ ≤ πmult−sp,q1,··· ,qm
(u)

m
∏

i=1

‖xi‖Ei
,

❡✱ ❞❡*❞❡ :✉❡✱

‖u‖ = inf{C : ‖u (x1, · · · , xm)‖ ≤ C‖x1‖ · · · · · ‖xm‖},

✸✵



 ❡♠♦$

‖u‖ ≤ πmult−sp,q1,··· ,qm
(u). ✭✷✳✶✸✮

❆ ,❧ ✐♠❛ ❞❡$✐❣✉❛❧❞❛❞❡ $❡❣✉❡ ✐♠❡❞✐❛ ❛♠❡♥ ❡ ❞❛ ♦❜$❡5✈❛78♦ ❛♥ ❡5✐♦5✳

❉❡ ❢♦5♠❛ ❛♥;❧♦❣❛ ❛♦ <✉❡ ❢♦✐ ❢❡✐ ♦ ♥♦ ❝❛$♦ ❧✐♥❡❛5  ❡♠♦$ ❛ $❡❣✉✐♥ ❡ 5❡$✉❧ ❛❞♦✳

 !♦♣♦$✐&'♦ ✷✳✸✳✸ ❙❡ 0 < qi, p <∞, ♣❛$❛ %♦❞♦ i = 1, · · · ,m✱ ❡♥%*♦

(

Πmult−s
p,q1,··· ,qm

, πmult−sp,q1,··· ,qm

)

+ ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ✐♥❥❡%✐✈♦✳

❆$$✐♠ ❝♦♠♦ ❡♠ ✷✳✷✳✹✱ ♦♥❞❡ ❛ ❞❡♠♦♥$ 5❛78♦ $❡❣✉❡ ❞❛$ ♣5♦♣5✐❡❞❛❞❡$ ❞♦$ ♦♣❡5❛❞♦5❡$

❛❜$♦❧✉ ❛♠❡♥ ❡ $♦♠❛♥ ❡$✱ ❛ ❞❡♠♦♥$ 5❛78♦ ❞❡$$❛ ♣5♦♣♦$✐78♦ A ❝♦♠♣❧❡ ❛♠❡♥ ❡ ❛♥;❧♦❣❛

❛♦ ❝❛$♦ ❞♦$ ♦♣❡5❛❞♦5❡$ ♠,❧ ✐♣❧♦ $♦♠❛♥ ❡$✳

 !♦♣♦$✐&'♦ ✷✳✸✳✹ ❙❡❥❛♠ 0 < q, p <∞✳ ❊♥%*♦ ❡①✐8%❡ 0 ≤ s <∞, %❛❧ 9✉❡

L(E1, · · · , Em;K) = Πmult−s
p,q (E1, · · · , Em;K).

❉❡♠♦♥$0!❛&'♦✳ ❙❡❣✉❡ ❞❛$ C5♦♣♦$✐7D❡$ ✷✳✶✳✽ ❡ ✷✳✶✳✾✳

✷✳✹ ▲✐♥❡❛❜✐❧✐❞❛❞❡

❱❛♠♦$ ❛❣♦5❛ ❛♣5❡$❡♥ ❛5 ✉♠ 5❡$✉❧ ❛❞♦ $♦❜5❡ ❛ ❚❡♦5✐❛ ❞❡ ▲✐♥❡❛❜✐❧✐❞❛❞❡✳ ❊$ ❛

 ❡♦5✐❛  ❡♠ ✐♥K❝✐♦ ❡♠ ✶✾✻✼ ❝♦♠ ♦  5❛❜❛❧❤♦ ❞❡ ●✉5❛5✐②✱ ❙✉❜8♣❛❝❡8 ❛♥❞ ❜❛8❡8 ✐♥ 8♣❛❝❡8

♦❢ ❝♦♥%✐♥✉♦✉8 ❢✉♥❝%✐♦♥8 ✭✈❡❥❛ ❬✷✼❪✮✳ ❉❡$❞❡ ❡♥ 8♦✱ ❛ ❜✉$❝❛ ❞❡ ❡$ 5✉ ✉5❛$ ❧✐♥❡❛5❡$ ❞❡♥ 5♦

❞❡ ❝❡5 ♦$ $✉❜❝♦♥❥✉ ♦$ ❞❡ ❡$♣❛7♦$ ✈❡ ♦5✐❛✐$  ❡♠ $✐❞♦ ❛♠♣❧❛♠❡♥ ❡ ✐♥✈❡$ ✐❣❛❞❛ ✭♣❛5❛

5❡❢❡5T♥❝✐❛$ $♦❜5❡ ♦ ❛$$✉♥ ♦✱ ✈❡❥❛ ❬✻❪ ❡ $✉❛$ 5❡❢❡5T♥❝✐❛$✮✳

■♥✐❝✐❛♠♦$ ❛ ✐♥✈❡$ ✐❣❛78♦ ❞♦ $❡❣✉✐♥ ❡ ♣5♦❜❧❡♠❛✿

❖ ❝♦♥❥✉♥ ♦ L (E1, · · · , Em;F ) \Πmult
(p,q) (E1, · · · , Em;F ) A ❧✐♥❡;✈❡❧❄

❊$$❡ ♣5♦❜❧❡♠❛ ❢♦✐ ❛❜♦5❞❛❞♦ ♥♦ ❝❛$♦ ❧✐♥❡❛5 ❡♠ ❬✶✹❪ ❡ ♥♦ ❝❛$♦ ♠✉❧ ✐❧✐♥❡❛5 ❡♠ ❬✺❪✱ ♦♥❞❡ ♦$

❛✉ ♦5❡$ ♦❜ T♠ ❛❧❣✉♠❛$ $♦❧✉7D❡$ ♣❛5❝✐❛✐$ ♣❛5❛ ❛ <✉❡$ 8♦✳ ❱❛♠♦$ ❡$ ✉❞❛5 ✉♠❛ <✉❡$ 8♦

❧✐❣❡✐5❛♠❡♥ ❡ ❞✐❢❡5❡♥ ❡✱ ♠❛$ , ✐❧ ❛ ❡$$❛ $♦❧✉78♦✱ ✉♠❛ ✈❡③ <✉❡ A ♠❛✐$ ❢♦5 ❡✿

❖ ❝♦♥❥✉♥ ♦ Πmult−s
(p,q) (E1, · · · , Em;F ) \Πmult

(p,q) (E1, · · · , Em;F ) A ❧✐♥❡;✈❡❧❄

✸✶



❆ ♣"♦♣♦$✐&'♦ $❡❣✉✐♥,❡✱ ❝✉❥❛ ❞❡♠♦♥$,"❛&'♦ $❡❣✉✐✉ ❛$ ❧✐♥❤❛$ ❞❡ ❬✸✾❪ ❧❛♥&❛ ✉♠❛

♣"✐♠❡✐"❛ ❧✉③ $♦❜"❡ ❛ "❡$♣♦$,❛✳ ❱✐♠♦$ =✉❡

Πmult
(p,q) (E1, · · · , Em;F ) ⊆ Πmult−s

(p,q) (E1, · · · , Em;F ) ⊆ L (E1, · · · , Em;F ) .

❆❧>♠ ❞✐$$♦✱ ❛ ♠❡❞✐❞❛ =✉❡ s ✈❛"✐❛✱ ♦ ❝♦♥❥✉♥,♦ Πmult−s
(p,q) (E1, · · · , Em;F ) ♣♦❞❡ $❡ ❛♣"♦✲

①✐♠❛" ❞♦ ❝♦♥❥✉♥,♦ Πmult
(p,q) (E1, · · · , Em;F ) ♦✉ L (E1, · · · , Em;F )✱ ✐♥❝❧✉$✐✈❡ ❝❤❡❣❛♥❞♦ ❛

❝♦✐♥❝✐❞✐" ❝♦♠ ❡❧❡$ ❡♠ ❝❡",♦$ ❝❛$♦$✳ ❈♦♥$❡❣✉✐♠♦$✱ ♥♦ ❡♥,❛♥,♦✱ ♣"♦✈❛" =✉❡ ♣♦" ♠❡♥♦" =✉❡

$❡❥❛ ❛ ❞✐❢❡"❡♥&❛ Πmult−s
(p,q) (E1, · · · , Em;F ) \Πmult

(p,q) (E1, · · · , Em;F ) , $❡ ❡$$❡ ❝♦♥❥✉♥,♦ ♥'♦ >
✈❛③✐♦✱ ❡♥,'♦ > ♣♦$$D✈❡❧ ❡♥❝♦♥,"❛" ✉♠ ❡$♣❛&♦ ✈❡,♦"✐❛❧ ❞❡♥,"♦ ❞❡❧❡✳ ❆♥,❡$ ❞❡ ❝♦♠❡&❛"♠♦$

✈❛♠♦$ "❡❧❡♠❜"❛" ❛❧❣✉♥$ ❝♦♥❝❡✐,♦$✳

❉❡✜♥✐%&♦ ✷✳✹✳✶ ❙❡❥❛ X ✉♠ ❡&♣❛(♦ ✈❡+♦,✐❛❧ +♦♣♦❧/❣✐❝♦✱ M ✉♠ &✉❜❝♦♥❥✉♥+♦ ❞❡ X ❡

µ ✉♠ ♥6♠❡,♦ ❝❛,❞✐♥❛❧✳ ❉✐③❡♠♦& :✉❡ M ; µ−❧✐♥❡<✈❡❧ &❡ M ∪ {0} ❝♦♥+;♠ ✉♠ ❡&♣❛(♦

✈❡+♦,✐❛❧ ❞❡ ❞✐♠❡♥&=♦ µ.

❈❤❛♠❛♠♦$ ❞❡ ❝❛"❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥,D♥✉♦ ❛ ❝❛"❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥,♦ R ❡ ❞❡♥♦✲

,❛♠♦$ ♣♦" c.

,-♦♣♦/✐%&♦ ✷✳✹✳✷ ❙❡❥❛♠ E1, · · · , Em ❡&♣❛(♦& ❞❡ ❇❛♥❛❝❤✱ s > 0 ❡ p, q ∈ [1,+∞] .

❊♥+=♦

Πmult−s
(p,q) (E1, · · · , Em; ℓ∞) \Πmult

(p,q) (E1, · · · , Em; ℓ∞)

; ✈❛③✐♦ ♦✉ c−❧✐♥❡<✈❡❧✳

❉❡♠♦♥/1-❛%&♦✳ ❱❡❥❛ =✉❡ $❡ ηm−mult(p,q) (E1, · · · , Em; ℓ∞) = 0 ❡♥,'♦

Πmult−s
(p,q) (E1, · · · , Em; ℓ∞) \Πmult

(p,q) (E1, · · · , Em; ℓ∞) = ∅.

❈❛$♦ ❝♦♥,"E"✐♦✱ $❡❥❛ T ∈ Πmult−s
(p,q) (E1, · · · , Em; ℓ∞) \Πmult

(p,q) (E1, · · · , Em; ℓ∞) . ❱❡❥❛ =✉❡
T /∈ Πmult

(p,q) (E1, · · · , Em; ℓ∞) , $✐❣♥✐✜❝❛ =✉❡ ❡①✐$,❡♠
(

x
(i)
ki

)∞

ki=1
∈ ℓwq (Ei) , i = 1, · · · ,m,

,❛✐$ =✉❡

(

T
(

x
(1)
k1
, · · · , x(m)

km

))∞

k1,··· ,km=1
/∈ ℓp (Nm; ℓ∞) ,

✐$,♦ >✱

∞
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

=∞. ✭✷✳✶✹✮

❱❛♠♦$ ❡$❝"❡✈❡" N ❝♦♠♦ ✉♠❛ ✉♥✐'♦ ❡♥✉♠❡"E✈❡❧ ❞❡ ❝♦♥❥✉♥,♦$ ❞✐$❥✉♥,♦$ ❡♥✉♠❡"E✲

✈❡✐$✱ ♦✉ $❡❥❛✱ N =
⋃∞
k=1Ak, ♦♥❞❡✱ ♣❛"❛ ❝❛❞❛ ✐♥,❡✐"♦ ♣♦$✐,✐✈♦ k✱ ,❡♠♦$

✸✷



Ak =
{

a
(k)
1 , a

(k)
2 , · · ·

}

. ❉❡✜♥❛ ℓ
(k)
∞ := {x ∈ ℓ∞ : xj = 0, %❡ j /∈ Ak} . &❛'❛ ❝❛❞❛ ✐♥+❡✐'♦

♣♦%✐+✐✈♦ K✱ ❞❡✜♥❛

Tk : E1 × · · · × Em → ℓ(k)∞

♣♦' (Tk (z1, · · · , zm))a(k)j

= (T (z1, · · · , zm))j , ♣❛'❛ +♦❞♦ ✐♥+❡✐'♦ ♣♦%✐+✐✈♦ j, ✐%+♦ 0✱

(Tk · z)j =







0, j /∈ Ak
(T · z)(k)aj

, j = a
(k)
j ∈ Ak.

❈♦♥%✐❞❡'❡ ❛✐♥❞❛ ❛ ✐♥❝❧✉%4♦ ❝❛♥5♥✐❝❛ ιk : ℓ
(k)
∞ → ℓ∞ ❡ %❡❥❛

vk = ιk ◦ Tk : E1 × · · · × Em → ℓ∞.

◆♦+❡ 8✉❡✱ ♣❛'❛ +♦❞♦ ✐♥+❡✐'♦ ♣♦%✐+✐✈♦ k ❡ ♣❛'❛ +♦❞♦ zi ∈ Ei, i = 1, · · · ,m,

‖vk (z1, · · · , zm)‖ = ‖Tk (z1, · · · , zm)‖ = ‖T (z1, · · · , zm)‖ .

❆%%✐♠✱ ♣❛'❛ +♦❞♦ ✐♥+❡✐'♦ ♣♦%✐+✐✈♦ k, +❡♠♦%

∞
∑

k1,··· ,km=1

∥

∥

∥vk

(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

=
∞
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

=∞.

❆❧0♠ ❞✐%%♦✱

(

n
∑

k1,··· ,km=1

∥

∥

∥
vk

(

z
(1)
k1
, · · · , z(m)

km

)∥

∥

∥

p

) 1
p

=

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

z
(1)
k1
, · · · , z(m)

km

)∥

∥

∥

p

) 1
p

≤ Cns
m
∏

i=1

∥

∥

∥

∥

(

z
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

♣❛'❛ +♦❞♦ n ∈ N✱ +♦❞♦ z
(i)
ki
∈ Ei, ❝♦♠ i = 1, · · · ,m ❡ ki = 1, · · · , n. &♦'+❛♥+♦

vk ∈ Πmult−s
(p,q) (E1, · · · , Em; ℓ∞) \Πmult

(p,q) (E1, · · · , Em; ℓ∞) ,

♣❛'❛ +♦❞♦ ✐♥+❡✐'♦ ♣♦%✐+✐✈♦ k. ❊ ♠❛✐%✱ ♦% ♦♣❡'❛❞♦'❡% vk +❡♠ %✉♣♦'+❡ ❞✐%❥✉♥+♦✱ ♣♦'+❛♥+♦

{v1, v2, · · · } %4♦ ❧✐♥❡❛'♠❡♥+❡ ✐♥❞❡♣❡♥❞❡♥+❡%✳ ❱❛♠♦% ❛❣♦'❛ ❝♦♥%✐❞❡'❛' ♦ ♦♣❡'❛❞♦'

S : ℓ1 → Πmult−s
(p,q) (E1, · · · , Em; ℓ∞)

❞❛❞♦ ♣♦' S ((ak)
∞
k=1) =

∞
∑

k=1

akvk. ❱❡❥❛ 8✉❡ S ❡%+? ❜❡♠ ❞❡✜♥✐❞♦✳ ❉❡ ❢❛+♦✱ ❞❛❞♦ (ak)
∞
k=1 ∈

✸✸



ℓ1
(

n
∑

k1,··· ,km=1

∥

∥

∥

∥

∥

∞
∑

k=1

akvk

(

x
(1)
k1
, · · · , x(m)

km

)

∥

∥

∥

∥

∥

p) 1
p

≤
(

n
∑

k1,··· ,km=1

∞
∑

k=1

|ak|p
∥

∥

∥
vk

(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

=

(

n
∑

k1,··· ,km=1

∞
∑

k=1

|ak|p
∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

=

(

∞
∑

k=1

|ak|p
n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

=

(

∞
∑

k=1

|ak|p
) 1

p
(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤
(

∞
∑

k=1

|ak|
)

Cns
∏m

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

.

❈♦♠♦

∑∞
k=1 |ak| <∞✱ $❡♠♦& S ∈ Πmult−s

(p,q) (E1, · · · , Em; ℓ∞) . ❱❡❥❛ ❛✐♥❞❛ -✉❡ S / ❧✐♥❡❛1
❡ ✐♥❥❡$✐✈♦✳ ❱❛♠♦& ♠♦&$1❛1 -✉❡ S(ℓ1) &❛$✐&❢❛③ ✭✷✳✶✹✮✳ ❙❡❥❛ (ak)

∞
k=1 ∈ ℓ1, ❡♥$<♦

∞
∑

k1,··· ,km=1

∥

∥

∥

∥

∥

∞
∑

k=1

akvk

(

x
(1)
k1
, · · · , x(m)

km

)

∥

∥

∥

∥

∥

p

≥
∞
∑

k1,··· ,km=1

∥

∥

∥
akvk

(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

=
∞
∑

k1,··· ,km=1

|ak|p
∥

∥

∥
vk

(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

= |ak|p
∞
∑

k1,··· ,km=1

∥

∥

∥
vk

(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

= |ak|p
∞
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

=∞.

=♦1$❛♥$♦✱ S(ℓ1) &❡1> ♦ ❡&♣❛@♦ ✈❡$♦1✐❛❧ -✉❡ ♣1♦❝✉1>✈❛♠♦& ❡✱ ❛&&✐♠✱

Πmult−s
(p,q) (E1, · · · , Em; ℓ∞) \Πmult

(p,q) (E1, · · · , Em; ℓ∞)

&❡1> c−❧✐♥❡>✈❡❧✳

❈♦"♦❧$"✐♦ ✷✳✹✳✸ ❙❡❥❛♠ E1, · · · , Em ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❡ p, q ∈ (0,+∞] . ❊♥/0♦

L (E1, · · · , Em; ℓ∞) \Πmult
(p,q) (E1, · · · , Em; ℓ∞)

1 ✈❛③✐♦ ♦✉ c−❧✐♥❡7✈❡❧✳

❉❡♠♦♥./"❛12♦✳ ❚♦♠❡ s = ηm−mult(p,q) (E1, · · · , Em; ℓ∞)✳

✸✹



❈❛♣#$✉❧♦ ✸

❊*$✐♠❛$✐✈❛* ♣❛.❛ ♦ #♥❞✐❝❡ ❞❡

*♦♠❛❜✐❧✐❞❛❞❡

◆♦""♦ ♦❜❥❡&✐✈♦ ♥❡"&❡ ❝❛♣-&✉❧♦ 0 ❜✉"❝❛1 ❡"&✐♠❛&✐✈❛" ♠❡❧❤♦1❡" ♣❛1❛ ♦ -♥❞✐❝❡ ❞❡

"♦♠❛❜✐❧✐❞❛❞❡ ❞❡ ❝❡1&♦" ❡"♣❛5♦" ❞❡ ❇❛♥❛❝❤✳

✸✳✶ ❊$%✐♠❛%✐✈❛$ ✐♥❢❡-✐♦-❡$ ♣❛-❛ ♦ 0♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐✲

❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

✸✳✶✳✶ ❋❡%%❛♠❡♥)❛* )+❝♥✐❝❛*

❙❡❣✉✐♥❞♦ ❛ ❧✐♥❤❛ ❞❡ ❡♥❝♦♥&1❛1 ❡"&✐♠❛&✐✈❛" ♣❛1❛ ❛ ♥♦1♠❛ ❛❜"♦❧✉&❛♠❡♥&❡ "♦♠❛♥&❡

❞❛ ✐❞❡♥&✐❞❛❞❡✱ ❡♥✉♥❝✐❛♠♦" ✉♠ 1❡"✉❧&❛❞♦ ♣✉❜❧✐❝❛❞♦ ♣♦1 ❑<♥✐❣✱ ❘❡&❤❡1❢♦1❞ ❡ ❚♦♠❝③❛❝✲

❏❛❡❣❡1♠❛♥♥ ❡♠ ✶✾✽✵ ✭❱❡❥❛ ❬✷✾✱ ❈♦1♦❧L1✐♦ ✷✭❛✮✱ ♣✳✶✵✵❪✮✳

❚❡♦#❡♠❛ ✸✳✶✳✶ ❙❡❥❛ idXn
❛ ✐❞❡♥'✐❞❛❞❡ (♦❜+❡ ✉♠ ❡(♣❛/♦ n−❞✐♠❡♥(✐♦♥❛❧ Xn. 1❛+❛ q >

2, '❡♠♦(

(2e)−1n
1
q ≤ πq,2(idXn

).

➱ ❢L❝✐❧ ✈❡1 P✉❡ ♦ ❚❡♦1❡♠❛ ✶✳✶✳✺ ❝♦♥&✐♥✉❛ ✈L❧✐❞♦ ♣❛1❛ π
(n)
p,q (·). ❊♠ ❣❡1❛❧✱ &❡♠♦"

π
(n)
p,q (·) ≤ πp,q(·), ♥♦ ❡♥&❛♥&♦✱ ❡①✐"&❡♠ &1❛❜❛❧❤♦" P✉❡ ✐♥✈❡"&✐❣❛♠ ❡♠ P✉❛✐" ❝❛"♦" 0 ♣♦""-✈❡❧
♦❜&❡1 ✉♠❛ ❡"&✐♠❛&✐✈❛ ❝♦♥&1L1✐❛✳ ❈✐&❛1❡♠♦" ✉♠ 1❡"✉❧&❛❞♦✱ ❞❡✈✐❞♦ ❛ ❙③❛1❡❦✱ P✉❡ ♠♦"&1❛♠

P✉❡ ❛ ♥♦1♠❛ (p, q)−"♦♠❛♥&❡ ♣♦❞❡ "❡1 ❛♣1♦①✐♠❛❞❛ ✉"❛♥❞♦ ❛♣❡♥❛" ✉♠❛ P✉❛♥&✐❞❛❞❡ ✜♥✐&❛



❞❡ ✈❡#♦%❡&✱ ❡&&❡ %❡&✉❧#❛❞♦ &❡%+ ❞❡ ❡①#%❡♠❛ ✐♠♣♦%#0♥❝✐❛ ♥♦ ❞❡❝♦%%❡% ❞♦ ♥♦&&♦ #%❛❜❛❧❤♦

❡ ♣♦❞❡ &❡% ❡♥❝♦♥#%❛❞♦ ❡♠ ❬✺✶✱ 8%♦♣♦&✐9:♦ ✷❪✳

❚❡♦#❡♠❛ ✸✳✶✳✷ ❊①✐#$❡ ✉♠❛ ❝♦♥#$❛♥$❡ ✉♥✐✈❡-#❛❧ C $❛❧ /✉❡✱ #❡♠♣-❡ /✉❡ u : E → F 2

✉♠ ♦♣❡-❛❞♦- ❧✐♥❡❛- ❡♥$-❡ ❡#♣❛4♦# ❞❡ ❇❛♥❛❝❤ ❞❡ ♣♦#$♦ ✜♥✐$♦ ✭❞✐❣❛♠♦# rank(u) = n✮ ❡

q ≥ 2, ❡♥$;♦

πq,2(u) ≤ Cπ
(n)
q,2 (u).

◆♦ ♣%?①✐♠♦ ❧❡♠❛ ❢♦%♥❡❝❡♠♦& ✉♠❛ ❡&#✐♠❛#✐✈❛ ✐♥❢❡%✐♦% ♣❛%❛ ❛ π
(n)
s,d (idE), A✉❛♥❞♦

E B ❡&♣❛9♦ ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥&:♦ ✜♥✐#❛✳ ❊&#✐♠❛#✐✈❛& ❞❡&&❡ #✐♣♦ &❡%:♦ ❡&&❡♥❝✐❛✐& ♥♦&

%❡&✉❧#❛❞♦& ♣%✐♥❝✐♣❛✐& ❞❡&&❡ ❝❛♣F#✉❧♦✳

▲❡♠❛ ✸✳✶✳✸ ❙❡❥❛ E ✉♠ ❡#♣❛4♦ ❞❡ ❇❛♥❛❝❤ n✲❞✐♠❡♥#✐♦♥❛❧✳ ❙❡ 1 ≤ d ≤ s ≤ 2, ♦♥❞❡ d ❡

s ♥;♦ ❛$✐♥❣❡♠ ♦# ❡①$-❡♠♦# 1 ❡ 2 #✐♠✉❧$❛♥❡❛♠❡♥$❡✱ ❡♥$;♦ ❡①✐#$❡ ✉♠❛ ❝♦♥#$❛♥$❡ K > 0

$❛❧ /✉❡

Kn
2d+s(d−2)

2sd ≤ π
(n)
s,d (idE).

❉❡♠♦♥-.#❛/0♦✳ ❯&❛♥❞♦ ♦ ❚❡♦%❡♠❛ ❞❛ ■♥❝❧✉&:♦ ✶✳✶✳✺✱ #❡♠♦&

π
(n)

2sd
2d+s(d−2)

,2
(idE) ≤ π

(n)
s,d (idE)

❡✱ ♣❡❧♦ ❚❡♦%❡♠❛ ✸✳✶✳✷✱ &❛❜❡♠♦& A✉❡ ❡①✐&#❡ ✉♠❛ ❝♦♥&#❛♥#❡ C > 0 #❛❧ A✉❡

1

C
π 2sd

2d+s(d−2)
,2(idE) ≤ π

(n)
2sd

2d+s(d−2)
,2
(idE).

❖ ❚❡♦%❡♠❛ ✸✳✶✳✶ ❛&&❡❣✉%❛ ❛ ❡①✐&#M♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥&#❛♥#❡ A > 0 #❛❧ A✉❡

An
1

2sd
2d+s(d−2) ≤ π 2sd

2d+s(d−2)
,2(idE).

8♦%#❛♥#♦

Kn
2d+s(d−2)

2sd ≤ π
(n)
s,d (idE),

♦♥❞❡ K = A
C
✳

✸✳✶✳✷ ❈❛&♦ ❱❡*♦+✐❛❧

❆❣♦%❛ ✈❛♠♦& ♣%♦✈❛% ✉♠ ❞♦& ♥♦&&♦& %❡&✉❧#❛❞♦& ♣%✐♥❝✐♣❛✐&✳ ◆♦&&♦& ❛%❣✉♠❡♥#♦& &:♦

❜❛&❡❛❞♦& ♥❛& ✐❞❡✐❛& ❞❡ ❬✶✼✱ ✸✵❪✿

❚❡♦#❡♠❛ ✸✳✶✳✹ ❙❡❥❛♠ E,F ❡#♣❛4♦# ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥#;♦ ✐♥✜♥$❛ ❡ r := cot (F ) .

✸✻



✭❛✮ #❛$❛ 1 ≤ q ≤ 2 ❡ 0 < p ≤ rq

mr+q
✱ '❡♠♦*

m

2
≤ ηm−pol(p,q) (E;F ) .

✭❜✮ #❛$❛ 1 ≤ q ≤ 2 ❡

rq

mr+q
≤ p ≤ 2r

mr+2
✱ '❡♠♦*

mp+ 2

2p
− mr + q

rq
≤ ηm−pol(p,q) (E;F ) .

✭❝✮ #❛$❛ 2 ≤ q <∞ ❡ 0 < p ≤ 2r
mr+2

, '❡♠♦*

m

2
≤ ηm−pol(p,q) (E;F ) .

✭❞✮ #❛$❛ 2 ≤ q <∞ ❡

2r
mr+2

< p < r, '❡♠♦*

r − p

pr
≤ ηm−pol(p,q) (E;F ) .

❉❡♠♦♥%&'❛)*♦✳ ❈♦♠♦ F # ❡%♣❛(♦ ❞❡ ❞✐♠❡♥%,♦ ✐♥✜♥✐.❛✱ ❞♦ ❚❡♦1❡♠❛ ✶✳✹✳✷ .❡♠♦%

cot(F ) = sup{2 ≤ s ≤ ∞ : F ❢❛.♦1❛ ✜♥✐.❛♠❡♥.❡ ❛ ✐♥❝❧✉%,♦ ❢♦1♠❛❧ ℓs →֒ ℓ∞}

❡✱ ❝♦♠♦ ✈✐♠♦%✱ ❡%.❡ %✉♣1❡♠♦ # ❛.✐♥❣✐❞♦✳ ❊♥.,♦ F ❢❛.♦1❛ ✜♥✐.❛♠❡♥.❡ ❛ ✐♥❝❧✉%,♦ ❢♦1♠❛❧

ℓr →֒ ℓ∞, ✐%.♦ #✱ ❡①✐%.❡♠ C1, C2 > 0 .❛✐% >✉❡ ♣❛1❛ .♦❞♦ n ∈ N, ❡①✐%.❡♠ y1, · · · , yn ∈ F
❞❡ ❢♦1♠❛ >✉❡

C1

∥

∥

∥
(aj)

n

j=1

∥

∥

∥

∞
≤
∥

∥

∥

∥

∥

n
∑

j=1

ajyj

∥

∥

∥

∥

∥

≤ C2

(

n
∑

j=1

|aj|r
) 1

r

✭✸✳✶✮

♣❛1❛ .♦❞♦ a1, · · · , an ∈ K.

❙❡❥❛♠ n ∈ N ❡ x1, · · · , xn ∈ E✱ ♥,♦ %✐♠✉❧.❛♥❡❛♠❡♥.❡ ♥✉❧♦%✳ ❈♦♥%✐❞❡1❛♠♦%

x∗1, . . . , x
∗
n ∈ BE∗ .❛✐% >✉❡ x

∗
j(xj) = ‖xj‖ , ♣❛1❛ .♦❞♦ j = 1, . . . , n✳ ❙❡❥❛♠ a1, . . . , an

❡%❝❛❧❛1❡% .❛✐% >✉❡

n
∑

j=1

|aj|
r
p = 1. ❉❡✜♥❛♠♦%

Pn : E −→ F , Pn(x) =
n
∑

j=1

|aj|
1
p x∗j(x)

myj.

❊♥.,♦✱ ♣❛1❛ .♦❞♦ x ∈ E✱ ♣♦1 ✭✸✳✶✮✱

‖Pn(x)‖ =
∥

∥

∥

∥

∥

n
∑

j=1

|aj|
1
p x∗j(x)

myj

∥

∥

∥

∥

∥

≤ C2

(

n
∑

j=1

∣

∣

∣
|aj|

1
p x∗j(x)

m
∣

∣

∣

r

) 1
r

≤ C2

(

n
∑

j=1

|aj|
r
p

) 1
r

‖x‖m = C2 ‖x‖m ,

✸✼



❡✱ ♣♦$%❛♥%♦✱

‖Pn‖ ≤ C2. ✭✸✳✷✮

◆♦%❡ .✉❡ ♣❛$❛ k = 1, . . . , n✱ ❞❡ ✭✸✳✶✮✱ %❡♠♦3

‖Pn(xk)‖ =
∥

∥

∥

∥

∥

n
∑

j=1

|aj|
1
p x∗j(xk)

myj

∥

∥

∥

∥

∥

≥ C1

∥

∥

∥

∥

(

|aj|
1
p x∗j(xk)

m
)n

j=1

∥

∥

∥

∥

∞

≥ C1 |ak|
1
p x∗k(xk)

m = C1 |ak|
1
p ‖xk‖m . ✭✸✳✸✮

❆33✐♠✱

(

n
∑

j=1

‖xj‖mp |aj|
) 1

p

=

(

n
∑

j=1

(

‖xj‖m |aj|
1
p

)p

) 1
p

=
1

C1

(

n
∑

j=1

(

C1 ‖xj‖m |aj|
1
p

)p

) 1
p

(3.3)

≤ 1

C1

(

n
∑

j=1

‖Pn(xj)‖p
) 1

p

.

❙✉♣♦♥❤❛ .✉❡ ❡①✐3%❡♠ t ≥ 0 ❡ D > 0 %❛✐3 .✉❡

(

n
∑

j=1

‖Pn (xj)‖p
) 1

p

≤ Dnt ‖Pn‖
∥

∥

∥
(xj)

n

j=1

∥

∥

∥

m

w,q
.

❆33✐♠✱

(

n
∑

j=1

‖xj‖mp |aj|
) 1

p

≤ D

C1

‖Pn‖nt
∥

∥(xj)
n
j=1

∥

∥

m

w,q
✭✸✳✹✮

❡✱ ❝♦♠♦ ❡3%❛ ;❧%✐♠❛ ❞❡3✐❣✉❛❧❞❛❞❡ ❛❝♦♥%❡❝❡ 3❡♠♣$❡ .✉❡

n
∑

j=1

|aj|
r
p = 1 ❡ p < r, %❡♠♦3

(

n
∑

j=1

‖xj‖mp(
r
p)
∗

) 1

( r
p)
∗

= sup

{∣

∣

∣

∣

∣

n
∑

j=1

aj ‖xj‖mp
∣

∣

∣

∣

∣

:
n
∑

j=1

|aj|
r
p = 1

}

≤ sup

{

n
∑

j=1

|aj| ‖xj‖mp :
n
∑

j=1

|aj|
r
p = 1

}

(3.4)

≤
(

D

C1

‖Pn‖nt
∥

∥(xj)
n
j=1

∥

∥

m

w,q

)p

(3.2)

≤
(

DC2

C1

nt
∥

∥(xj)
n
j=1

∥

∥

m

w,q

)p

.

✸✽



 ♦"#❛♥#♦✱ ❞❡♥♦#❛♥❞♦

DC2

C1
:= Q, ♦❜#❡♠♦+

(

n
∑

j=1

‖xj‖mp(
r
p)
∗

) 1

( r
p)
∗

∥

∥(xj)nj=1

∥

∥

mp

w,q

≤ ntpQp.

▲♦❣♦

(

n
∑

j=1

‖xj‖mp(
r
p)
∗

) 1

mp( r
p)
∗

∥

∥(xj)nj=1

∥

∥

w,q

≤ n
t
mQ

1
m . ✭✸✳✺✮

◆♦#❡ 4✉❡ ✭✸✳✺✮ 6 ✈8❧✐❞❛ ♣❛"❛ 4✉❛❧4✉❡" x1, · · · , xn✳ ▲♦❣♦✱ ♣❛"❛ 4✉❛❧4✉❡" +✉❜❡+♣❛<♦ n✲
❞✐♠❡♥+✐♦♥❛❧ X ❞❡ E #❡♠♦+

(

n
∑

j=1

‖idX(xj)‖mp(
r
p)
∗

) 1

mp( r
p)
∗

∥

∥(xj)nj=1

∥

∥

w,q

≤ n
t
mQ

1
m , ✭✸✳✻✮

♣❛"❛ #♦❞♦ x1, · · · , xn ∈ X✳
✭❛✮ ❈♦♠♦

0 < p ≤ rq

mr + q
,

#❡♠♦+

mp

(

r

p

)∗

≤ q

❡

(

n
∑

j=1

‖idX(xj)‖q
) 1

q

∥

∥(xj)nj=1

∥

∥

w,q

≤ n
t
mQ

1
m .

▲♦❣♦

π(n)
q (idX) ≤ n

t
mQ

1
m .

❈♦♠♦ q ≤ 2✱ ❞♦ ❚❡♦"❡♠❛ ✶✳✶✳✷ #❡♠♦+

π
(n)
2 (idX) ≤ n

t
mQ

1
m . ✭✸✳✼✮

❆❣♦"❛✱ ♦ ❚❡♦"❡♠❛ ✸✳✶✳✷ ❣❛"❛♥#❡ 4✉❡ ❡①✐+#❡ ✉♠❛ ❝♦♥+#❛♥#❡ C > 0 #❛❧ 4✉❡

π2(idX) ≤ Cπ
(n)
2 (idX). ✭✸✳✽✮

❯+❛♥❞♦ ✭✸✳✼✮✱ ✭✸✳✽✮ ❡ ♦ ❚❡♦"❡♠❛ ✷✳✶✳✸✱ ♦❜#❡♠♦+

1

C
n

1
2 ≤ n

t
mQ

1
m .

✸✾



▲♦❣♦✱

t ≥ m

2

❡✱ ♣♦&'❛♥'♦

ηm−pol(p,q) (E;F ) ≥ m

2
.

✭❜✮ -♦& ✭✸✳✻✮✱ '❡♠♦2

π
(n)

mp( r
p)
∗

,q
(idX) ≤ n

t
mQ

1
m . ✭✸✳✾✮

❈♦♠♦

rq

mr+q
≤ p ≤ 2r

mr+2
❡ mp

(

r
p

)∗

= mpr

r−p
, '❡♠♦2 q ≤ mp

(

r
p

)∗

≤ 2✳ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✸✱

❡①✐2'❡ ✉♠❛ ❝♦♥2'❛♥'❡ K > 0 '❛❧ ;✉❡

Kn

2q+mp( r
p)
∗

(q−2)

2mp( r
p)
∗

q ≤ π
(n)

mp( r
p)
∗

,q
(idX). ✭✸✳✶✵✮

❉❡ ✭✸✳✾✮ ❡ ✭✸✳✶✵✮ 2❡❣✉❡ ;✉❡

Kn

2q+mp( r
p)
∗

(q−2)

2mp( r
p)
∗

q ≤ n
t
mQ

1
m .

▲♦❣♦✱

t

m
≥ mp+ 2

2mp
− mr + q

mrq

❡ ❝♦♥❝❧✉>♠♦2 ;✉❡

t ≥ mp+ 2

2p
− mr + q

rq
.

-♦&'❛♥'♦✱

ηm−pol(p,q) (E;F ) ≥ mp+ 2

2p
− mr + q

rq
.

✭❝✮ ❈♦♠♦ q ≥ 2✱ 2❡❣✉❡ ❞❡ ✭✸✳✻✮ ❡ ❞❛ ✐♥❝❧✉2@♦ ❝❛♥A♥✐❝❛ ❞♦2 ❡2♣❛B♦2 ℓwp (X) ;✉❡

(

n
∑

j=1

‖idX(xj)‖mp(
r
p)
∗

) 1

mp( r
p)
∗

∥

∥(xj)nj=1

∥

∥

w,2

≤ n
t
mQ

1
m ,

♣❛&❛ '♦❞♦ x1, · · · , xn ∈ X✳ ▼❛2 2r
mr+2

≥ p ✐♠♣❧✐❝❛ ;✉❡ mp
(

r
p

)∗

≤ 2 ❡✱ ❛22✐♠✱

✹✵



(

n
∑

j=1

‖idX(xj)‖2
) 1

2

∥

∥(xj)nj=1

∥

∥

w,2

≤ n
t
mQ

1
m .

 ♦"#❛♥#♦✱

π
(n)
2 (idX) ≤ n

t
mQ

1
m .

❉♦ ❚❡♦"❡♠❛ ✸✳✶✳✷ /❡❣✉❡ 2✉❡

π2(idX) ≤ Cπ
(n)
2 (idX).

 ❡❧♦ ❚❡♦"❡♠❛ ✷✳✶✳✸✱ #❡♠♦/

1

C
n

1
2 =

1

C
π2(idX) ≤ n

t
mQ

1
m

❡ ❝♦♥❝❧✉5♠♦/ 2✉❡

t ≥ m

2
,

✐/#♦ 7✱

ηm−pol(p,q) (E;F ) ≥ m

2
.

✭❞✮ ❈♦♠♦ q ≥ 2, #❡♠♦/

(

n
∑

j=1

‖idX(xj)‖mp(
r
p)
∗

) 1

mp( r
p)
∗

∥

∥(xj)nj=1

∥

∥

w,2

≤ n
t
mQ

1
m ,

♣❛"❛ #♦❞♦ x1, · · · , xn ∈ X✳ ❊♥#>♦✱

π
(n)

mp( r
p)
∗

,2
(idX) ≤ n

t
mQ

1
m .

❈♦♠♦

2r
mr+2

< p #❡♠♦/ mp
(

r
p

)∗

> 2 ❡✱ ♣❡❧♦ ❚❡♦"❡♠❛ ✸✳✶✳✷✱ ❡①✐/#❡ ✉♠❛ ❝♦♥/#❛♥#❡ c✱ #❛❧

2✉❡

1

c
π
mp( r

p)
∗

,2
(idX) ≤ n

t
mQ

1
m . ✭✸✳✶✶✮

 ❡❧♦ ❚❡♦"❡♠❛ ✸✳✶✳✶✱ ❡①✐/#❡ ✉♠❛ ❝♦♥/#❛♥#❡ A > 0 #❛❧ 2✉❡

A · n
1

mp( r
p)
∗

≤ π
mp( r

p)
∗

,2
(idX),
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❡✱ ♣♦$%❛♥%♦✱

A

c
n

r−p

mpr ≤ n
t
mQ

1
m .

❋✐♥❛❧♠❡♥%❡✱ ♦❜%❡♠♦-

t ≥ r − p

pr

❡

ηm−pol(p,q) (E;F ) ≥ r − p

pr
,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥-%$❛12♦ ❞♦ %❡♦$❡♠❛✳

❱❡❥❛♠♦- ❛ ✐❧✉-%$❛12♦ ❞♦ %❡♦$❡♠❛✳

❋✐❣✉$❛ ✸✳✶✿ ❘❡❣✐,❡- ❝♦♠♣$❡❡♥❞✐❞❛- ♣❡❧♦- ✐5❡♥- ✭❛✮ ❡ ✭❜✮ ❞♦ ❚❡♦$❡♠❛ ✸✳✶✳✹

❋✐❣✉$❛ ✸✳✷✿ ❘❡❣✐,❡- ❝♦♠♣$❡❡♥❞✐❞❛- ♣❡❧♦- ✐5❡♥- ✭❝✮ ❡ ✭❞✮ ❞♦ ❚❡♦$❡♠❛ ✸✳✶✳✹

✹✷



❈♦♠♦✱ ♣❛&❛ 1 ≤ q ≤ 2 '❡♠♦) rq

mr+q
≤ 2r

mr+2
❡ ♣❛&❛ 2 ≤ q <∞ '❡♠♦)

2r
mr+2

≤ rq

mr+q
,

♣&❡❝✐)❛♠♦) ❞❡ ✐❧✉)'&❛/0❡) ❞✐❢❡&❡♥'❡) ♣❛&❛ ❡))❛) &❡❣✐0❡)✱ ♠❛) ✐))♦ ♥4♦ ✐&5 &❡✢❡'✐& ♥❛

❝♦♥'✐♥✉✐❞❛❞❡ ❞❛) ❡)'✐♠❛'✐✈❛)✱ ❝♦♠♦ ✈❡&❡♠♦) ❛ )❡❣✉✐&✳

❖ '❡♦&❡♠❛ ❛❝✐♠❛ ❛♣&❡)❡♥'❛ ❡)'✐♠❛'✐✈❛) ❞✐❢❡&❡♥'❡) ♣❛&❛ &❡❣✐0❡) ❢&♦♥'❡✐&✐/❛)✱ ♦ :✉❡

♥♦) ❧❡✈❛ ❛ ♣❡&❣✉♥'❛& )♦❜&❡ ♦ ❝♦♠♣♦&'❛♠❡♥'♦ ❞❡))❛) ❡)'✐♠❛'✐✈❛) ♥❛ ♣&♦①✐♠✐❞❛❞❡ ❞❡))❛)

❢&♦♥'❡✐&❛)✱ ❝♦♠♦ ♣♦❞❡♠♦) ✈❡& ❡❧❛) ❛♣&❡)❡♥'❛♠ ✉♠ '✐♣♦ ❞❡ ❝♦♥'✐♥✉✐❞❛❞❡✳ ❉❡ ❢❛'♦✱

:✉❛♥❞♦ p = rq

mr+q
, ❞❡ ✭❛✮✱ '❡♠♦)

m

2
≤ ηm−pol(p,q) (E;F ).

@♦& ♦✉'&♦ ❧❛❞♦✱ ❝♦♥)✐❞❡&❛♥❞♦ p = rq

mr+q
✱ )❡❣✉❡ ❞❡ ✭❜✮ :✉❡

mp+ 2

2p
− mr + q

rq
=
m

2
≤ ηm−pol(p,q) (E;F ).

❆❣♦&❛✱ :✉❛♥❞♦ p = 2r
mr+2

, ♣♦& ✭❝✮ '❡♠♦)

m

2
≤ ηm−pol(p,q) (E;F ). ✭✸✳✶✷✮

❉❛❞♦ ǫ > 0 ❡ '♦♠❛♥❞♦ pǫ =
2r

mr+2
+ ǫ )❡❣✉❡ ♣♦& ✭❞✮ :✉❡

r − pǫ
pǫr

≤ ηm−pol(pǫ,q)
(E;F ). ✭✸✳✶✸✮

◆♦✈❛♠❡♥'❡✱ ❡①✐)'❡ ✉♠❛ ❝♦♥'✐♥✉✐❞❛❞❡ ❡♥'&❡ ❛) ❡)'✐♠❛'✐✈❛) ✐♥❢❡&✐♦&❡) ✭✸✳✶✷✮ ❡ ✭✸✳✶✸✮✱ ❥5

:✉❡ ❢❛③❡♥❞♦ ǫ '❡♥❞❡& ❛ ③❡&♦✱ '❡♠♦)

pǫ →
2r

mr + 2
❡

r − pǫ
pǫr

→ m

2
.

❖ ♠❡)♠♦ ❝♦♠♣♦&'❛♠❡♥'♦ )❡ ✈❡&✐✜❝❛ :✉❛♥❞♦ q = 2 ✭♥❡)'❡ ❝❛)♦ rq

mr+q
= 2r

mr+2
✮✳ ◆♦'❡

:✉❡ ❛:✉✐ ❛) ❡)'✐♠❛'✐✈❛) ❞❡ ✭❛✮ ❡ ✭❝✮ ❝♦✐♥❝✐❞❡♠✳

◆❛ I❧'✐♠❛ )❡/4♦ ✈❡&❡♠♦) ❛❧❣✉♠❛) ❛♣❧✐❝❛/0❡) ❞♦ &❡)✉❧'❛❞♦ ❛❝✐♠❛ ♣❛&❛ ♦❜'❡♥/4♦

❞❡ J♥❞✐❝❡) K'✐♠♦)✳

✸✳✶✳✸ ❈❛%♦ ❊%❝❛❧❛*

❖ &❡)✉❧'❛❞♦ )❡❣✉✐♥'❡ '❡♠ )✉❛ ❞❡♠♦♥)'&❛/4♦ )❡♠❡❧❤❛♥'❡ ❛♦ ❛♥'❡&✐♦&✳ ◆♦ ❡♥'❛♥'♦✱

♥4♦ ♣♦❞❡♠♦) ❝♦♠♣❛&❛& ♦) &❡)✉❧'❛❞♦) ♦❜'✐❞♦)✱ ❥5 :✉❡✱ ♥♦ '❡♦&❡♠❛ ❛♥'❡&✐♦&✱ F M ✉♠

❡)♣❛/♦ ❞❡ ❞✐♠❡♥)4♦ ✐♥✜♥✐'❛ ❡ ❛❣♦&❛ F = R ❡ m M ♣❛&✳ ❆ ♣&♦✈❛ ❞❡)'❡ &❡)✉❧'❛❞♦ M

✐♥)♣✐&❛❞❛ ♣♦& [✶✻].

✹✸



❚❡♦#❡♠❛ ✸✳✶✳✺ ❙❡❥❛♠ m ✉♠ ✐♥(❡✐)♦ ♣♦,✐(✐✈♦ ♣❛) ❡ E ✉♠ ❡,♣❛.♦ ❞❡ ❇❛♥❛❝❤ )❡❛❧ ❞❡

❞✐♠❡♥,4♦ ✐♥✜♥✐(❛✳

✭❛✮ ❙❡ 1 ≤ q ≤ 2 ❡ 0 < p ≤ q

m+q
✱ ❡♥(4♦

m

2
≤ ηm✲pol

(p,q) (E;R) .

✭❜✮ ❙❡ 1 ≤ q ≤ 2 ❡

q

m+q
≤ p ≤ 2

m+2
✱ ❡♥(4♦

mp+ 2

2p
− m+ q

q
≤ ηm✲pol

(p,q) (E;R) .

✭❝✮ ❙❡ 2 ≤ q <∞ ❡ 0 < p ≤ 2
m+2

, ❡♥(4♦

m

2
≤ ηm✲pol

(p,q) (E;R) .

✭❞✮ ❙❡ 2 ≤ q <∞ ❡

2
m+2

< p < 1, ❡♥(4♦

1− p

p
≤ ηm✲pol

(p,q) (E;R) .

❉❡♠♦♥,-#❛./♦✳ ❙❡❥❛♠ n ∈ N ❡ x1, · · · , xn ∈ E✱ ♥'♦ )✐♠✉❧-❛♥❡❛♠❡♥-❡ ♥✉❧♦)✳ ❈♦♥)✐✲

❞❡2❡ x∗1, . . . , x
∗
n ∈ BE∗ -❛✐) 3✉❡ x

∗
j(xj) = ‖xj‖ ♣❛2❛ -♦❞♦ j = 1, . . . , n✳ ❙❡❥❛♠ a1, . . . , an

♥5♠❡2♦) 2❡❛✐) -❛✐) 3✉❡

n
∑

j=1

|aj|
1
p = 1 ❡ ❞❡✜♥✐♠♦)

Pn : E −→ R , Pn(x) =
n
∑

j=1

|aj|
1
p x∗j(x)

m, ♣❛2❛ -♦❞♦ x ∈ E.

❈♦♠♦ m 7 ♣❛2✱ )❡❣✉❡ 3✉❡ Pn(x) ≥ 0, ♣❛2❛ -♦❞♦ x ∈ E. ❆))✐♠✱

|Pn(x)| = Pn(x) =
n
∑

j=1

|aj|
1
p x∗j(x)

m ≥ |ak|
1
p x∗k(x)

m, ♣❛2❛ -♦❞♦ x ∈ E ❡ k = 1, · · · , n,

❡

|Pn(xk)| = Pn(xk) =
n
∑

j=1

|aj|
1
p x∗j(xk)

m ≥ |ak|
1
p x∗k(xk)

m = |ak|
1
p ‖xk‖m , k = 1, · · · , n.

✭✸✳✶✹✮

❆❧7♠ ❞✐))♦✱ ♣❛2❛ -♦❞♦ x ∈ E, -❡♠♦)

|Pn(x)| =
∣

∣

∣

∣

∣

n
∑

j=1

|aj|
1
p x∗j(x)

m

∣

∣

∣

∣

∣

≤
(

n
∑

j=1

|aj|
1
p

)

‖x‖m = ‖x‖m

✹✹



❡✱ ♣♦$%❛♥%♦✱

‖Pn‖ ≤ 1. ✭✸✳✶✺✮

▲♦❣♦✱

(

n
∑

j=1

‖xj‖mp |aj|
) 1

p

=

(

n
∑

j=1

(

‖xj‖m |aj|
1
p

)p

) 1
p

(3.14)

≤
(

n
∑

j=1

|Pn(xj)|p
) 1

p

.

❙✉♣♦♥❤❛ 3✉❡ ❡①✐6%❡♠ t ≥ 0 ❡ D > 0 %❛✐6 3✉❡

(

n
∑

j=1

‖Pn (xj)‖p
) 1

p

≤ D ‖Pn‖nt
∥

∥(xj)
n
j=1

∥

∥

m

w,q

(3.15)

≤ Dnt
∥

∥(xj)
n
j=1

∥

∥

m

w,q
.

❆66✐♠✱

(

n
∑

j=1

‖xj‖mp |aj|
) 1

p

≤ Dnt
∥

∥(xj)
n
j=1

∥

∥

m

w,q
✭✸✳✶✻✮

❡✱ ❝♦♠♦ ❡6%❛ ;❧%✐♠❛ ❞❡6✐❣✉❛❧❞❛❞❡ ❛❝♦♥%❡❝❡ 6❡♠♣$❡ 3✉❡

n
∑

j=1

|aj|
1
p = 1 ❡ p < 1, %❡♠♦6

(

n
∑

j=1

‖xj‖
mp

1−p

)1−p

= sup

{∣

∣

∣

∣

∣

n
∑

j=1

aj ‖xj‖mp
∣

∣

∣

∣

∣

:
n
∑

j=1

|aj|
1
p = 1

}

≤ sup

{

n
∑

j=1

|aj| ‖xj‖mp :
n
∑

j=1

|aj|
1
p = 1

}

(3.16)

≤
(

Dnt
∥

∥(xj)
n
j=1

∥

∥

m

w,q

)p

.

>♦$%❛♥%♦

(

n
∑

j=1

‖xj‖
mp

1−p

)
1−p

mp

∥

∥(xj)nj=1

∥

∥

w,q

≤ D
1
mn

t
m . ✭✸✳✶✼✮

❱❡❥❛ 3✉❡ ✭✸✳✶✼✮ B ✈D❧✐❞❛ ♣❛$❛ 3✉❛✐63✉❡$ x1, · · · , xn. ▲♦❣♦✱ ♣❛$❛ 3✉❛❧3✉❡$ 6✉❜❡6♣❛F♦

n✲❞✐♠❡♥6✐♦♥❛❧ X ❞❡ E✱ %❡♠♦6

(

n
∑

j=1

‖idX(xj)‖
mp

1−p

)
1−p

mp

∥

∥(xj)nj=1

∥

∥

w,q

≤ D
1
mn

t
m , ✭✸✳✶✽✮

✹✺



♣❛"❛ #♦❞♦ x1, · · · , xn ∈ X.
❆❣♦"❛ ♣"♦✈❛"❡♠♦+ ❝❛❞❛ ✐#❡♠ +❡♣❛"❛❞❛♠❡♥#❡✳

✭❛✮ ❈♦♠♦

0 < p ≤ q

m+ q
,

#❡♠♦+

mp

1− p
≤ q

❡✱ ♣♦"#❛♥#♦✱

(

n
∑

j=1

‖idX(xj)‖q
) 1

q

∥

∥(xj)nj=1

∥

∥

w,q

≤ D
1
mn

t
m .

▲♦❣♦✱

π(n)
q (idX) ≤ D

1
mn

t
m .

❈♦♠♦ 1 ≤ q ≤ 2, ♣❡❧♦ ❚❡♦"❡♠❛ ✶✳✶✳✷✱ #❡♠♦+

π
(n)
2 (idX) < D

1
mn

t
m

✭✸✳✶✾✮

❡✱ ❞♦ ❚❡♦"❡♠❛ ✸✳✶✳✷✱ ❝♦♥❝❧✉<♠♦+ =✉❡

π2(idX) ≤ Cπ
(n)
2 (idX). ✭✸✳✷✵✮

?❡❧♦ ❚❡♦"❡♠❛ ✷✳✶✳✸ +❛❜❡♠♦+ =✉❡

π2(idX) = n
1
2

❡✱ ♣♦"#❛♥#♦✱ ♣♦" ✭✸✳✶✾✮ ❡ ✭✸✳✷✵✮✱ +❡❣✉❡ =✉❡

1

C
n

1
2 ≤ D

1
mn

t
m .

❆++✐♠✱

t ≥ m

2
,

✐✳❡✳✱

ηm✲pol

(p,q) (E;R) ≥ m

2
.

✭❜✮ ?♦" ✭✸✳✶✽✮✱ #❡♠♦+

π
(n)
mp

1−p
,q
(idX) ≤ n

t
mD

1
m . ✭✸✳✷✶✮

✹✻



❈♦♠♦

q

m+q
≤ p ≤ 2

m+2
, #❡❣✉❡ '✉❡ q ≤ mp

1−p
≤ 2. ❉❡ ✭✸✳✷✶✮ ❡ ❞♦ ▲❡♠❛ ✸✳✶✳✸✱ ❡①✐#5❡ ✉♠❛

❝♦♥#5❛♥5❡ K > 0 5❛❧ '✉❡

Kn

2q+
mp
1−p

(q−2)

2
mp
1−p

q ≤ n
t
mD

1
m .

9♦:5❛♥5♦✱

t

m
≥ mp+ 2

2mp
− m+ q

mq

❡ ❝♦♥❝❧✉;♠♦# '✉❡

t ≥ mp+ 2

2p
− m+ q

q
,

♦✉ #❡❥❛✱

ηm✲pol

(p,q) (E;R) ≥ mp+ 2

2p
− m+ q

q
.

✭❝✮ ❈♦♠♦ q ≥ 2✱ 5❡♠♦#

(

n
∑

j=1

‖idX(xj)‖
mp

1−p

)
1−p

mp

∥

∥(xj)nj=1

∥

∥

w,2

≤ D
1
mn

t
m ,

♣❛:❛ 5♦❞♦ x1, · · · , xn ∈ X✳ ❈♦♠♦ 2
m+2

≥ p ✐♠♣❧✐❝❛ mp

1−p
≤ 2✱ #❡❣✉❡ '✉❡

(

n
∑

j=1

‖idX(xj)‖2
) 1

2

∥

∥(xj)nj=1

∥

∥

w,2

≤ D
1
mn

t
m

❡✱ ♣♦:5❛♥5♦✱

π
(n)
2 (idX) ≤ D

1
mn

t
m .

9❡❧♦ ❚❡♦:❡♠❛ ✸✳✶✳✷✱ 5❡♠♦#

π2(idX) ≤ Cπ
(n)
2 (idX)

❡✱ ❞♦ ❚❡♦:❡♠❛ ✷✳✶✳✸✱ 5❡♠♦#

1

C
n

1
2 =

1

C
π2(idX) ≤ n

t
mD

1
m .

❊♥5@♦ ❝♦♥❝❧✉;♠♦# '✉❡

t ≥ m

2

✹✼



❡

ηm✲pol

(p,q) (E;R) ≥ m

2
.

✭❞✮ ❈♦♠♦ q ≥ 2, '❡♠♦(

(

n
∑

j=1

‖idX(xj)‖
mp

1−p

)
1−p

mp

∥

∥(xj)nj=1

∥

∥

w,2

≤ D
1
mn

t
m ,

♣❛+❛ '♦❞♦ x1, · · · , xn ∈ X✳ ❊♥'/♦

π
(n)
mp

1−p
,2
(idX) ≤ D

1
mn

t
m .

❈♦♠♦

2
m+2

< p, '❡♠♦(

mp

1−p
> 2 ❡✱ ♣❡❧♦ ❚❡♦+❡♠❛ ✸✳✶✳✷✱ ❡①✐('❡ ✉♠❛ ❝♦♥('❛♥'❡ c '❛❧ :✉❡

1

c
π mp

1−p
,2(idX) ≤ D

1
mn

t
m . ✭✸✳✷✷✮

❉♦ ❚❡♦+❡♠❛ ✸✳✶✳✶✱ ❡①✐('❡ ✉♠❛ ❝♦♥('❛♥'❡ A > 0 '❛❧ :✉❡

A · n
1−p

mp ≤ π mp

1−p
,2(idX)

❡✱ ❛((✐♠✱

A

c
n

1−p

mp ≤ D
1
mn

t
m .

▲♦❣♦✱ ♦❜'❡♠♦(

t ≥ 1− p

p

❡

ηm−pol(p,q) (E;F ) ≥ 1− p

p
,

❝♦♥❝❧✉✐♥❞♦ ❛ ♥♦((❛ ❞❡♠♦♥('+❛?/♦✳

▼❛✐( ✉♠❛ ✈❡③✱ ✈❡❥❛♠♦( ❛ ✐❧✉('+❛?/♦ ❞♦ '❡♦+❡♠❛✳

✹✽



❋✐❣✉$❛ ✸✳✸✿ ❘❡❣✐+❡, ❝♦♠♣$❡❡♥❞✐❞❛, ♣❡❧♦, ✐4❡♥, ✭❛✮ ❡ ✭❜✮ ❞♦ ❚❡♦$❡♠❛ ✸✳✶✳✺

❋✐❣✉$❛ ✸✳✹✿ ❘❡❣✐+❡, ❝♦♠♣$❡❡♥❞✐❞❛, ♣❡❧♦, ✐4❡♥, ✭❝✮ ❡ ✭❞✮ ❞♦ ❚❡♦$❡♠❛ ✸✳✶✳✺

❆♥❛❧♦❣❛♠❡♥4❡ = ♣♦,,>✈❡❧ ✈❡$ ♦ ♠❡,♠♦ 4✐♣♦ ❞❡ ❝♦♥4✐♥✉✐❞❛❞❡ ❞♦ 4❡♦$❡♠❛ ❛♥4❡$✐♦$✱

A✉❛♥❞♦ p = q

m+q
, ❞❡ ✭❛✮ 4❡♠♦,

m

2
≤ ηm−pol(p,q) (E;F ).

B♦$ ♦✉4$♦ ❧❛❞♦✱ ❝♦♥,✐❞❡$❛♥❞♦ p = q

m+q
,❡❣✉❡ ❞❡ ✭❜✮ A✉❡

mp+ 2

2p
− m+ q

q
=
m

2
≤ ηm−pol(p,q) (E;F ).

❆❣♦$❛✱ A✉❛♥❞♦ p = 2
m+2

, ♣♦$ ✭❝✮ 4❡♠♦,

m

2
≤ ηm−pol(p,q) (E;F ). ✭✸✳✷✸✮

❉❛❞♦ ǫ > 0 ❡ 4♦♠❛♥❞♦ pǫ =
2

m+2
+ ǫ ,❡❣✉❡ ♣♦$ ✭❞✮ A✉❡

1− pǫ
pǫ

≤ ηm−pol(pǫ,q)
(E;F ). ✭✸✳✷✹✮

✹✾



◆♦✈❛♠❡♥'❡✱ ❡①✐+'❡ ✉♠❛ ❝♦♥'✐♥✉✐❞❛❞❡ ❡♥'/❡ ❛+ ❡+'✐♠❛'✐✈❛+ ✐♥❢❡/✐♦/❡+ ✭✸✳✷✸✮ ❡ ✭✸✳✷✹✮✱ ❥8

9✉❡ ❢❛③❡♥❞♦ ǫ '❡♥❞❡/ ❛ ③❡/♦✱ '❡♠♦+

pǫ →
2

m+ 2
❡

1− pǫ
pǫ

→ m

2
.

❖ ♠❡+♠♦ ❝♦♠♣♦/'❛♠❡♥'♦ +❡ ✈❡/✐✜❝❛ 9✉❛♥❞♦ q = 2✱ ♥❡+'❡ ❝❛+♦ q

m+q
= 2

m+2
✱ ♥♦'❡ 9✉❡

❛9✉✐ ❛+ ❡+'✐♠❛'✐✈❛+ ❞❡ ✭❛✮ ❡ ✭❝✮ ❝♦✐♥❝✐❞❡♠✳

✸✳✷ ❊$%✐♠❛♥❞♦ ♦ ,♥❞✐❝❡ ❞❡ $♦♠❛❜✐❧✐❞❛❞❡ ✈✐❛ 2❡$✉❧%❛✲

❞♦$ ❞❡ ❝♦✐♥❝✐❞5♥❝✐❛

✸✳✷✳✶ ❮♥❞✐❝❡ ❞❡ ❙♦♠❛❜✐❧✐❞❛❞❡ ✈1✳ ❘❡1✉❧4❛❞♦1 ❞❡ ❈♦✐♥❝✐❞6♥❝✐❛

❙❛❜❡♠♦+ 9✉❡ Πmult
p,q (E1, · · · , Em;F ) @ ✉♠ +✉❜❡+♣❛A♦ ✈❡'♦/✐❛❧ ❞❡ L (E1, · · · , Em;F )✱

❡♥'C♦ ❢❛③ +❡♥'✐❞♦ '❡♥'❛/ ♠❡❞✐/ 9✉C♦ ♣❡/'♦ ❡❧❡+ ❡+'C♦ ❞❡ +❡/❡♠ ✐❣✉❛✐+ ❡ ✐++♦ ♣♦❞❡ +❡/

❢❡✐'♦ ❛'/❛✈@+ ❞♦ E♥❞✐❝❡ ❞❡ +♦♠❛❜✐❧✐❞❛❞❡✳ ◗✉❛♥❞♦ ❡++❡+ ❡+♣❛A♦+ ❝♦✐♥❝✐❞❡♠ '❡♠♦+

ηm−mult(p,q) (E1, · · · , Em;F ) = 0.

❘❡+✉❧'❛❞♦+ ❞♦ '✐♣♦

L (E1, · · · , Em;F ) = Πmult
p,q (E1, · · · , Em;F )

+C♦ ❝❤❛♠❛❞♦+ /❡+✉❧'❛❞♦+ ❞❡ ❝♦✐♥❝✐❞I♥❝✐❛✱ ❡ ♣❡❧❛ +✉❛ ♣/♦①✐♠✐❞❛❞❡ ❝♦♠ ❛ ♥♦AC♦ ❞❡ E♥❞✐❝❡

❞❡ +♦♠❛❜✐❧✐❞❛❞❡✱ ✈❛♠♦+ ✉+8✲❧♦+ ♣❛/❛ ❡+'✐♠❛/ ❡++❡+ E♥❞✐❝❡+✳

 !♦♣♦$✐&'♦ ✸✳✷✳✶ ❙❡❥❛♠ E1, · · · , Em, F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❡ 1 ≤ s ≤ t < ∞✳ ❙✉♣♦✲

♥❤❛ 1✉❡

L (E1, · · · , Em;F ) = Πmult
t,s (E1, · · · , Em;F ) .

❊♥34♦

✭❛✮ 7❛8❛ 3♦❞♦% 0 < p ≤ t ❡ 0 < s ≤ q✱ 3❡♠♦%

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
m

p
− m

t
+
m

s
− m

q
.

✭❜✮ 7❛8❛ 3♦❞♦% 0 < p ≤ t ❡ 0 < q ≤ s✱ 3❡♠♦%

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
m

p
− m

t
.

✺✵



✭❝✮ #❛%❛ &♦❞♦) 0 < t ≤ p ❡ 0 < s ≤ q✱ &❡♠♦)

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
m

s
− m

q
.

✭❞✮ #❛%❛ &♦❞♦) 0 < t ≤ p ❡ 0 < q ≤ s✱ &❡♠♦)

ηm−mult(p,q) (E1, · · · , Em;F ) = 0.

❉❡♠♦♥%&'❛)*♦✳ ❙❡❥❛ T ∈ L(E1, · · · , Em;F ).
❙❡ p ≤ t, ❡♥%&♦

(

n
∑

k1,··· ,km=1

∥

∥

∥
T (x

(1)
k1
, · · · , x(m)

km
)
∥

∥

∥

p

) 1
p

≤
(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

t

) 1
t
(

n
∑

k1,··· ,km=1

|1|
pt

t−p

) 1
p
− 1

t

≤ C

m
∏

i=1

∥

∥

∥(x
(i)
ki
)nki=1

∥

∥

∥

w,s
(nm)

1
p
− 1

t

≤ Cn
m
p
−m

t

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,s

.

✭❛✮ ❈♦♠♦ s ≤ q✱ ✉.❛♥❞♦ ❛ ❞❡.✐❣✉❛❧❞❛❞❡ ❞❡ ❍4❧❞❡5 ♣❛5❛ i = 1, · · · ,m✱ %❡♠♦.

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,s

= sup
ϕ∈BE∗

i

(

n
∑

ki=1

∣

∣

∣
ϕ
(

x
(i)
ki

)∣

∣

∣

s

) 1
s

≤ sup
ϕ∈BE∗

i





(

n
∑

ki=1

∣

∣

∣
ϕ
(

x
(i)
ki

)∣

∣

∣

q

) 1
q
(

n
∑

ki=1

|1|
qs

q−s

) 1
s
− 1

q





≤ n
1
s
− 1

q

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

.

7♦5%❛♥%♦✱

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ Cn
m
p
−m

t
+m

s
−m

q

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

.

✭❜✮ ❙❡ p ≤ t ❡ q ≤ s, ✉.❛♠♦. ❛♣❡♥❛. ❛ ✐♥❝❧✉.&♦ ❝❛♥:♥✐❝❛ ❡♥%5❡ ❡.♣❛;♦. ℓwq ♣❛5❛

♦❜%❡5

(

n
∑

k1,··· ,km=1

∥

∥

∥T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ Cn
m
p
−m

t

m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

.

✺✶



❖! ❝❛!♦! ✭❝✮ ❡ ✭❞✮ !)♦ !✐♠✐❧❛-❡!✳

/♦❞❡♠♦! ♦❜1❡- -❡!✉❧1❛❞♦! !❡♠❡❧❤❛♥1❡! ♣❛-❛ ♣♦❧✐♥6♠✐♦! ❝♦♠♦ ✈❡-❡♠♦! ♥❛ ♣-♦♣♦✲

!✐9)♦ ❛ !❡❣✉✐-✱ ❛ <✉❛❧ ♥)♦ !❡-= ❞❡♠♦♥!1-❛❞❛ ♣♦- !❡- 1♦1❛❧♠❡♥1❡ ❛♥=❧♦❣❛ ❛ ❛♥1❡-✐♦-✿

 !♦♣♦$✐&'♦ ✸✳✷✳✷ ❙❡❥❛♠ E,F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤✱ 1 ≤ t, s <∞✱ t ≥ s
m
❡

P (mE;F ) = Pt,s (mE;F ) .

❊♥01♦

✭❛✮ 4❛5❛ 0♦❞♦% 0 < p ≤ t ❡ 0 < s ≤ q✱ 0❡♠♦%

ηm−pol(p,q) (E;F ) ≤ 1

p
− 1

t
+
m

s
− m

q
.

✭❜✮ 4❛5❛ 0♦❞♦% 0 < p ≤ t ❡ 0 < q ≤ s✱ 0❡♠♦%

ηm−pol(p,q) (E;F ) ≤ 1

p
− 1

t
.

✭❝✮ 4❛5❛ 0♦❞♦% 0 < t ≤ p ❡ 0 < s ≤ q✱ 0❡♠♦%

ηm−pol(p,q) (E;F ) ≤ m

s
− m

q
.

✭❞✮ 4❛5❛ 0♦❞♦% 0 < t ≤ p ❡ 0 < q ≤ s✱ 0❡♠♦%

ηm−pol(p,q) (E;F ) = 0.

❱❛♠♦! ❛❣♦-❛ ❡♥✉♥❝✐❛- ✉♠ -❡!✉❧1❛❞♦ ❞❡ ❝♦✐♥❝✐❞@♥❝✐❛ <✉❡ ♣♦❞❡ !❡- ❡♥❝♦♥1-❛❞♦

❡!!❡♥❝✐❛❧♠❡♥1❡ ❡♠ ❬✷✱ ✺❪✳ ❊!!❡ -❡!✉❧1❛❞♦ !❡-= ♣♦!1❡-✐♦♠❡♥1❡ ✉!❛❞♦ ♣❛-❛ ♦❜1❡♥9)♦ ❞❡

❡!1✐♠❛1✐✈❛! F1✐♠❛!✳ ❱❛♠♦! ♣-❡❝✐!❛- ❞❡ ✉♠ ❧❡♠❛✱ ❡❧❡ ♣♦❞❡ !❡- ❡♥❝♦♥1-❛❞♦ ❡♠ ❬✶✾✱ ✹✷❪✳

▲❡♠❛ ✸✳✷✳✸ ❙❡❥❛♠ 1 ≤ p, q1, · · · , qm ≤ ∞. ❙✉♣♦♥❤❛ 8✉❡✱ ♣❛5❛ 0♦❞❛ ❛♣❧✐❝❛'1♦ m−❧✐♥❡❛5
A : ℓnq1 × · · · × ℓnqm → F, ❝♦♠ F ❡%♣❛'♦ ❞❡ ❇❛♥❛❝❤✱ ❡①✐%0❡ ✉♠❛ ❝♦♥%0❛♥0❡ C > 0 0❛❧ 8✉❡

(

n
∑

k1,··· ,km=1

‖A(ek1 , . . . , ekm)‖p
) 1

p

≤ C ‖A‖.

❊♥01♦ ♣❛5❛ 0♦❞❛ ❛♣❧✐❝❛'1♦ m−❧✐♥❡❛5

T : E1 × · · · × Em → F

❝♦♠ E1, · · · , Em ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❡ ♣❛5❛ 8✉❛✐%8✉❡5 x
(i)
ki
∈ Ei, ki = 1, · · · , n, i =

1, · · · ,m 0❡♠♦%

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, . . . , x

(m)
km

)∥

∥

∥

p

) 1
p

≤ C‖T‖
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q∗i

.

✺✷



❚❡♦#❡♠❛ ✸✳✷✳✹ ❙❡❥❛♠ E1, · · · , Em, F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥%/♦ ✐♥✜♥✐1❛ ❡ %✉✲

♣♦♥❤❛ 4✉❡ F 1❡♠ ❝♦1✐♣♦ ✜♥✐1♦ cot(F ) = r.

✭❛✮ ❙❡ s ∈ [1, 2) ❡ m < s
r(s−1)

✱ ❡♥1/♦

L (E1, · · · , Em;F ) = Πmult
t,s (E1, · · · , Em;F )⇔ t ≥ sr

s−msr +mr
.

✭❜✮ ❙❡ t ∈
[

2m
m+1

, 2
]

✱ ❡♥1/♦

L (E1, · · · , Em;K) = Πmult
t,s (E1, · · · , Em;K)⇔ s ≤ 2mt

mt+ 2m− t
.

✭❝✮ ❙❡ t ∈ (2,∞)✱ ❡♥1/♦

L (E1, · · · , Em;K) = Πmult
t,s (E1, · · · , Em;K)⇔ s ≤ mt

mt+ 1− t
.

❉❡♠♦♥,-#❛./♦✳ ❊♠ ❬✷✱ ❚❡♦(❡♠❛ ✶✳✺❪ ❢♦✐ ♣(♦✈❛❞♦ 3✉❡ 5❡ p1, · · · , pm ∈ [2,∞] , ❡ F 6

❡5♣❛7♦ ❞❡ ❞✐♠❡♥59♦ ✐♥✜♥✐;❛ ❝♦♠ ❝♦;✐♣♦ ✜♥✐;♦ cot (F ) := r✱ ❝♦♠ 1
p1

+ · · · + 1
pm

< 1
r
,

❡♥;9♦ ❡①✐5;❡ ✉♠❛ ❝♦♥5;❛♥;❡ Cp1,··· ,pm ≥ 1 ;❛❧ 3✉❡

(

∞
∑

k1,··· ,km=1

∥

∥

∥
A
(

e
(1)
k1
, · · · , e(m)

km

)∥

∥

∥

t

) 1
t

≤ Cp1,··· ,pm ‖A‖ ⇔
1

t
≤ 1

r
−
(

1

p1
+ · · ·+ 1

pm

)

♣❛"❛ #♦❞♦ ♦♣❡"❛❞♦" m✲❧✐♥❡❛" ❝♦♥#,♥✉♦ A : Xp1 × · · · ×Xpm → F ✭✈❡❥❛ #❛♠❜3♠ ❬✶✾❪✮✳

:❡❧♦ ▲❡♠❛ ✸✳✷✳✸✱ ❝♦♠ pi = s∗, ♣❛"❛ #♦❞♦ i, ❡?#❡ "❡?✉❧#❛❞♦ 3 #"❛❞✉③✐❞♦ ♣❛"❛ ❛

❧✐♥❣✉❛❣❡♠ ❞❡ ♦♣❡"❛❞♦"❡? ♠B❧#✐♣❧♦ ?♦♠❛♥#❡? ❡ ♣"♦✈❛♠♦? ✭❛✮✳

❆? ♣"♦✈❛? ❞❡ ✭❜✮ ❡ ✭❝✮ ♣♦❞❡♠ ?❡" ❡♥❝♦♥#"❛❞❛? ❡♠ ❬✺✱ ❚❤❡♦"❡♠ ✸✳✷❪✳

❯♠ ❝♦"♦❧H"✐♦ ✐♠❡❞✐❛#♦ ❞♦ ❚❡♦"❡♠❛ ✸✳✷✳✹✭❛✮ ❡ ❞❛ :"♦♣♦?✐JK♦ ✸✳✷✳✶ 3 ♦ ?❡❣✉✐♥#❡✿

❈♦"♦❧$"✐♦ ✸✳✷✳✺ ❙❡❥❛♠ E1, · · · , Em, F ❡%♣❛'♦% ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥%/♦ ✐♥✜♥✐1❛✳ ❙❡ F

1❡♠ ❝♦1✐♣♦ ✜♥✐1♦ cot(F ) = r✱ 1 ≤ s < 2✱ m < s
r(s−1)

❡ t = sr
s−msr+mr

✱ ❡♥1/♦

✭❛✮ 6❛7❛ 1♦❞♦% 0 < p ≤ t ❡ mrt
r−t+mrt

≤ q✱ 1❡♠♦%

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
m

p
+m− 1

r
− m

q
− (m− 1)

t
.

✭❜✮ 6❛7❛ 1♦❞♦% 0 < p ≤ t ❡ 0 < q ≤ mrt
r−t+mrt

✱ 1❡♠♦%

ηm−mult(p,q) (E1, · · · , Em;F ) ≤
m

p
− m

t
.

✭❝✮ 6❛7❛ 1♦❞♦% 0 < t ≤ p ❡ mrt
r−t+mrt

≤ q✱ 1❡♠♦%

ηm−mult(p,q) (E1, · · · , Em;F ) ≤ m− 1

r
+

1

t
− m

q
.

✺✸



✭❞✮ #❛%❛ &♦❞♦( 0 < t ≤ p ❡ 0 < q ≤ mrt
r−t+mrt

✱ &❡♠♦(

ηm−mult(p,q) (E1, · · · , Em;F ) = 0.

❱❛♠♦$ ❡♥✉♥❝✐❛* ❛❣♦*❛ ❞♦✐$ *❡$✉❧.❛❞♦$ ❞❡ ❝♦✐♥❝✐❞/♥❝✐❛ ❡ $✉❛$ ❝♦♥$❡0✉/♥❝✐❛$ ❛

♣❛*.✐* ❞♦ 0✉❡ ❢♦✐ ✈✐$.♦ ❛❝✐♠❛✳ ❖ ♣*✐♠❡✐*♦ ❞❡❧❡$ ♣♦❞❡ $❡* ❡♥❝♦♥.*❛❞♦ ❡♠ ❬✹✹✱ 9*♦♣♦$✐:;♦

✶✼✳✺✳✶❪✳

❚❡♦#❡♠❛ ✸✳✷✳✻ ✭❉❡❢❛♥.✲❱♦✐❣.✮ ❙❡❥❛ E ❡(♣❛/♦( ❞❡ ❇❛♥❛❝❤✳ ❊♥&6♦

P (mE) = P1,1 (
mE) . ✭✸✳✷✺✮

❈♦#♦❧6#✐♦ ✸✳✷✳✼ ❙❡❥❛ E ❡(♣❛/♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥&6♦✿

✭❛✮ #❛%❛ 0 < p ≤ 1 ❡ 1 ≤ q✱ &❡♠♦(

ηm−pol(p,q) (E;K) ≤ 1

p
− 1 +m− m

q
.

✭❜✮ #❛%❛ 0 < p ≤ 1 ❡ 0 < q ≤ 1✱ &❡♠♦(

ηm−pol(p,q) (E;K) ≤ 1

p
− 1.

✭❝✮ #❛%❛ 1 ≤ p ❡ 1 ≤ q✱ &❡♠♦(

ηm−pol(p,q) (E;K) ≤ m− m

q
.

✭❞✮ #❛%❛ 1 ≤ p ❡ 0 < q ≤ 1✱ &❡♠♦(

ηm−pol(p,q) (E;K) = 0.

❉❡♠♦♥8.#❛9:♦✳ ➱ $✉✜❝✐❡♥.❡ ❛♣❧✐❝❛* ❛ 9*♦♣♦$✐:;♦ ✸✳✷✳✷ ❛♦ *❡$✉❧.❛❞♦ ❛❝✐♠❛✳

❖ ♣*F①✐♠♦ .❡♦*❡♠❛ ♣♦❞❡ $❡* ❡♥❝♦♥.*❛❞♦ ❡♠ ❬✶✷❪✳

❚❡♦#❡♠❛ ✸✳✷✳✽ ❙❡❥❛♠ E,F ❡(♣❛/♦( ❞❡ ❇❛♥❛❝❤✳ ❊♥&6♦✿

✭✐✮ ❙❡ cot(E) = mr, ❡♥&6♦

P (mE;F ) = Pr,1 (mE;F ) . ✭✸✳✷✻✮

✭✐✐✮ ❙❡ cot(F ) = r, ❡♥&6♦

P (mE;F ) = Pr,1 (mE;F ) . ✭✸✳✷✼✮

✺✹



❈♦"♦❧$"✐♦ ✸✳✷✳✾ ❙❡❥❛♠ E,F ❡%♣❛'♦ ❞❡ ❇❛♥❛❝❤✳ ❙❡ cot(E) = mr ♦✉ cot(F ) = r✳

❊♥12♦✿

✭❛✮ 6❛7❛ 0 < p ≤ r ❡ 1 ≤ q✱ 1❡♠♦%

ηm−pol(p,q) (E;F ) ≤ 1

p
− 1

r
+m− m

q
.

✭❜✮ 6❛7❛ 0 < p ≤ r ❡ 0 < q ≤ 1✱ 1❡♠♦%

ηm−pol(p,q) (E;F ) ≤ 1

p
− 1

r
.

✭❝✮ 6❛7❛ r ≤ p ❡ 1 ≤ q✱ 1❡♠♦%

ηm−pol(p,q) (E;F ) ≤ m− m

q
.

✭❞✮ 6❛7❛ r ≤ p ❡ 0 < q ≤ 1✱ 1❡♠♦%

ηm−pol(p,q) (E;F ) = 0.

❉❡♠♦♥./"❛12♦✳ ❇❛"#❛ ❛♣❧✐❝❛( ❛ )(♦♣♦"✐+,♦ ✸✳✷✳✷ ❛♦ (❡"✉❧#❛❞♦ ❛❝✐♠❛✳

✸✳✷✳✷ ❊$%✐♠❛%✐✈❛$ *%✐♠❛$

❈♦♠❡+❛♠♦" ❡"#❛ "✉❜"❡+,♦ (❡❧❡♠❜(❛♥❞♦ ✉♠❛ ✈❡(",♦ ❣❡♥❡(❛❧✐③❛❞❛ ❞❛ ❞❡"✐❣✉❛❧❞❛❞❡

❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞✱ A✉❡ ♣♦❞❡ "❡( ✈✐"#❛ ❡♠ ❬✶✱ ▲❡♠❛ ✻✳✶❪✿

▲❡♠❛ ✸✳✷✳✶✵ ❙❡❥❛♠ m,n ≥ 1✱ p ∈ [1,∞] , ❡

α (p) =

{

1
2
− 1

p
, %❡ p ≥ 2

0, ❈❛%♦ ❝♦♥17;7✐♦.

❊①✐%1❡ ✉♠❛ ❝♦♥%1❛♥1❡ ✉♥✐✈❡7%❛❧ Cm ✭❞❡♣❡♥❞❡♥❞♦ %♦♠❡♥1❡ ❞❡ m✮ ❡ ❡①✐%1❡ ✉♠❛ ❢♦7♠❛

m−❧✐♥❡❛7 A : ℓnp × · · · × ℓnp → K ❞❛ ❢♦7♠❛

A(z(1), · · · , z(m)) =
n
∑

i1,··· ,im=1

±z(1)i1
· · · z(m)

im

1❛❧ A✉❡

‖A‖ ≤ Cmn
1
2
+m·α(p).

❖" ♣(I①✐♠♦" (❡"✉❧#❛❞♦" #(❛③❡♠ ❡"#✐♠❛#✐✈❛" I#✐♠❛" ♣❛(❛ ❛❧❣✉♥" ♣❛(❡" ❞❡ ❡"♣❛+♦"✳

✺✺



 !♦♣♦$✐&'♦ ✸✳✷✳✶✶ ❙❡❥❛♠ p, q ♥&♠❡'♦) '❡❛✐)✳

✭❛✮ ❙❡

2m
m+1

≤ p ≤ 2 ❡

2mp
mp+2m−p

≤ q ≤ 2, ❡♥./♦

ηm−mult(p,q) (mℓq∗ ;K) =
m

p
+
m

2
− 1

2
− m

q
.

✭❜✮ ❙❡ 2 < p <∞ ❡

mp

mp+1−p
≤ q✱ ❡♥./♦

ηm−mult(p,q) (mℓq∗ ;K) = m− 1 +
1

p
− m

q
.

✭❝✮ ❙❡ 0 < p <∞ ❡ 1 ≤ q ≤ 2, ❡♥./♦

ηm−mult(p,q) (mℓq∗ ; c0) =
m

p
.

❉❡♠♦♥$0!❛&'♦✳ ✭❛✮ ◆♦%❡ '✉❡ ♣♦❞❡♠♦, ♦❜%❡. ❛ ❡,%✐♠❛%✐✈❛ ,✉♣❡.✐♦. ♣❡❧♦ ❚❡♦.❡♠❛ ✸✳✷✳✹

✭❜✮ ❡ ♦ ♣.✐♠❡✐.♦ ✐%❡♠ ❞❛ 7.♦♣♦,✐89♦ ✸✳✷✳✶✳ ❉❡ ❢❛%♦✱ ♦ ❚❡♦.❡♠❛ ✸✳✷✳✹ ♥♦, ❞✐③ '✉❡

L (E1, · · · , Em;K) = Πmult
t, 2mt

mt+2m−t

(E1, · · · , Em;K)

❡ ✉,❛♥❞♦ ♦ ♣.✐♠❡✐.♦ ✐%❡♠ ❞❛ 7.♦♣♦,✐89♦ ✸✳✷✳✶✱ ❝♦♠ t = p✱ ♦❜%❡♠♦,

ηm−mult(p,q) (E1, · · · , Em;K) ≤ m

p
+
m

2
− 1

2
− m

q
.

❆❣♦.❛ ✈❛♠♦, ♠♦,%.❛. '✉❡ ❡,%❛ ❡,%✐♠❛%✐✈❛ C D%✐♠❛ ♣❛.❛ Ei = ℓq∗ . ❈♦♠♦ q∗ ≥ 2✱

♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✵✱ ❡①✐,%❡ ✉♠ ♦♣❡.❛❞♦. A : ℓnq∗ × · · · × ℓnq∗ → K ❞❛❞♦ ♣♦.

A(z(1), · · · , z(m)) =
n
∑

i1,··· ,im=1

±z(1)i1
· · · z(m)

im

%❛❧ '✉❡

‖A‖ ≤ Cmn
1
2
+m( 1

2
− 1

q∗ ).

❙✉♣♦♥❤❛ '✉❡

(

n
∑

k1,··· ,km=1

‖A(e(1)k1 , · · · , e
(m)
km

)‖p
) 1

p

≤ Cns‖A‖.

❊♥%9♦✱

n
m
p ≤ Cnsn

1
2
+m( 1

2
− 1

q∗ )

❡✱ ❝♦♠♦ n C ❛.❜✐%.L.✐♦✱

m

p
− 1

2
− m

2
+
m

q∗
≤ s.

✺✻



 ♦"#❛♥#♦✱

ηm−mult(p,q) (mℓq∗ ;K) ≥ m

p
− 1

2
− m

2
+
m

q∗
=
m

p
− 1

2
+
m

2
− m

q

❡ ✐))♦ ♣"♦✈❛ ✭❛✮✳

✭❜✮ ❯)❛♥❞♦ ♦ ✐#❡♠ ✭❝✮ ❞♦ ❚❡♦"❡♠❛ ✸✳✷✳✹ ❡ ♦ ♣"✐♠❡✐"♦ ✐#❡♠ ❞❛ ♣"♦♣♦)✐89♦ ✸✳✷✳✶✱

#❡♠♦)

L (E1, · · · , Em;K) = Πmult
t, mt

mt+1−t

(E1, · · · , Em;K)

❡✱ ❝♦♥)✐❞❡"❛♥❞♦ t = p✱ ♦❜#❡♠♦)

ηm−mult(p,q) (E1, · · · , Em;K) ≤ m+
1

p
− 1− m

q
.

❱❛♠♦) ♠♦)#"❛" <✉❡ ❛ ❡)#✐♠❛#✐✈❛ > ❛#✐♥❣✐❞❛ ♣❛"❛ Ei = ℓq∗ . ❈♦♥)✐❞❡"❡ S : ℓnq∗×· · ·×ℓnq∗ →

K ❞❛❞♦ ♣♦" S(x(1), · · · , x(m)) =
n
∑

i=1

x
(1)
i · · · x(m)

i ❡ ♥♦#❡ <✉❡ ‖S‖ ≤ n1−m
q∗ . ❙❡

(

n
∑

k1,··· ,km=1

‖S(e(1)k1 , · · · , e
(m)
km

)‖p
) 1

p

≤ Cns‖S‖,

❡♥#9♦

n
1
p ≤ Cnsn1−m

q∗ .

▲♦❣♦✱

1

p
− 1 +

m

q∗
≤ s

❡

ηm−mult(p,q) (mℓq∗ ;K) ≥ 1

p
− 1 +

m

q∗
=

1

p
+m− 1− m

q
.

✭❝✮ ❙❡❥❛ t ✉♠ ♥D♠❡"♦ "❡❛❧ ♣♦)✐#✐✈♦ #❛❧ <✉❡ ♣❛"❛ ❝❛❞❛ T ∈ L(mℓq∗ ; c0)✱ ❡①✐)#❡ ✉♠❛
❝♦♥)#❛♥#❡ C ≥ 0 )❛#✐)❢❛③❡♥❞♦

(

n
∑

k1,··· ,km=1

∥

∥

∥
T
(

x
(1)
k1
, · · · , x(m)

km

)∥

∥

∥

p

) 1
p

≤ Cnt
m
∏

i=1

∥

∥

∥

∥

(

x
(i)
ki

)n

ki=1

∥

∥

∥

∥

w,q

✭✸✳✷✽✮

♣❛"❛ #♦❞♦ ✐♥#❡✐"♦ ♣♦)✐#✐✈♦ n ❡ #♦❞♦ x
(i)
ki
∈ ℓq∗ ✱ ❝♦♠ 1 ≤ ki ≤ n✳

❆❣♦"❛✱ ❙❡❥❛ Tn ∈ L(mℓq∗ ; c0) ❞❡✜♥✐❞♦ ♣♦"

Tn
(

x(1), · · · , x(m)
)

=
(

x
(1)
j1
· · · x(m)

jm

)n

j1,··· ,jm=1
.

✺✼



➱ !✉❡ ❝❧❛'♦ ‖Tn‖ = 1 ❡

(

n
∑

j1,··· ,jm=1

‖Tn(ej1 , · · · , ejm)‖p
) 1

p

= n
m
p .

❈♦♠♦

∥

∥(eji)
n
ji=1

∥

∥

w,q
= 1, ❛ ❝♦♥❞✐./♦ ❛♥0❡'✐♦' ❥✉♥0❛♠❡♥0❡ ❝♦♠ ✭✸✳✷✽✮ ✐♠♣❧✐❝❛♠

n
m
p ≤ Cnt

❡✱ ♣♦'0❛♥0♦✱ t ≥ m
p
✳ ❆ ❞❡;✐❣✉❛❧❞❛❞❡ '❡✈❡';❛ ;❡❣✉❡ ❞❡ ❞❛; >'♦♣♦;✐.?❡; ✷✳✶✳✽ ❡ ✷✳✶✳✾✳

❈♦"♦❧$"✐♦ ✸✳✷✳✶✷ ❙❡

2
2m+1

≤ p ≤ 2
m+1

✱ ❡♥$%♦ ηm−pol(p,1) (ℓ1; ℓ2) =
1
p
− m+1

2
✳

❉❡♠♦♥./"❛12♦✳ ❈♦♥;✐❞❡'❛♥❞♦ q = 1 ❡ r = 2 ♥♦ ❚❡♦'❡♠❛ ✸✳✶✳✹ ✭✐0❡♠ ✭❜✮✮✱ 0❡♠♦;

ηm−pol(p,1) (ℓ1; ℓ2) ≥
1

p
− m+ 1

2
. ✭✸✳✷✾✮

❱❛♠♦; ♠♦;0'❛' !✉❡ ✭✸✳✷✾✮ F ❛0✐♥❣✐❞❛✳ ❉❡ ❬✶✵❪ ;❛❜❡♠♦; !✉❡

P(mℓ1; ℓ2) = P( 2
m+1

,1)(
mℓ1; ℓ2).

❈♦♠♦

2
2m+1

≤ p ≤ 2
m+1

✱ ♣❡❧♦ ✐0❡♠ ✭❛✮ ❞♦ ❚❡♦'❡♠❛ ✸✳✷✳✷✱ ;❡❣✉❡ ♦ '❡;✉❧0❛❞♦✳

❈♦"♦❧$"✐♦ ✸✳✷✳✶✸ ❙❡❥❛ K ✉♠ ❡,♣❛.♦ ❞❡ ❍❛✉,❞♦1✛ ❈♦♠♣❛❝$♦ ❡ F ✉♠ ❡,♣❛.♦ ❞❡ ❇❛✲

♥❛❝❤ ❞❡ ❞✐♠❡♥,%♦ ✐♥✜♥✐$❛✱ ❝♦♠ cot(F ) = r. ❙❡ 2r
r+2

< p < r, ❡♥$%♦

η(p,2)(C(K);F ) =
1

p
− 1

r
.

❉❡♠♦♥./"❛12♦✳ >❡❧♦ ❚❡♦'❡♠❛ ✸✳✶✳✹ ✭✐0❡♠ ✭❞✮✮✱ ;❡ q = 2 ❡ cot(F ) = r✱ 0❡♠♦;

η(p,2)(C(K);F ) ≥ 1

p
− 1

r
. ✭✸✳✸✵✮

❆❧F♠ ❞✐;;♦✱ ♣♦' ❬✶✽✱ ❚❤❡♦'❡♠ ✶✶✳✶✹❪✱ ;❛❜❡♠♦; !✉❡ 0♦❞♦ ♦♣❡'❛❞♦' ❧✐♥❡❛' ❝♦♥0L♥✉♦

❞❡ C(K) ❡♠ F ✱ ❝♦♠ cot(F ) = r, F ❛❜;♦❧✉0❛♠❡♥0❡ (r, 2)✲;♦♠❛♥0❡✳ ❈♦♠♦ 2r
r+2

< p < r✱

♣❡❧♦ ✐0❡♠ ✭❜✮ ❞❛ >'♦♣♦;✐./♦ ✸✳✷✳✶✱ ;❡❣✉❡ !✉❡

η(p,2)(C(K);F ) ≤ 1

p
− 1

r
.

✺✽
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