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Resumo

Neste trabalho apresentamos estimativas de Carleman para uma classe de problemas
parabolicos degenerados sobre um quadrado (no caso bidimensional) ou sobre um in-
tervalo limitado (no caso unidimensional). Consideramos um operador diferencial que
degenera apenas em uma parte da fronteira. Provamos resultados de existéncia, uni-
cidade e estimativas de energia via teoria do semigrupo. Em seguida usamos fungoes
peso adequadas para obter estimativas de Carleman e, como aplicagoes, resultados de

controlabilidade multi-objetivo.

Palavras-chave: Controle nulo de Stackelberg-Nash; Desigualdade de Carleman; Ob-

servabilidade; Equagoes com coeficiente degenerados.
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Abstract

This work presents Carleman estimates to a class of degenerate parabolic problems
over a square (in the two dimensional case) or a bounded interval (in the one dimen-
sional case). We consider a differential operator that degenerate only in a part of the
boundary. Using semigroup theory, we prove well posedness results. Then, using sui-
tables weight functions, we prove Carleman estimates and, as application, results on

multi-objective controllability.

Keywords: Stackelberg-Nash null controllability; Carleman estimates; Observability;

Degenerate equations.
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Introducao

0.1 Controlabilidade de EDPs

Com o desenvolvimento do Calculo Diferencial e Integral em meados do século
XVII, a ciéncia provocou um grande impacto na sociedade. Desde entao, um sem
numero de fendmenos foram analisados, com resultados que permitiram avangos tecno-
logicos sem precedentes na historia da humanidade. Dentre as principais ferramentas
responséaveis por tamanho progresso, destacam-se as equacoes diferenciais. Capazes de
modelar diversos problemas, a resolucao dessas equagoes permitiam prever o compor-
tamento futuro de varias variaveis. Infelizmente (ou felizmente) muitas destas equagoes
sao tao dificeis de se resolver, que mesmo 4 séculos depois do inicio do Célculo, ainda
existem intimeras equagoes passiveis de analises. Nao por menos, o campo da mate-
mética que se dedica a encontrar solugoes aproximadas destas equagoes se desenvolveu
tanto no ultimo século.

Por outro lado, existem incontaveis problemas onde a mera previsao do compor-
tamento do fenémeno nao gera beneficios significantes. Por exemplo, nao é necessario
resolver equacoes nem ser um experiente engenheiro de petroéleo para saber que, depois
de certo tempo a producao de um poco de petroleo é reduzida a tal ponto que a torna
economicamente desinteressante. A previsao de quando o poco deixaré de ser economi-
camente interessante apenas pode deixar o produtor ciente de quando ird abandonar o
poco. Neste exemplo, é muito mais interessante buscar meios de atuar no reservatorio
para retardar o decaimento da producao de 6leo. E nesse sentido que atua a teoria de
controle: atuar e influenciar o comportamento de certas variaveis em tais fenémenos.

Um sistema de controle é uma equagao de evolugao (EDO ou EDP) que depende



de um parametro u, que escreveremos da seguinte forma:

y/ - f(tvyau)v

onde t € [0,7T] é o tempo, y : [0,7] — Y ¢ a fungao estado, u : [0, 7] — U & o controle
e Y e U sao espagos de fungdes adequados. Na equagao acima, ¢y’ representa a derivada
de y em relagao ao tempo t.

O problema de controle consiste em encontrar um controle u tal que a funcao
estado se comporta de uma forma desejada. Exemplificaremos alguns, dentre os varios,
problemas de controlabilidade presentes na literatura.

Controle Otimo: Encontrar um controle que minimiza algum funcional custo, por
exemplo,

I(u) = ly(Tsu) — gllg + [[ullZ,
em que y ¢ um alvo desejado e y(T;u) é o estado alcangado pelo sistema no tempo
final T'.

Controlabilidade Exata: Dado dois tempos Ty < T e yo, y; dois possiveis estados

do sistema, encontrar u : [Ty, T1] — U tal que

y' = f(y,u) em [To,T1],
y(To) = yo, y(T1) = w1.
Em outras palavras, partindo de qualquer configuragao inicial 3y, podemos con-
duzir a solugao y para o estado y; sob a agao do controle w.
Controlabilidade Aproximada: Dados Ty < 17, dois possiveis estados g, y; € € > 0,

encontrar u : [Ty, T1] — U tal que

y' = fly,u) em [To,T1],
y(To) = yo, [ly(T1) —wllv <e
A controlabilidade aproximada é uma versao mais fraca se comparada a contro-
labilidade exata. De fato, em vez de pedirmos que a funcao estado seja exatamente 1,
em T, pedimos apenas que o estado esteja arbitrariamente perto de ;.
Controlabilidade Nula: Dados dois tempos Ty < T} e yy um estado do sistema,

encontrar u : [Ty, Ty — U tal que

y/ = f(yau) €m [Tl)?Tl]a
y(To) = yo, y(T1) = 0.



Controlabilidade Exata para as Trajetorias: Dados Ty < T, 1o € Y e y uma
trajetoria (uma solu¢do sem controle w : [Ty, 7] — U), encontrar um controle u :
[Ty, T1] — U tal que

y' = fly,u) em [To,T1],

y(To) = yo, y(T1) = y(Th).

Os conceitos de controlabilidade nula e controlabilidade exata para as trajetorias
sao de especial importancia em sistemas nao reversiveis e sistemas com efeito regulari-
zante. Nestes casos, a controlabilidade exata nao é esperada.

Nesta tese estamos especialmente interessados em problemas de controlabilidade
nula.

Em 1988, o notével matematico francés J-L. Lions introduziu nos trabalhos 28],
[29] e [30] o método HUM (Hilbert Uniqueness Method) para tratar de problemas de
controle. Tal método consiste em transformar o problema da controlabilidade nula em
um problema de se obter uma certa desigualdade para o estado adjunto do sistema
original. Tal desigualdade é chamada de desigualdade de observabilidade. Na década
de 90, apos o trabalho [23]|, o método HUM comega a ser popularizado e se consagra
como o principal método para provar a controlabilidade nula de equacoes diferenciais

parciais.

0.2 Controlabilidade nula de equacoes paraboélicas de-

generadas

O estudo da controlabilidade de equacoes diferenciais parciais atraiu o interesse
de vérios cientistas nas tultimas décadas. Diversos resultados foram desenvolvidos sobre
problemas semi-lineares, problemas em dominios ilimitados, sistemas de dinamica dos
fluidos entre outros. Nessas dire¢oes, alguns trabalhos notaveis sao [18, 21, 23, 24, 33|.
Por outro lado, no caso particular de equacoes parabdlicas degeneradas, ainda pouco se
sabe, veja |9, 22, 35]. Nos referimos as equagoes parabdlicas degeneradas aquelas onde
algum termo da parte principal se anula em algum ponto, neste caso dizemos que tal
ponto é um ponto de degeneragao do operador diferencial.

Muitos problemas de aplicagoes relevantes sao descritos por equagoes parabodlicas

degeneradas onde a degeneracao ocorre na fronteira do dominio espacial. Por exemplo,



no campo das financas, temos a célebre equagao de Black-Scholes

1
Uy — 50’821}53 +rsvy —rv =0, (1)

onde v = v(s, t) descreve o prego de uma op¢ao de compra no tempo ¢ até o tempo final
em que expira a opgao (previamente estabelecido em contrato) e o prego de estoque
corrente s. Aqui, o descreve a volatilidade do preco de estoque, que assumimos ser
constante; e r é a taxa livre de risco. Observemos que, na equacao de Black-Scholes, s
varia em um intervalo da forma [0, S], o que a caracteriza como uma equagao parabdlica
degenerada, cuja degeneragao ocorre no ponto s = 0 da fronteira. Ademais, diversos
outros problemas interessantes sao governados por equagoes degeneradas, justificando
a importancia de seu estudo.

Primeiramente, consideremos o modelo mais basico de equagao parabolica dege-

nerada estudado na ultima década:

"

U — (x%Ug )y + bo(z, t)u = glo em (0,1) x (0,7),
(1) =0 o u(0,-) =0 se a€(0,1) em (0.7). @
(x%u,)(0,-) =0 se a€ll,2)
\ u(+,0) = ug em (0,1),

onde a € (0,2), O C (0,1) é um aberto (chamado dominio de controle) e 1 sua fungao
caracteristica associada, T > 0, by € L>=(0,1), g € L*(O x (0,T)) e ug € L*(9).
Dizemos que (2) é nulamente controldvel quando dado ug € L?*(0,1), existe g €

L%((0,1) x (0,T)) tal que a solugao u de (2) satisfaz
u('a T) =0. (3)

Notemos que o controle g de (2) atua em um aberto contido no dominio espacial
do sistema. Esse tipo de problema é chamado de problema de controle distribuido.
Quando o controle atua na fronteira, o problema é chamado de problema de controle
na fronteira.

Em meados da década de 2000, comegam a aparecer resultados de controlabilidade
nula para (2). Assim como nos problemas parabdlicos ndo degenerados, o principal

método usado para obter resultados de controle nulo para (2) foi o método HUM. Em



[9], os autores consideraram o sistema adjunto de (2), isto ¢é,

;

v + (2%y)z + bo(z,t)v = h em (0,1) x (0,7),

W(1)=0 v(0,-) =0 se a€(0,1) em (0.7). 0
(%v,)(0,-) =0 se a€ll,2)

v(+,T) = vr em (0,1),

\

e provaram a seguinte desigualdade de observabilidade para (4):

Proposition 0.2.1 Sejam o € (0,2) e T' > 0 dados e seja O um subintervalo aberto
e ndo vazio de (0,1). Entdo existe C > 0 tal que, para todo vy € L*(0,1), a solugio v

de (4) satisfaz
/ 2%, (0, 7)|? :1:<C’// lv(z,t)|* dz dt. (5)
Ox(0,T)

Desde sua popularizacao na década de 90, a principal ferramenta usada para obter
desigualdades de observabilidade tem sido as famosas Desigualdades de Carleman. Na
década seguinte, com as EDPs degeneradas, nao foi diferente, apesar exigirem outras
ferramentas adicionais. Por exemplo, em [9] os autores provaram (5) como consequéncia

da seguinte desigualdade de Carleman:

Proposition 0.2.2 Assuma « € (0,2). Erxistem constantes positivas so e C' tais que,

para qualquer s > sg e qualquer solugao v de (4), vale:

T
// e 2% [s02°v, > + s°0°2 *[v|?] da dt < C [He‘”ﬂhuu s / €700 v, [*dt ] . (6)
0 0

=1

onde 0(t) = [t(T — )] ", oo(x,t) = p(x)0(t) e plz) = (2 —227*)/(2 — a)2.

Os termos locais no lado direito das desigualdades (5) e (6) sdo chamados de termo
de observacao. Em problemas de controle, é usual que estes termos tenham a mesma
natureza, isto é, ambos sejam integrais atuando no interior do dominio (no caso de
problemas de controle distribuido) ou ambos sejam integrais atuando na fronteira (no
caso de problemas de controle na fronteira). Um dos pontos mais notéaveis do trabalho
[9] é a forma como os autores usam uma desigualdade de Carleman com termo de
observagao atuando na fronteira e provam uma desigualdade de observabilidade com

termo de observagao no interior do dominio.



A inclusao de um termo de primeira ordem espacial na equagao de (2) é uma ques-

tao delicada que ainda nao foi totalmente solucionada. Em [22] os autores estenderam

os resultados de [9] para o seguinte problema:

\

up — (2%y)p + (2901 (2, t)u) s + bo(z, t)u = glo em (0,1) x (0,7),

w1, ) =0 and | UOI=0seacOD ) (7)
(x%u.)(0,) =0 se a€[l,2)

u(+,0) = ug em (0,1),

onde ¢ > /2 e by € L*>(0,1). Neste caso a Proposigao 0.2.2 ainda vale para o sistema

adjunto
(
v + (2% )¢ + 20, + bov = h em (0,1) x (0,7),
v(0,-) =0 se ae€ (0,1
v(1,-) =0 and ©.) 1) em (0,7), (8)
(x%0,)(0,) =0 se a€(l,2)
| v(T) =vr em (0,1).

\

A controlabilidade nula de (7) sem o peso x?, isto é, do problema

ur — (2%, + (b1(x, t)u), + bo(z, t)u = glo em (0,1) x (0,7),

w(l,)=0 ana 4 “OI)=0seac@D o, ()
(x%uz)(0,-) =0 se «a€]l,2)

u(+,0) = uy em (0,1),

até onde sabemos, permanece aberta. Em [35], considerando a € (0,1/2), os autores

fizeram modificagoes nas ja classicas fung¢oes peso introduzidas em [9] e conseguiram

provar estimativas de Carleman semelhantes para o problema adjunto

p

vy 4+ (2% )z + 010z + bov = h em (0,1) x (0,7),
v(0,:) =0 se a€ (0,1

v(l,-) =0 and ©.) 0.1) em (0,7, (10)
(z%v,)(0,-) =0 se a€[l,2)

v(+,T) = vr em (0,1).

Com isso, a controlabilidade nula de (9) foi estabelecida para « € (0,1/2).

O caso a = 2 ¢é interessante do ponto de vista das aplicacoes, pois a equagao de

(7), com o = 2, tem como caso particular a equagao de Black Scholes (1). Porém, ja



se sabe desde 9], que o problema (2) com a = 2, isto ¢, o problema

uy — (2%ug), + bo(z, t)u = glo em (0,1) x (0,7),
uw(l,)=0 e (2%u,)(0,-)=0 em (0,7), (11)
u(+,0) = ug em (0,1),
nao ¢, em geral, nulamente controlével.
Passando a dimensoes espaciais superiores, no nosso conhecimento, o inico traba-
lho publicado é [12]. Neste trabalho os autores obtiveram controlabilidade nula (usando

novamente estimativas de Carleman) do seguinte sistema:

( u — div(AgVu) + bou = gol,, em  Q,
u=0 if a€(0,1)

sobre X, (12)
%:0 if «ell,2)
[ u(-,0) =up em o,

onde Qg := Q x (0,T7), T > 0, Qy C R? é um dominio limitado com fronteira I'y de
classe C*, ¥y := Ty x (0,T), wy C Qp é aberto, ug € L*(Qp), go € L*(Qy), bo € L=(Qy),

€ (0,2), e Ag: Qo —> Myy»(R) satisfaz as seguintes condigoes:
(i) ay; € C3(Q;R) N C%Qp; R), onde Ag(x) = (a;());

(ii) Ag(z) é simétrica Vo € Qo;

(iii) Ao(z) ¢ positiva definida Vo € Qo;

(iv) Sejam r;(z), os autovalores e €;(x) os autovetores unitarios correspondentes a
Aop(z), i = 1,2. Denotemos por Pr,(z) a projegdo de x até a fronteira Iy e
OTo;6) :=={x € Qo :d(z,Ty) < }. Existe § > 0 tal que

L. r(z) =d(x,Ty)*, Vo € O(Ty;0),
2. ro(z) > 0 Vo € Qp;
3. e1(z) = v(Pr,(x)) YV € O(Ty;0).
Vale salientar a discrepancia entre o sistema (12), cujo operador diferencial de-
genera em toda a fronteira, e o sistema (2), cujo operador diferencial degenera em

apenas uma parte da fronteira. Tal discrepancia é fruto da dificuldade de construir

pesos adequados para a desigualdade de Carleman em dimensao 2.
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0.3 Controlabilidade multi-objetivo

Diferentemente dos conceitos de controlabilidade usuais ja descritos acima, a
controlabilidade multi-objetivo, como o préprio nome sugere, consiste em buscar um
ou mais controles que facam o estado atender mais de uma finalidade. Neste trabalho,
temos como meta principal provar resultados de controlabilidade hierarquica. Neste
tipo de controlabilidade o objetivo é, além de controlar o estado no instante final T,
controlar o estado também ao longo do processo evolutivo, pelo menos em uma parte

do dominio. Para sermos mais claros consideremos agora o sistema

— Au= fl, +v11,, +v2l,, em (),
u=20 sobre 3, (13)

u(z,0) = ug(x) em
onde 2 € R" é um dominio limitado com fronteira I' suave, @ = Q x (0,7), ¥ =
I x (0,7) e w,w; C 2 sdo abertos. Fixemos abertos w;q C €2, fungoes u; 4 € L*(Q) e

introduzamos os funcionais

Ji(f;v1,v9) // |u—uzd|2d$dt+,ul// |vl|2dxdt (14)
w1d>< OT w; X

onde G;, u; > 0 s@o constantes fixadas e u é o estado de (13).
O problema da controlabilidade nula hierarquica consiste em buscar controles f
(o lider) e (v1,v2) (o0s seguidores) que levem o estado u de (13) ao estado nulo em T
e, ademais, mantenham o estado u o mais préximo possivel dos estados u; 4 ao longo
de todo o processo evolutivo, pelo menos nas regioes de controle w; 4. Em termos mais
técnicos isto significa que os controles f, v1 e vy devem ser tais que a solugao de (13)
satisfaz u(x,T) = 0 em 2 e minimizam (em um certo sentido) os funcionais J;.
Diferentes formas de minimizar os funcionais J; conduzem a diferentes tipos de
controlabilidade hierdrquica.
Definigao: Dado f € L*(O x (0,T)), dizemos que um par (vy,vs) € L?*(w; x (0,T)) x

L*(wy x (0,T)) é um equilibrio de Nash associado a f se
Ji(g; f1. f2) < Di(g; fr, f2), Vi€ LH(Q),

J2(g7 fluf?) < J2<g;f17f_2)7 Vf_Q € L2(Q)
Definigao: Dado f € L*(O x (0,T)), dizemos que um par (vy,vs) € L*(w; x (0,T)) x

(15)

L?*(wy x (0,T)) é um equilibrio de Pareto associado a f se, para qualquer (hy,hs) €
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L*(w; x (0,T)) x L*(wy x (0,T)), tivermos

L. Jl(f;h17h2) < Jl(f;vhv?) = JZ(f;UlaUQ) < JZ(fa h17h2)>
2. Jo(fihi,he) < L(fiv,ve) = Ji(fivn,v2) < T(fsha, ha). (16)

A principal diferenca entre os conceitos de equilibrio de Nash e Pareto é que o
equilibrio de Pareto é cooperativo, enquanto o de Nash nao. Esta terminologia ¢ moti-
vada pelo fato de que, no conceito de equilibrio de Nash, cada seguidor esté interessado
em minimizar um funcional, independentemente do que ocorre com o outro seguidor e
o outro funcional.

Diante das defini¢oes acima, podemos introduzir a seguinte terminologia: Dize-
mos que (13) é nulamente controldvel no sentido de Stackelberg-Nash (respectivamente
Stackelberg-Pareto) se dado ug € L*(€2), existem um controle lider f € L*(Q) e um
equilibrio de Nash (respectivamente de Pareto) (v, v2) associado a f tais que a solugao

u de (13) satisfaz
u(-,T) = 0. (17)

O conceito de controlabilidade hierarquica foi inicialmente introduzido por Lions
em 1995 no trabalho [31]. Desde entao alguns resultados foram desenvolvidos no a&mbito
da controlabilidade aproximada, ver [5, 17, 25, 26]. Apenas a partir de 2014, no trabalho
[7], os autores provaram a controlabilidade nula seguindo a estratégia de Stackelberg-
Nash. Tais resultados contemplam equagoes diferenciais parciais nao degeneradas. Na
proxima secao descrevemos os resultados desta tese que, dentre suas aplicagoes, tem a
controlabilidade nula de Stackelberg-Nash para sistemas parabolicos degenerados.

Quanto a controlabilidade hierarquica de Stackelberg-Pareto, até onde sabemos,
nao ha resultados nem sequer no ambito da controlabilidade aproximada, apesar de

alguns trabalhos explorarem o conceito de controle de Pareto, ver [27].

0.4 Contribuicoes e organizacao do trabalho

Este trabalho esta organizado da seguinte maneira:
Capitulo 1 (associado ao trabalho [2]): Neste capitulo nos dedicamos inteiramente a

controlabilidade nula hierarquica de Stackelberg-Nash para o sistema paraboélico dege-



nerado unidimensional. A principal ferramenta para obter resultados dessa classe, uti-
lizando as técnicas desenvolvidas em [7], sdo "boas” estimativas de Carleman. ”Boas”
no sentido de que, entre outras coisas, a desigualdade precisa ter derivadas temporal de
primeira ordem e derivadas espaciais de segunda ordem no lado esquerdo da desigual-
dade. Apesar desse nao ser o caso da desigualdade na Proposi¢ao 0.2.2, nao é dificil
incluir estes termos na mesma. O real problema da desigualdade na Proposicao 0.2.2,
reside no fato do termo de observagao atuar na fronteira. Para obter a desigualdade de
observabilidade com observacao no interior do dominio, em [9], os autores contornaram
esse inconveniente usando a desigualdade de Cacciopolli. Infelizmente essa desigual-
dade nao é eficaz para obter a observabilidade necessaria que conduz a controlabilidade
nula hierarquica. Dessa forma, construimos novos pesos para obter uma estimativa de
Carleman com observagao atuando no interior do dominio. Esta nova estimativa de
Carleman se estende naturalmente ao sistema (8). Os novos pesos também podem ser
alterados como em [35] para obter estimativas de Carleman para o sistema (10) no caso
a € (0,1/2). Com estas novas estimativas de Carleman, ¢ possivel aplicar as técnicas
de [7] e provar a controlabilidade nula hierarquica de Stackelberg-Nash para os sistemas
(2), (7) e (9). Quanto ao sistema (11), a questao é um pouco mais delicada, pois até ja
se sabe que o sistema sequer é, em geral, nulamente controlavel. Nao obstante, apre-
sentamos hipoteses geométricas sobre o dominio de controle, sobre as quais é possivel
obter boas estimativas de Carleman e resultados de controlabilidade nula usual, bem
como a controlabilidade nula seguindo a estratégia de Stackelberg-Nash.

Capitulo 2 (associado ao trabalho [3]): Neste capitulo comegamos a estender os resul-
tados do Capitulo 1 para o caso bidimensional. Motivados por problemas financeiros,

consideramos o seguinte sistema

up — div(AVu) + bu = gl, em @,
B.C. sobre X, (18)

u(+,0) = ug em €

onde Q = (0,1)x(0,1), T:=0Q, T >0,Q =Q2x(0,7), 2 :=Tx(0,T), w C 2 éaberto
e 1, & a fungio caracteristica, b € L=(Q), g € L*(Q), up € L*(Q), A: Q> My,o(R) &

dada por
A(z) = diag(ay", x5%),
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;

u=0 sobre X se aq, ag €10,1),

BC. — u=0 sobre Y34 e (AVu)r =0 sobre X5 se aj, as € [1,2],
u=0 sobre Y34 ¢ (AVu)r =0 sobre ¥y se a5 €0,1) e ay€[l,2],
u=0 sobre Y9354 ¢ (AVu)r =0 sobre ¥; se a5 €[1,2] e ay€|0,1),

\

a=(a,09) €10,2] x[0,2], X, = (UL UTLY) x (0,7), e
Iy :={0} x[0,1], T'y:=1[0,1] x {0}, T'53:= {1} x [0,1], Ty:=10,1] x {1}.

Vale notar que, comparando com o sistema (12), o sistema (18) é uma extensao mais
fiel para duas dimensoes do sistema unidimensional (2). Neste capitulo, provamos a
boa colocagao do sistema (18) e, sob certas condigoes geométricas sobre o dominio de
controle, estimativas de Carleman para o caso aj,as € (0,2). Como consequéncia,
obtemos também resultados de controlabilidade nula hierarquica seguindo a estratégia
de Stackelberg-Nash.

Capitulo 3 (associado ao trabalho [4]): No capitulo anterior, provamos estimativas de
Carleman para o sistema (18) apenas para o caso oy, as € (0,2). A técnica usada para
construir os pesos necesséarios para a desigualdade de Carleman enfrenta dificuldades
técnicas nos demais casos de combinacoes de valores de «;. Neste capitulo propomos
outra técnica, com outros pesos, para contemplar as demais combinagoes de valores de
«;. Dessa forma, no caso em que a; = 0 ou ay = 0, obtemos resultados com hipoteses
geométricas menos restritivas, enquanto que nos demais casos precisamos de hipoteses
mais restritivas as consideradas no Capitulo 2. Ademais, estendemos os resultados para

sistemas em dimensoes espaciais superiores.
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Capitulo 1

Controlabilidade nula de
Stackelberg-Nash para algumas
equacoes paraboélicas degeneradas

lineares e semilineares

Stackelberg-Nash null controllability for some linear
and semilinear degenerate parabolic equations

F.D. ARARUNA, B.S.V. ARAUJO, and E. FERNANDEZ-CARA

Abstract

This paper deals with the application of Stackelberg-Nash strategies to the null
controllability of degenerate parabolic equations. We assume that we can act on the
system through a hierarchy of controls. A first control (the leader) is assumed to
determine the policy; then, a Nash equilibrium pair (corresponding to a noncooperative
multi-objective optimization strategy) is found; this governs the action of other controls
(the followers). This way, the state of the system is driven to zero and, consequently,
we solve a hierarchical null controllability problem. The main novelty in this paper is
that the physical systems are governed by linear or semilinear 1D heat equations with

degenerate coefficients.



Keywords: Null controllability, Stackelberg-Nash strategies, degenerate parabolic
equations, Carleman inequalities.

Mathematics Subject Classification: 34K35, 49J20, 35K65.

1.1 Introduction

The study of the controllability of partial differential equations and systems has
attracted the interest of many authors. The theory has been extended to semilinear
problems, equations in unbounded domains, and systems in fluid dynamics, among
others; see for instance [18, 21, 23, 24, 33|. In the particular case of degenerate parabolic
equation, still not many things are known, see [9, 22, 35].

In this paper, we assume that a € [0,2] is an exponent.

Let us first consider the following degenerate systems:

(

up — (2%Uy)y + bo(x, t)u = glo in  Q,
u(0,-) =0 if a€]0,1)
u(l,-) =0 and on (0,7), (1.1)
(x%u;)(0,-) =0 if aell,2]
\ u(+,0) = ug in (0,1),
( up — (2%uy)p + (2901 (2, t)u)y + bo(z, t)u = glo in  Q,
u(l,-) =0 and ul0,) =0 itoelon) (0,7), (1.2)
(x%u;)(0,-) =0 if aell,2]
u(+,0) = ug in (0,1),

\

(with ¢ > «/2), and

( u — (2%ug)x + (b1 (2, )u), + bo(x, t)u = glo in Q,
w1 =0 and | UOI=0Aac D) o 1)
(x%u;)(0,-) =0 if a€|l,2]
\ u(+,0) = ug in  (0,1),

where @ = (0,1)x(0,7), O C (0,1) is a non-empty open subset and 1 is its associated
characteristic function, by € L>(Q), by € L>(0,T; H'(0,1)), g € L*Q), and uy €
L?(0,1).

When a € [0,1), we say that the problems (1.1), (1.2) and (1.3) are weakly

degenerate; contrarily, we say that they are strongly degenerate if o € [1,2). When
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a = 2, an appropriate change of variables show that (1.1), (1.2) and (1.3) are equivalent
to some nondegenerate problems in an unbounded domain. In particular, (1.2) and
(1.3) can be viewed as generalizations of the celebrated Black-Scholes equation

.Z'Q

Ut = 5 Ollgg = Ty +ru =0, (1.4)

which models the behavior of an option w = wu(x,t) as a function of the portfolio
cotization and time. Here, o is the volatility and r is the risk free rate [8].

From the control viewpoint, a relevant question is whether or not these systems
are null-controllable. In other words, for each ug € L*(0, 1), we try to elucidate if there
exist controls g € L?(Q) such as the associated states u (the corresponding solutions

to (1.1), (1.2) or (1.3)) satisfy

w(z,T)=0 in (0,1). (1.5)

In the nondegenerate case, that is, when the spatial domain is replaced by an in-
terval (a,b), with a > 0, the null controllability of these systems is a trivial consequence
of the (classical) results in [23] and [34].

The null controllability of systems (1.1), (1.2) and (1.3) have been proved, repec-
tively, in [9] (for o € (0,2)), [14] (for a € (0,2)), and [35] (for o € (0,1/2)). These
works are based on classical duality arguments, which reduces a null controllability
property to an observability inequality for the solutions of the adjoint system. In these
cases, the adjoint system of (1.1), (1.2) and (1.3) are given respectively by

(

v 4 (2% )z + bo(z,t)v = h in  Q,
v(0,-) =0 if a€|0,1
v(1,-) =0 and ©.) 0. on (0,7), (1.6)
(x%;)(0,-) =0 if a€]l,2)
\ v(+,T) = vy in (0,1),
(
U + (xavx)x + qubl’l}x + bo’U =h in Q,
v(0,-) =0 if a€]l0,1
¢ v(l,-) =0 and ©.) 0,1 on (0,7, (1.7)
(z%v,)(0,-) =0 if a€[l,2)
\ v(+,T) =vr in (0,1),

and

14



/

U+ (%) g + b1vg + bov = h in Q,
v(0,-) =0 it a€l0,1
v(1,-) =0 and (©.) 0.1) on (0,7, (1.8)
(x%v;)(0,-) =0 if a€]l,2)
\ v(+,T) = vr in  (0,1).

The observability inequalities for (1.6), (1.7), and (1.8) were obtained making use of
suitable Carleman estimates for themselves.

The inclusion of a first-order term in the equation in (1.1) is a delicate question
that, in general, remains open. If it is a multiple of an appropriate power of z, like in
(1.2), it is easy to show that the Carleman estimates proved in [9] again hold for its
adjoint system and, consequently, null controllability holds too, see [22]. However, the
more general situation presented in (1.3) has been solved only for a € [0,1/2), see [35].

Now, taking a = 2 in (1.1), we have the following system:

ur — (2%uy)z + bo(x,t)u = glp in Q,
(1, ) = uy(0,) = 0 on (0,7), (1.9)
u(+,0) = ug in (0,1).
In this case, an additional difficulty is found: there is no known Carleman estimate for
the solution to the associated adjoint. To overcome this difficulty, we introduce the

change of variables
y=log(1/z),  Uly,t) =z"u(z,1), (1.10)

which transform (1.9) into

Ug— Uy + By, t)U = G(y,t)1y in Q'
<Uy + %U) 0.)=0 and lim_ <Uy + %U) (,) =0 on (0,7), (L11)
U(-,0) = Uy in (0, +00),
where
Q' = (0,400) x (0,7), B(y,t) =bo(x,t) +1/4, G=eY?g,
and

v =A{y € (0,+00): e € O}.

Since we are dealing here with a problem in unbounded domain, the null controllability

properties depend on the choice of ¥. Indeed, in [24] the authors present a Carleman
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estimate for solutions of the adjoint system of a similar one to (1.11), but with Dirichlet
boundary conditions. It is well know that the boundary conditions have an important
role in the Carleman inequality, hence, to deal with (1.11), a new inequality must be

proved for its adjoint system:

wy + wyy + By, t)w = F in Q'
1 1

wy+-w | (0,-)=0 and lim (w,+-w|(y,)=0 on (0,7), (1.12)
2 y—00 2

w(-,T) =wr in (0, +00).

As mentioned in [24], there are few situations where we can get a Carleman
estimate for systems in unbounded domain. The most simple of this situations is when
the non-controllable region is a bounded set. To deal with this case, (0, 4+00)\¢ must
be a bounded set; and this happens if and only if O 5 0.

This paper deals with Stackelberg-Nash strategies for the null controllability of
degenerate parabolic systems similar to those above. To be more specific, let us fix the
non-empty open subsets O; C (0,1) (i = 1,2), and for each triplet (g, f1, f2) € [L*(Q)]?,
let us consider systems (1.1), (1.3) and (1.9) with gl replaced by glo + filo, + f2lo,,

ie.
ur — (%), + bo(x, )u = glo + filo, + f2lo, in Q,
u(0,-) =0 if a€l0,1
u(l,-) =0 and 0. 0.1) on (0,7), (1.13)
(x%uz)(0,-) =0 if a€]l,2)
u(+,0) = ug in (0,1),

\

Uy — (xau:p):v + (l’qbl(ll, t)“’):v + bO('Ta t)u = 91(9 + f11(91 + f21(92 in Qv
w(0,-) =0 if aclo,1

u(1l,-) =0 and ©.) 0,1) on (0,7),(1.14)
(x%uz)(0,-) =0 if a€ll,2)

u(+,0) = uy in (0,1),

w — (x%Ug)e + (b1 (z, t)u), + bo(x, t)u = glo + filo, + folo, in Q,
u(l,)) =0 and u(0,) =0 it acol) on (0,T), (L15)
(x%uz)(0,-) =0 if ae€]l,2)

u(-,0) = up in (0,1),
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and
ug — (2%ug), + bo(z, )u = glo + filo, + folo, in @,
uy(1,) = uy(0,) =0 on (0,7), (1.16)
u(+,0) = ug in (0,1).
For simplicity, we will assume that only three controls are applied (one leader and two
followers), but very similar considerations hold for systems with a higher number of
controls.
Now, for i = 1,2, let us introduce the non-empty open sets O, C (0,1), the
functions w; 4 € L*(O;4 x (0,T)), and the functionals J; : L*(O x (0,T)) x U — R
given by

Ji(g: f1, f2) == %// ‘u_ui,d|2d$dt+ﬂi// | fi? dz dt, (1.17)
O; OiX

7,,d><(01T) (OvT)

where U := Uy X Uy, with U; := L*(O x (0,T)), 5; and p; are positive constants, and
u is the associated state to (1.13), (1.14), (1.15) or (1.16).
For a fixed g € L*(Ox (0,T)), we say that a pair (f1, fo) € U is a Nash equilibrium

for (Ji, J2) associated to g when

Ji(g; f1, f2) < Ji(g; fis fo), Vi € LAHQ),

- - (1.18)
Jo(g; f1, f2) < Jog; fr, f2), Ve € L*(Q).

Our goal is to prove that, for any ug € L?(0, 1), there exist a control g € L*(O x (0,T))
(called leader) and a associated Nash equilibrium (f;, fo) € U (called followers) such
that the associated state u of (1.13), (1.14), (1.15) or (1.16) satisfies (1.5).

Results of this type, i.e. Stackelberg-Nash null controllability, were proved for
the first time in [7], in the context of nondegenerate parabolic equations. After that,
we can mention [26]. Most of the works dealing with Stackelberg-Nash strategy are in
the context of the approximate controllability. In this issue, we cite [5, 17, 25].

The rest of this paper is organized as follows. In Section 2 we present the nota-
tions, the definitions of some spaces and some preliminary results. We also provide in
this section the main tool of this work: Carleman estimates for degenerate parabolic
equations with control regions in the interior of the domain. In Section 3, we esta-
blish and prove our main results on Stackelberg-Nash null controllability. In Section 4,

we make some additional comments, discuss open questions and advance some future
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work. The paper ends with three appendices containing the proofs of the Carleman

estimates.

1.2 Notations and preliminary results

1.2.1 Notations and spaces

The usual norm and inner product in L?(0,1) and in L*(Q) will be denoted
respectvely by |- | and (+,-), and || - || and ((+,+)). The norms in L*>(0,1) and in L*(Q)
will be denoted respectively by | - [ and || - ||o-

Let us consider the sets

H, = {wue& L*0,1):uis absolutely continuous in [0, 1],

2%u, € L*(0,1), u(0) =u(1) =0},
for a € [0,1) and
H, = {wué€ L*0,1);u is locally absolutely continuous in (0, 1],
2%, € L*(0,1), u(1) =0}

for a € [1,2].

In the sequel, for any two Banach spaces X and Y, the notation X < Y indicates
that X C Y and, moreover, the embedding X — Y is continuous.

It is easy see that L?(0,1) — H! for all « € [0, 2], so that L*(Q) — L*(0,T; H.).
Moreover, it is shown in [1] that the embbeding H, < L?*(0,1) is compact. Hence,
from the well known Aubin-Lions Compactness Theorem, we see that the Hilbert space

W, :={yeL*0,T;H,) :y; € L*(0,T; H.) }

is compactly embedded in L?(Q).

1.2.2 Existence and estimates

The following result has been proved in |1, 22, 35]:

Proposition 1.2.1 For any g € L*(Q) and any uy € L?(0,1), there exists exactly one
solution u to each of the systems (1.1), (1.2), (1.3) and (1.9), with

u € L*(0,T; Hy) N C°([0,T]; L*(0, 1)).
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Furthermore, there exists a constant C' > 0 only depending on T, «, by and by, such
that

sup Jul- t)P + // 2, P de dt < C(lgI + [uol).
Q

t€[0,T
Hardy inequalities are a standard tool in the analysis of degenerate equations.
The following result is proved in [1]:

Proposition 1.2.2 (Hardy’s inequality) Assume that « < 2 and o # 1. Let z :
[0,1] — R be locally absolutely continuous in (0, 1], with

1
/ 72, |* dr < +o00.
0

Then, for all 6 € (0,1], one has

z—0t

P 6
4
/ 222 P dr < —2/ 2%z de if o <1and lim z(x) =0
0 (]. —Oé> 0

1 4 1
/ 2?2 d < —2/ 1%z |*dr if a€(1,2) and lim z(z) = 0.
0 (1—=a)* Jy

z—1—

1.2.3 Carleman estimates for (1.6) and (1.7)

Let us introduce the functions 6, py and o with

1 1 — g% @

o(t) == T =) po(z) = @)

and og(z,t) := 0(t)po(z).
The following Carleman estimate is proved in [9]:

Proposition 1.2.3 There exists positive constants sg and C' such that, for any s > sg
and any solution v to (1.6), one has:

T
// e [502%u, ? + 5°0%22~2[?] da dt < C [Hemhuz + 5 / e 20|, Pdt
Q 0

}(1.19)

r=1

We will need below a Carleman estimate with the previous boundary integral
replaced by an interior observation term and time derivatives and second-order spatial
derivatives in the left hand side. The goal of this section is to present such an estimate.
The main idea is to modify the weight functions and then proceed as in [9]; a similar
result was recently proved in [12], but there the equation is slightly different (the
coefficient degenerate at both x = 0 and z = 1).

Let us fix a € [0,2) and the non-empty open sets w C (0,1) and wy = (ag, ¢p) CC

w. We will use the following notations:
wor :=wo X (0,T), wr:=wx (0,T) and Qq := (0,aq) x (0,T).
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Let n € C*(0,1) be a function such that

2—a l.Qfa

n(r) = ;_a in [0,a0] and n(z) = —

1 1.
5 in [eg, 1]

Now, for A > A\g > 0 and s € R, we introduce

p(z) = ex(2ln\oo+n(m))’ E(z,t) == p(x)0(t), o(z,t) = Q(t)e“'"‘w 3

Y (A) =1 —al + A7V and ya(s) = |1 —af + 572
The main result in this section is the following:

Theorem 1.2.4 There exist positive constants C, sg and Ny, depending only on w, wy,

100|c0, T" and o such that, for any s > sqo, any A > Ao and any solution v to (1.6), one
has:

e [T e + %0 ) + shalo + s\ Pelunf?] dadt
Q
+// 6—250|,U|2 [82)\2’)/1()\)62’)/2(85)+53)\31‘2_a53+83)\4$2a|7’],|4€3} dor dt
Q

<(C [He‘”th + s3\3 // 6_25053’U’2d$dt:| ) (1.20)
wr

The proof of Theorem 1.2.4 is presented in Appendix A.
It is possible to refine the estimate in Theorem 1.2.4 by replacing the powers of

|| by powers of x at the price of increasing the power of A in the local term:

Corollary 1.2.5 There exist positive constants C, sq and g, depending only on w,

wo, ||bolleo, T and v such that, for any s > so, any A > X\, and any solution v to (1.6),
one has:

// o [s‘lfyl()\)f_l(\vtIQ + [(2%0,)2)?) + sAz¥E|vg|* + s)\2x2£\vxﬂ dx dt
Q
+// e 7 [Ny (M) 22 (sE) + s*NPa* 7 + A1t 28] dudt
Q
<C [He”hHQ + 2\ // e 78| da dt} ) (1.21)

If v is a solution to (1.7) and we introduce h = h — 29b,v,, we see that v solves a

system of the kind (1.6). Thus, the following result holds.

Corollary 1.2.6 Let us assume that ¢ > «/2 and by, by € L>=(Q). Then, there exists
positive constants C, sg, and N, depending only on w, ||bo|leo, ||b1llce, T, and a such

that, for any s > sg, any A > X, and any solution v for (1.7), the estimates (1.20)
and (1.21) still hold.
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1.2.4 Carleman estimate for (1.8)

Let us assume that « € [0,1/2). To our knowledge, the arguments in the proofs
of the Carleman estimates in Section 2.3 cannot be adapted to the solutions to (1.8).
Therefore, we have to establish other estimates with other weight functions.

Let 7 € C*(0,1) be a function such that

3$(472a)/3 3$(472a)/3

m m [0,@0] and T](l‘):—m m [Co,l].

() =

For simplicity, we will keep the same notation for the functions ¢ and £ with the

function n replaced by 7. With this function, we get the following result:

Theorem 1.2.7 There exist positive constants C, sg and Ny, depending only on w, wy,
160|0os [|01lloe, T and « such that, for any s > so, any A > Ao and any solution v to
(1.8) one has

// e 27 [s I (NET (0l + [(2%00)a ) + sAzU D Befu, 2 4 sXPaif [P v, [P] da dt
Q
_,_// 6_2SU|U|2 [8}\2§$(2a_4)/3+83)\3€3 +53)\4$2a|ﬁ,|4§3} dax dt
Q
<C {He‘”h”2 + 5373 // e~ 27 E3|y|? dxdt} . (1.22)
wr

The proof of Theorem 1.2.7 is given in Appendix B.

An estimate similar to those in Corollary 1.2.5 can also be obtained.

1.2.5 Carleman estimate for (1.12)

In general, there is no estimate of the Carleman kind for the adjoint system of
(1.9). This is expected since, in general, this system is not null-controllable.

However, if the control domain is of the form w = (0,¢) for some ¢ € (0,1),
then in the system (1.11) obtained after the change of variables (1.10), the new control
domain ¢ possesses a bounded complementary set in (0, 4+00). In view of the results in
[24], null controllability can be expected in this case and, consequently, it is reasonable
to try to prove a Carleman estimate for the solutions to (1.12).

Thus, let us assume that w = (0, ¢) and let us introduce Jy := (ag, +00) CC ¥,
Yor = Yo x (0,T) and 97 := 9 x (0,T). Let € C*([0,00)) be a function such
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that 7(y) = —y in [0, a0, 7, 77 and 7" are bounded in [0,400) and |7/| > C > 0 in
[0, 4+00)\ty. Finally, for A > A\g > 0, let us set

Py) = XA () = AR =1W) £y 1) o= O(t)ply), E(y,t) = O()B(y),

G(y,t) = O(t)ele — £, G(y,t) = O(t)eMil= — £ and = e ¥ 420

The Carleman estimates that we can get for (1.12) are given in the following

result:

Theorem 1.2.8 Assume that w = (0,¢) C (0,1). There exist positive constants C, sg
and Ao, depending only on w, B and T such that, for any s > sg, any A > g and any
solution w to (1.12), one has:

[ e[ Gl + ) + 53+ SNl dyas
<C {HQUQFH2 + 53\ // 0€3w|? dy dt} . (1.23)
S

The proof of Theorem 1.2.8 is given in Appendix C.

1.3 Stackelberg-Nash null controllability

In this section we will prove the Stackelberg-Nash null controllabilty of (1.13),
(1.14), (1.15) and (1.16).
From the linearity of the systems and the convexity of the functionals J;, it is

clear that (f1, f2) is a Nash equilibrium for (Ji, J5) if and only if

J{(stl,fz)(f,()):(), VfeUu, and Jé(géflafz)(oaf):(), Vf € U.

Arguing as in |7, 17] the following result holds.

Proposition 1.3.1 There ezist a constant gy > 0 such that, if p; > poo (1 = 1,2), for
each g € L*(Q)) there exists a unique associated Nash equilibrium (f1, fa) for (Ji, Ja).

Furthermore, there exists a constant C' > 0 such that

1(f1, f2)I < C(L+ llgl])-

In particular, the corresponding state u satisfies

lull Lo 0,7522(0,1)) + Ul z2(0,7520) + lwell 20,11 (0,1y) < C(1 + || g]])-
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To establish the Stackelberg-Nash null controllability, in the sequel we will impose
the following assumptions:

(
01,4 = Oz 4; the common observability set will be denoted O,.

OaNO £,
// 0%|u; q|* dz dt < +o0o0 fori=1,2. (1.24)
O

dX(OvT)
In the case of system (1.3) «a € [0,1/2).

| In the case of system (1.9) O = (0, ¢) for some c € [0,1).

The main result in this section is the following.

Theorem 1.3.2 Assume that (1.24) holds. There exists g > oo such that, if i, po >
to, for everyug € L*(0,1) there exist a leader control g € L*(Q) and a unique associated

Nash equilibrium (f1, fo) such that the corresponding state, i.e. the solution to (1.13),
(1.14), (1.15) or (1.16), satisfies (1.5).

1.3.1 Proof of Theorem 1.3.2

The strategy will be the following:

e First, we will characterize the Nash equilibrium associated to g as the solution,

together with u, to an appropriate coupled system.

e Then, we will prove that, if u; and ps are large enough, any solution to the

corresponding adjoint system satisfies an observability estimate.

As a consequence of a well known duality argument, this will imply the desired
result. This strategy is very similar to systems (1.13), (1.14), (1.15) and (1.16). Hence
we will only consider the system (1.13).

Arguing as in [7, 25], the following result can be easily proved.

Proposition 1.3.3 Let g € L*(Ox(0,T)) be given. Then (fi, f2) is a Nash equilibrium
of (1.13) associated to g if and only if

1
fi=——diloxm);

1
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where the ¢; (i = 1,2) solve, together with u, the following coupled system:

¢

up — (2% )y + bo(z, )u = 1o f — iﬁblla — i¢2102 in  Q,
—(0i)e — (@(Pi)x)e + bo(x, 1) = ci(u — u;a)lo,, mQ,

{ w(0,1) = ¢:(0,¢) = 0 i ac (US 0.1)
(2%u;)(0,1) = (2%(¢:)2)(0,) =0 if a€[1,2)
uw(z,0) = up(x), ¢i(z,T)=0 in (0,1).

As we said previously, to prove Theorem 1.3.2 it is sufficient to find an observa-

bility estimate for the adjoint system of (1.25), which is given by

/

—Zt — (LEOCZQ,;)m =+ bo(l‘, t)Z = 51(,011(9Ld + 5%021(92@ iIl Q,
1 ) .
((pz)t - (xa((p’L):L"):E + b0<x7t)901 = —;Zl(’)i (2 = 17 2) m Qa

(2

< z2(1,t) = ¢;(1,t) =0 on (0,7), (1.26)
2(0,t) = ¢;(0,t) =0 if a€l0,1) on (0.7).
(xazx)«)’ t) = (fﬁa(%)x)(oat) =0 if ae [17 2)
2(x,T) = zp(x), ¢i(x,0)=0 in (0,1).

For this, we consider the following result.

Theorem 1.3.4 Let assumptions in (1.24) hold. Then there exist positive constants
po and C, and a weight function p = p(t) blowing up at t = T such that, if p; > po
(i = 1,2), for any z¥ € L?*(0,1) and any solution (z,p;) to (1.26), the following
inequality holds:

2
|z(-,0)|2+2// p2|i? do dt < C’// |z|*dx dt. (1.27)
i=1 Q Ox(0

7T)

Proof. Let us fix ' and w; with
W= (d,d)CcCw = (a;,c1) CCONOy
and a function ¢» € C'*°(0,1) such that
0<y<1,¢v=1in « and supp(y)) CC wi.
We will use the notations w/ := w' X (0,7, wir := wy x (0,T) and we will denote by

E(v) the left hand side of (1.20).
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Let us assume that (z, 1, p2) solves (1.26) and let us introduce h := 11 + Paga.
It is clear that Theorem 1.2.4 can be applied to z and also to h. Thus, there exist

positive constants \g, Sg, and C' such that, for s > sy and A > Ay, one has

BE(z) < C // 27 Pda di + 8N //628‘753\z|2dxdt
Q W
// e 2| z|?dw dt + s*\* //6_25"§3|h|2 dxdt] :
Q wp

Then, for sq large enough, we get

s\ //62305312\2&% dt + s*\* //623053’h’2 dmdt] - (1.28)
W, wr

Since h = —z; — (%2, ), + bz in wy, it follows that

and

E(h) < C

E(z)+ E(h) < C

s34 //6_25(’53|h|2 dedt < s\ // e B Yh [~z — (172, ), + b2] do dt (1.29)
W wiT
Using integration by parts and Young’s inequality, we find

—s3 )\ // e B Yhy drdt < Os 'E(h) + s\ // e ¢ 2> dw dt, (1.30)

—s3\ // e B3P a2, dedt < Cs T E(h) + Cs®\® // e 29" 2* dw dt, (1.31)
wiT wiT
and

s At // e~ B0 hbyz dr dt < Cs™'E(h) 4+ Cs*\* // e 27822 du dt. (1.32)
wiT w1iT
Combining the estimates in (1.29), (1.30), (1.31) and (1.32) we see that
s\ / / Ie‘2s”§3|hl2dxdt < Cs'E(h)+ Cs®\® // e 2972 |? dw dt
W wir
and, from (1.28),
E(z) + E(h) < Cs\ // e 27¢ 2 da dt, (1.33)
wiT

for large enough s and A.

From now on, the constant C' may depend on s and .
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Let ¢; € C'([0,T]) be such that
0<; <1, ¢y =1in[0,7/2] and ; =0in [37/4,T]

and let us modify the functions 6, £ and o as follows:

2\4
o(t) = W)t it te 0172, €:=ph, and 7 := M= — ¢
o) it te[T)2,T],

Then Z := 1,z is a solution to the following system

Zy — (x%Zy) e + bo(2,6) Z = 1 ()b + 1y (t) 2 in  Q

Z(1,)=0 and Z(0,)=0 i aref01) on (0,7)
(2°Z,)(0,-) =0 if a€ll,2)

and, from the energy estimate in Proposition 1.2.1, the following estimate holds:

3L 1 3L 1
/ |h|2dxdt+/ |2|* dw dt | .
0 Jo ZJo

Using this inequality and the fact that e2*” and £ are bounded from above in [0, T/2],

T
|2(-, 0)[? +/2/ [|2]* 4+ 2%|2,|*] dedt < C
0Jo

we obtain

T2 01 B
|z(-,0)? —i—/ /6_280 (2272 + Ea%|2,|?] dadt
o Jo

3T/4 1 3T/4 1
/ \h|2dxdt+/ |z|* dx dt|.
o Jo r/2 Jo

Now, the fact that e7?7 and ¢ are bounded from below in [T'/2,3T'/4], we get

<C

T/2 r1 o B
12(-,0)|? —|—/ / e 27 (2772 + Ea%|z,*] dwdt
o Jo

37T/4 o1
<c / / W2 dedt + E(2)| . (1.34)
o Jo
On the other hand, since £ = ¢ in [T/2,T], we have
T o -
/ / e 27 [Ea* 2 + Ea%|2, ] dudt < E(2). (1.35)
7/2 Jo
From (1.34) and (1.35), a new estimate is found:
3L .1
z(-,0)|? —I—// e 27 [E2* 2 + €22, ] dedt < C [/ |h|* dz dt + E(z)| . (1.36)
Q 0 Jo
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Using again Proposition 1.2.1 and the inequalities e72%7, ¢ > C' > 0 in [0,37/4], we

see that

T b /32 —2s6 [¢3,.2—a| |2 | .o 2
/0 i ]h| dedt < C[ E} [//Qe (2% 2]? + £x%|2,|?] dwdt]| (1.37)

M1
and, from (1.36) and (1.37), we conclude that

\z(-,0)|2+//Q e 27 [Ea* 2 + £a%2,] dedt < CE(2), (1.38)
whenever i, and us are large enough. By (1.33) and (1.38), it follows that
12(-,0)* + E(2) + E(h) < C’///e_25‘757|z|2 dx dt. (1.39)
wr
Let us introduce the functions

oo(t) = m[%zac]a(x 1) = CO(t) and p(t) := 0@,
re

Note that p is a positive nondecreasing function in C*([0,7]) that blows up at ¢t = T.
Multiplying the equation satisfied by ¢; by p~2¢; and integrating in space, we find that

1d . ) )
sl el e 2(0i)a* < Cp 22>+ Clp~ il?

and, from Gronwall’s Lemma, p~'¢; can be bounded as follows:

PO c// 22 dedt, Ve [0,T]. (1.40)

Using (1.39) and the fact that p=2 < e72 we get the estimates

// p2|zPdrdt < CE(z) < C’// e 27|22 du dt.
Q W

Finally, in view of (1.39) and (1.40), (1.27) holds. m
As mentioned above, the observability estimate (1.27) implies the null controlla-

bility of (1.13). We still have an estimate of the control:

// lg|*dzdt < C |u0|2+2// |U¢,d|2dxdt] ,
O4X% OT)

where C' is the constant in (1.27). This ends the proof of Theorem 1.3.2.
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1.3.2 Similar results for semilinear problems

In this section, we extend Theorem 1.3.2 to semilinear systems of the form

;

Uy — (Iaux)x+b0(x7t)u: FO(“) +gl(9+f11(91 +f21(92 n Qy

u(1,¢) =0 and u(0,6) =0 i are(01) on (0,7), (1.41)
(x%u;)(0,t) =0 if a€(l,2)

u(z,0) = ug(x) in (0,1),

\

where Fj : R — R is a globally Lipschitz-continuous function satisfying Fy(0) = 0.
Note that an existence-uniqueness result like Proposition 1.2.1 still holds for
(1.41).
In this semilinear framework, the functionals J; in (1.17) are not convex in general.

Accordingly, we must consider a weaker concept of Nash equilibrium:

Definition 1.3.5 Let g € L*(O x (0,T)) be given. The pair (f1, f2) € U is called a
Nash quasi-equilibrium of (1.41) associated to g if

Ji(g; fi. f2)(£,0) = 0, VY feL*w x(0,7)),

Jé(gv flan)(Oaf) = Oa v f S LQ(WQ X (OaT))

The main result in this section is the following:

Theorem 1.3.6 Assume (1.24) holds and py and po are large enough. Then, for each
ug € L*(0,1), there exist a leader control g € L*(w x (0,1)) and an associated Nash
quasi-equilibrium (f1, fo) such that the corresponding solution to (1.41) satisfies (1.5).

The proof relies on a standard and well known fixed-point argument. For details,
the reader is referred to [7|, where the same result is proved for a nondegenerate
semilinear parabolic PDE.

Completely similar results can be obtained for semilinear systems of the kind

(1.2), (1.3) and (1.9).

1.4 Additional comments and open questions

1.4.1 On the assuption O; ;= Oy 4

The assumption (1.24); can be suppressed if we assume that O; ;N O #  for
i=1,2and O; 4N O # Oy4N O, see 6] for details. However, when O, 4 # Os 4, but
014N O = 00y4N O, the Stackelberg-Nash null controllability is open.
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1.4.2 Higher dimensions

Little is known on the control of degenerate parabolic PDEs in higher dimensions.
Recently, some results have been established on the global null controllability of a model
similar to (1.1) that degenerate at the whole border, see [12]. They rely on suitable
Carleman estimates similar to (1.20), whence it is reasonable to think that the results
in this work can be extended to this model.

In a forthcoming paper we will present Carleman estimates for some models that

degenerates in only a part of the border.

1.4.3 Wave equations

An interesting question is whether Stackelberg-Nash null controllability can be
proved for wave equations. This question is open; one of the main difficulties is that,
to our best knowledge, the few Carleman estimates with interior control region already

in the literature do not have all the necessary terms in the left hand side.

1.5 Appendix A: Proof of Theorem 1.2.4

It is suficient to prove Theorem 1.2.4 assuming that by = 0.
Let v be the solution to (1.6) (where vr € L?*(0,1) and g € L*(Q)). For any
s > 59 > 0, we set z = e *?v. By a density argument we can assume without loss of

generality that v is regular enough. We have:

2

v, = € [soz 4 2], (2%0,), = €7 [s2020%2 4 250,02, + 5(0,2%) o2 + (2%22) ]

and, consequently,

Ptz4+ P z=¢e%g,

where Ptz = soy2 + s*2%0%2 + (2%2,), and P~z = z + s(2%0,).2 + 252%0,2,. This

gives:

le™7gll* = I1P* 21> + | P + 2(P* 2, P~2). (1.42)
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We have that (P*z, P~2)) = I + ... + I, where

I = ((s01z+ s*022%2 + (2%22) e, 24))
I, = %oz, (2%0,) ez + 20,22,

Iy = (0202, (2%0,)ez + 20,02,))
Iy = s(((2%2)e, (x%04) ez + 20,2%2,)).

The next step is to compute I, I5, I3 and I,. To this purpose, we will use that

z=2z,=0att=0and t =T and, also,
// (%2) 2 dx dt = 0.
Q
After integrating by parts, we deduce easily that

Il = —g/ |Z‘2(Utt+280—x0—xt$a) dx dt
Q

I, = —s° // 10,04 |22 dx dt;
Q
I; = — 3//x 0o (2%02) |2 dx dt;
I, = // TY0,) pet™ 22pdx dt — 23// x%0,) Ixa|zz|2 dx dt

+sa// 0,222, |* da dt + s/ o PR dt
Q 0

Consequently,

=0

(PTz,P2) = /J373 2a]zm|2dt //x oo (2702),|2|* dx dt
=0

—25//(xaax)x:ca]zx|2dx dt — 2s* //axath;o‘|z|2dx dt
—l—as//ax 2o 1]2x\2dxdt—s//x O )ax®® 22, dx dt
——//att!ZI dz dt. (1.43)
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Using the definitions of the functions ¢ and &, we see that

0,0 T = )\255&|77,|2§§t
w0, (a%02)e = —Nan (x| [}).E — 22 ||t
(2%0,) 2 = —Ax™(2°n).& — N22?* |/ |*¢
oozl = 220y
(2%00)a0t® = —Az%(2™)auf — 2022 (2°0)oE — N2 n'n"E — XNz (nf)’¢
o7 = r*n'E.

With this information, we will now estimate each term in the right hand side of

(1.43). For sg and \g large enough, we have:

T
s/ 0,22 2| dit
0 =0

—5 //x oo (1%02)|z|P dx dt > C [ % // 2000|263 |2 |? d dt + s*N? // 2322 dxdt}
Q 0

=1

> 0, (1.44)

—033)\3/ &)z dw dt, (1.45)

wor
—23// T (2%0,) | 20| dr dt > C’s/\2// x2a|n'|2§|zx|2dxdt+23/\//xa§|zx|2dxdt

Q Q 0
—CSA/ €lo dardt, (1.46)
worT
—2s? // 120,00 |2[P drdt > —Cs*)\? {// x2a|n']4§3]z|2da:dt+//w2a§3]z]2da:dt
Q Q 0
+/ £3|z|2dxdt], (1.47)
wor

and

as// v Yo |z P dedt > —as/\//xo‘§|z$|2da:dt—03)\/ €|z, |? dw dt, (1.48)
Q 0 wor

where C' only depends on ag, T and a.

On the other hand,

—s// 2 (2%0,) pp2zedr dt = s)\// 2 (x*N) el 22, dx dt + s)\Q// 200" €2z da dt
Q Q

+2s/\2// o0 (20" w2 2pdx dt + s)\3// 2%(n')3€ 22, dx di(1.49)
Q Q
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In order to estimate this last term, we note that

s)\// (2N ) g2z, dr dt > —C’s)\// (&2 + ¢|z?) dadt,  (1.50)
Q wor

s/\Q// 20" €2z, do dt > —C// (SN |13 27 + 27| €| 2, )?) d dt
Q Q
—C// (SN2 2 + Ap¥E|2,|?) dx dt
0

—O// (SN2 + Az |?) du dt, (1.51)

28)\2// xan'(xan')xfzzzdxdt > —C// (82/\4x2a|7],|4§3|2|2+:E2a|77,|2§|z$|2) dr dt
Q Q
—C’// (SN2 2 + Aa€|2,]?) dwdt
o

—0// (SN2 + Nz, |?) du dt, (1.52)

// NV¢zz, drdt > C// (V2|0 €|z | + X2 [*€%|2]?) da df1.53)

From (1.49)-(1.53), we conclude that
// (2%0)gn22s dx dt > —C// (SN 232 4+ N2 |0/ €|z |?) dadt
Q
—C// (SN2 + AaE|z, %) dadt
0

—C// (SN2 + sAE|z[*) du dt. (1.54)

From (1.43)-(1.48) and (1.54), we conclude that
(Ptz,P2) > C {// (XM | |2 €3 22 + sA* 2|0/ €|z, ]?) dadt
Q

+ / (SN2 2 + sAaE|z,|?) da dt}
Qo

—C [// (S°N3 |27 + sAE|z[?) dxdtJrs// 53/2|z|2dxdt]
wor Q

and, using (1.42), we find that
IP*l P2l ] (N s\t e ) e
+// (S°N32? 78 2” + sAzE|z,|?) da dt
0
C {He_wgﬂ2 + // (S°N3E|2° + sAE|z,|*) dwdt + S/Q§3/2|z|2dxdt] (1.55)
wor
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Furthermore, we see that

83/\3// Ex* 2P drdt < Cs*A\? {// §3x2_a|z|2dxdt—|—// Ex* 'Y 2| dw dt
Q o Q

+/ €312)2 da dt]

s)\// 2%z Pdrdt < CsA {/ §xa\le2dxdt+// x| |?| 2, d dt
Q Qo Q
+/ §\zm|2dxdt}
wor

1P+ 1Pl + // (SN2 P8 s X222 |26 2 2) dx
Q

and

Hense, from (1.55) we obtain

+//(s3/\3x2_a§3|z|2 + sATYE| 2, |?) da dt
Q

<C {He‘”g”2 + // (S°N3E|2” + sAE|z,|%) dwdt + s// 32|22 da dt] (1.56)
woT Q
Let us denote by L(z) all the terms in the left hand side of (1.56). For instance,

assume that a # 1. Using Young and Hardy’s Inequality we deduce that

32)\2// E|lzPdedt < 33)\3// §3x2_a\z|2dxdt+s)\// 2072 EV2 22 du dt
Q Q Q

33)\3// §3x2a\z|2d:cdt+8)\// 22|(€Y22),)? dx dt
Q Q
CL(2). (1.57)

IA

<
Now assume that @ = 1. Using Holder, Young and Hardy’s inequality we see that
§P2NT/A // PP dedt = // (PN 223 2| D)V (sha™2/3¢| 2| ?)3/* da dt
Q Qo
T 1
+83/2)\7/4// g3/2|z|2 dr dt
0 Jag

Cs3\* // §3x2a|77'|4|z|2dxdt+8/\// g2 (EY22)? da dt
Q Q
< CL(z). (1.58)

IN

From (1.56), (1.57) and (1.58) we deduce that
| P 2|1 + | P 2])* + // (A | |23 2 + sA* 2 |0/ €|z, |?) dadt
Q
+ ] (000 4 XNl + sAa"ef?) dode
Q
<C {He‘s"'gll2 + // (S°N3|2” + sAE| 2, |?) da dt| . (1.59)
wor

33



Now, we will work to include the terms with a first-order time derivative and
second order spatial derivatives in the left hand side. Using the estimate (1.59) and

the definitions of P~z and Pz, we see that
s (N) //le\ztﬁda:dt < C {HeSagHZ+//(s3)\353\212+3)\§]zx\2) d:z:dt} (1.60)
wor
and
s_lfyl()\)//Q EN(2%%,), P dodt < C [He—wgu? +//(53)\3§3]z]2 + A2 ) dmdt}(.l.ﬁl)
wor
From (1.59), (1.60) and (1.61), it is now clear that
// ~ly Iz [(2%20)0 ] + sAz®Eza]® 4+ sA2 2| |PE| 20]?) da dt
+//Q (8* X271 (N)E2(sE) 2> + $*Na* |2 + A |/ |*€%|2]?) dw dt
<C {Hes"gHZ +// (SN’ |2 + sAE|z[?) dxdt] .
wor

Coming back to the original variable v and using the estimate

/eQng\vdexdt < Cs2\? //625053\1)]2dxdt
woT wT

Cs2\7? // e (1%, o |F da dt
Q

we find the desired inequality (1.20). O

1.6 Appendix B: Proof of Theorem 1.2.7

Again, we will assume that by = 0. Let gy = g — b1v,. Arguing as before, we can

T
(PTz, P 2) = s/ Umx2a|zx|2dt //x 0. (1%02),|2|* dx dt
0

—25//($aaz)mxa\le2 dx dt — 2s // 0,022 |2|* dx dt
Q
—l—as//az 20 1\zx]2d$dt——// oy |z|? dx dt
—s // T%0,) 2t 22, dx dt. (1.62)
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deduce that

Furthermore,



r=1

> 0, (1.63)

T
s / 220, | 2| dt
0 =0

—s° //1: oo (1°02),|z]Pdxdt > C [33)\4// x2a\7)'[4§3]2|2d:€dt+53)\3/ 53\z|2dxdt]
Q Q Qo

—6’33)\3/ &2 dx dt, (1.64)

wor

—28// T(2%0,) 0| 20| d dt > CS)\Z// |02 f|2m|2d$dt—08>\/ €|z |* dr dt
Q wor
1—|—a s)\// “a=2/3¢| 12 da dt, (1.65)
3 Qo

—25” // V0,00 2|* dr dt > —032)\2/ §3|z|2dxdt—032)\2/ &\z|* dw dt
Q Qo

worT

—Cs*\? // 22| [4€3|2|* du dt, (1.66)
Q

as// 2** o |z, |* de dt > —as)\// g 4e=23¢| 2|2 da dt — C’s)\/ €|z |? dx dt(1.67)
Q 0

wor

——// oulz|? dxdt > C’s/ &\z* da dt — s/ &z dw dt
worT

—C's // 22| 1463 2| da dt. (1.68)
Q

Note that in this case we can control the term on the left hand side of (1.68)

and

much more easily than in the previous case. However, to estimate the last term in the
right hand side of (1.62) is more difficult. It is just here where the restriction o < 1/2

is required. We have:

—s// r(2%0,) ez, drdt = s)\// N exlz2, da di
Q
+s>\3// "NV3¢zz, dr dt + 25\ // 21 () o€ 22, dr di
Q

+sA2 | a2z, da dt. 1.69
o nn

In the previous case we had (7)., = 0 in (0, 1)\wo. Here, this is lost and, therefore,

we have to work differently.
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Using integration by parts, we have that

s/\// (2N ) 022, dx dit

// S ([ (@ sl + A (20 )] it . (1.70)

In view of Proposition 1.2.2, we have

// )z $§|Z|2 dx dt

2—5—2(1+a)(2—a 5 da) //Q

—Cs)\/ f\z|2dxdt—03)\/ £|Z\2d:cdt
0

wor

2_28)\1+0‘ )(2—a) // (40=2)/3(£1/2,)2 g gt
3 5 — 4o .

2122 g dt

—C’s)\/ 53\z|2d:cdt—05/\// 22| '3 2| du dt. (1.71)
wor Q
Furthermore
_28)\(1+04 // (da— 2)/3 1/2 ) de dt
3 5 —4da o

A
a)sA // gla=2/3 [«S|zx|2 + Az172008¢ 50 + Zx(2_4a)/3§|z]2} dedt, (1.72)
0
where m(a) == 2(1 + a)(2 — ) (5 — 4a) ™" and
—CsAQ// Go=D/3¢ 0 dedt > C)\// (AU D/3¢) 2,12 4+ $2X3¢3|2|?) da dt. (1.73)
0 0
Then from (1.71), (1.72) and (1.73), we get
// Ll dedt > —m(a)sA // 24e=D3¢ )5 12 da dt
Qo
—052)\3/ &\z)* dx dt — Cs)\// 2 [*€3| 2| d dt
Qo Q
—C)\//:v(4°‘_2)/3§]zx|2dxdt—Cs/\/ Ez|2 da dt. (1.74)
0

wor

On the other hand,

A2 1
2 //m 1 (2% )l |2]* da dt > ( —|—a S>\2// G0 2[* da di
0

—CS)\Q/ §|z|2dxdt—CSAQ//x(2“_4)/3§|z|2dxdt (1.75)
0 Jbg

wor
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and, from (1.70), (1.74) and (1.75), we see that

3)\// (2N el 2z, drdt > C’s)\2// 223 22 da dt — 082)\3/ &)z’ dx dt
Q 0 Qo
—m(oz)s/\// g4 23¢| 2 |2 da dt — C’/\// g 4e=23¢| 2 |2 da dt
0 0
—C's)\z// 220|163 | 2|* dw dt — C’s/\2/ &z dw dt. (1.76)
Q wor

Note that the new strategy makes appear a new term in the right hand side of

(1.76). For the other terms in (1.69), we have that
25)\2// 0 (21 ) o€ 22, do dt > —C// (s* N2 23|27 + 2|0 |2€) 20 |*) dw dt
Q Q
—0// (s2A3E3 2% + Azl 4o 2/3¢ |2, ) da dt
0

—0// (N3 + Az, |?) dudt, (1.77)

s)\z// v*n'n" 2z, dadt > —C// (SN2 | 23|22 + 220 1€ 20 )?) da dt
Q Q
—C / / (s N2 + Azl 4o=2/3¢ 2, |?) da dt
Qo

—C// (N3 |2” + A2 |?) da dt, (1.78)

and
s)\?’//Qa:Q”‘(n’)B’gzzx dx dt > —C//Q (N2 2| 2o |* + X' |*€%|2]?) da di(1.79)
From (1.69), (1.76), (1.77), (1.78) and (1.79), we conclude that
—s//Q$a(:v“0x)mzzx drdt > —C’//Q (V2220 €|z + $* X222 %) du dt
+03A2// :p(2a_4)/3§|z|2dxdt—0// (N3 2)* + sAE|z,|?) dwdt
0 worT
—C // (82N |2|? + AaUom2/3¢ |2, 2) du dt
0
—m(oz)s)\//Qx(m2)/3§|zx\2da: dt. (1.80)
0

It is important to take care of the constants accompanying the term

SA // 2 4e=2B¢ |2 2 da dt
0
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in the estimates (1.65), (1.67) and (1.80). The sum of these constants is

(2= a)(1 = 20)
5 — 4o ’

that is only positive for a € [0,1/2).
From (1.62), (1.63), (1.64), (1.65), (1.66), (1.67), (1.80) and (1.68), we deduce
that

[P PP+ [ (SN P + X e ) dadt
Q
+ // (s*N3E3 2% + sA2x BV 22 4 s aUeD/3¢ 2, %) d dt
0
<C [He_“’goH2 + // (83A3§3|z|2 +s/\§|zx\2) dzrdt| .
wor

Arguing as in Appendix A, we can replaced the integral in )y in the left hand
side by integrals in ). Moreover, thanks to the additional term in the left hand side
of this inequality, we can incorporate terms with time derivatives and second-order

spatial derivatives more easily and also return to the variable v:
//Q e 2 [sTHET o 4 |(2%v2)a|?] + sAzPOTDBE v, 12 4 s\ 22 € v, [P] da dt
+ //Q e |y|? [5A2$(2a_4)/35 + A3 + SN |1 )] da dt
<C [Hes"(g — b)) ||? + // e 27 [N |2 + sAE|z,*] dadt|.  (1.81)
wor

Since the power of x in the local term with first-order spatial derivatives is nega-
tive, and we can deduce that (1.81) remains true with (g —byv,) replaced by g. Finally,
to eliminate the term with derivatives in the right hand side, it suffices to work as in

the case considered in Appendix A. O

1.7 Appendix C: Proof of Theorem 1.2.8

Again we will prove Theorem 1.2.8 when B = 0. In view of the presence of Robin

conditions in (1.12), we will perform another change of variables:
v(y,t) = e w(y,t).

Now, (1.12) becomes
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Ut + Uyy = Go in @
1
(vy — 20) (0,t) =0 and lim (vy - Ev) (y,t) =0 on (0,7), (1.82)

Y—r00

v(x, T) = vr(z) in (0,1),

where g := e F — (0" + |n/[*)v — 2n/v,.

—50

Let v be a solution to (1.82). For any s > so > 0, we set z = e~ *v and Z = e~ *7v.

We have that z and z satisfy the following initial, final and boundary conditions:

2=2Z=2zy=2%,=0 at t=0 and t =T,

(zy + (s)\f — %) z) (0,t) =0 and lim z,(y,t)= lim z(y,t) =0 on [0,T],

Yy—r+00 Yy—+00

- = 1) . . .
(zy + (—SA£ - 5) z) (0,t) =0 and ygrfoo Zy(y,t) = ygrllooz(y,t) =0 on [0,7].
Again, we assume that v is sufficintly regular. We have:

v =€ [soz + 2], vy = €[z + 002 + 2502, + 504,72

and, consequently,

Mz + Msz = gy

with Mz := Ij + Lo+ i3 := =25\ |28z — 2sA\|0) |€2 + 20, Moz i= Doy + Ioo+ Doy :=
PN PE%2 + zyy + sovz and g1 == e 7 gy + s’z — sA?|n|*Ez. This gives

IMy2]* + [ Moz + 2(Miz, Maz) = lgall*. (1.83)
Let us estimate (M;z, Msz)):

(I, In) = —25°\ / Ql|n’|4§3|z|2dydt,

(L, Io1) = 35°X° // PP dy di + 385N // €2 22 dy dt

+33A3/( 8|2 2t
0

)

y=0

(L L) = —2X° // ' PE20(2t — T)|=|2 dy dt,
Q/
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(I11, I) = 43)\2// n'n"€zz, dy dt — s)\3// B0 )120" + X' [M)€| 2| dy dt

T
£25X° //Q el Py e — 53 [ ()Pt
/ 0

)

y=0

T
+ 25)\2/ 10222, dt
y=0 0

)
y=0

T
(g, I2) = s)\// 77”§|zy\2dydt+s)\2// \n’]2§]zy\2dydt+s)\/ n'f]zy|2dt
/ Q/ 0

)
y=0

T
((]13, 122)) = / ZZty dt
0

(I D) = —262\2 / 1 2eay)=|? dy d,
Q/

(La, I3) = 52)\// n"ﬁat\z|2dydt+82>\2// 101260, |2|? dy dt
/ Q/

T
+52)\// 0 &oy|z? dy dt + 52)\/ 0oz dt
/ 0

Y

y=0

and

s
(I3, Ih3) = —5// oulz|? dy dt.

Adding all theses inequalities, we obtain after some work that
(MizMyz) > C / / (SN2 + sA%E] 2, ) dy
-C / (AU |2 + sN*¢|z,?) dydt
wor
T

4 / [S903(f26% 22 — sA¥ (€| + s A€an)=I?] d
0

T
+ / [sA' €|z |* + 25N |0/ P22y + 22 dt
0

y=0

Working similarly with the function Z, we obtain
Mz + My = §
with Mlg = ill + [~12 + [ng = —28)\2|77/’2§§ + 28)\?7,é§y + 21‘/, Mgg = IN21 + ]—"22 + j23 =
SN2\ |262% + Zy + 56,2 and gy = e gy — SA"E2Z — sA2|nf|2€%. This gives:
lgull* = 12| + [|M22]* + 2((M 2, Ma2)) (1.85)
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and
(M2, My2) > 0// SSNEED| 2|2 + sAZE|Z, |* dy dt
—c// SN2 + sA2E 2, |2 dy dt

T
+ / [=s* A1)’ 22 + sXP (1 )°€2% — s Nj€6, 2% dt
0

y=0

T
- / —SAN'EZ) + 25N |n) [PE22, + 22, dt (1.86)
0

y=0
Note that z = 2, £ = £, 0 = & and 0, = &, for y = 0. Hence, from (1.84) and
(1.86), we find

(M1, Ma2) + (W02 502) 2 € [ [P+ S + sNlaf? + 812, )] dy

5
~C [ [N + 1) + 5X(elay P + €12, )] dy

(1.87)

y=0

T
n / [23)\2]n’|2(§£§y +E22) — sA (622 — €22) + 25 + zzty} dt
0

On the other hand, in view of the boundary conditions satisfied by z and Z we

see that

T
/ (22t + ZZ,]dt
0

y=0
’ 512 2 Lo 2 1 ~12 2
_ / SE(E — |22) + 312 + 12+ osAEP — [P dt| =0,
0 y=0
T T
250 [ nPelea,+ 2zl = 200 [ pelapa >0,
0 y=0 0 y=0
and
T T
—sA/ €[z — 22 dt = 232/\2/ Ez|?dt|  >0.
0 y=0 0 y=0

As a consequence, from (1.87), (1.85) and (1.83), we deduce that

2
M;z|)* + || MiZ]]) + N2 (€22 + €15, 17) + 2ANE 22 + €)217) | dy dt
SOl 4 1EAP) + ] [s92(elal® + €t + SN + €10 dy

=1

<0 ol + 1l + [ [ + 12,2 + SN + E1)] dyr (059
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Using (1.88) and the definitions of g1, g1, M;z and M;%, we see that, for s and A

large enough,
51 //Q (€l + T2 ) + E P + 13 )] do
" //Q [Nl + €12, + XL + 812 dyar
<C [Hgl/290||2+// [SA2(§|zy|2+§|zy|2)+53A4(§3|z|2+£3|§|2)] dydt]

From classical arguments, we can eliminate the terms with derivatives in the right

hand side of the inequality and find that
[ L )+ € + )] e
o[ [l @t + NP+ 1] dya
<C [\|@1/290|\2+83A4 // [53\2!2+53!5!2] dydt} :

We then conclude the proof coming back to the original variable w and using the

definition of gy and the fact that £ < C¢ < C€. |
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Capitulo 2

Estimativas de Carleman para
algumas EDPs parabodlicas
degeneradas em dimensao 2 e

aplicacoes

Carleman estimates for some 2D degenerate parabolic
PDEs and applications

F. D. ARARUNA, B.S. V. ARAUJO, and E. FERNANDEZ-CARA

Abstract

This paper deals with a class of two-dimensional degenerate parabolic equations
in a square. We consider that the differential operator degenerates only in a part of
the boundary. We prove well posedness results using standard semigroup theory. The
goal is to obtain Carleman estimates to obtain controllability results. This is done
under some geometrical assumptions, that allow us to build suitable weight functions
that leads to a global Carleman estimates. As an application, we prove some null
controllability and Stackelberg-Nash null controllability results.

Keywords: Null controllability, degenerate parabolic equations, Carleman inequali-
ties, Stackelber-Nash strategies.
Mathematics Subject Classification: 34K35, 49J20, 35K65.



2.1 Introduction

The study of the controllability of partial differential equations and systems has
attracted the interest of many authors. The theory has been extended to semilinear
problems, equations in unbounded domains of some kinds, and systems in fluid dyna-
mics, among others; see for instance [18, 21, 23, 24, 33|.

The analysis of the controllability of degenerate parabolic equations started in
the last decade with the works [1, 9, 10, 11, 14, 15, 16]. In this paper, we will analyze
the following problem in two spatial dimensions:

u — div(AVu) +bu = g1, in Q,
B.C. on X, (2.1)
u(-,0) = up in Q,

where Q = (0,1) x (0,1), =00, T >0, Q =2 x (0,7), 2 :=Tx(0,T), w C Qs
a non-empty open set, b € L=(Q), g € L*(Q), up € L*(2), A : Q > My,»(R) is given
by

A(z) = diag(ai*, 23°),

and the boundary conditions are given by

u=0 on X if ay, az €10,1),
u=0 on Y34 and (AVu)r =0 on 1o if oy, g €[1,2],
u=0 on Y34 and (AVu)r=0 on X, if ag€]0,1), az€]l,2],
u=0 on Y934 and (AVu)r=0 on %; if o €[l,2], ay€|0,1),

B.C.:

with o = (o, a2) € [0,2] x [0,2], 3, ;;, .= (I UT'; UTY) x (0,7), and
Iy = {0} x[0,1], T'y:=1[0,1] x {0}, I'3 := {1} x [0,1], 'y :=[0,1] x {1}.

In previous papers, the main model is the following one dimensional system:

w — (%) = g(z,t) 10 in (0,1) x (0,7,

w1, )=0 ana { WOI=0 i aclDh o), (2.2)
(x%uz)(0,-) =0 if a€]l,2)

u(+,0) =y in (0,1),

where o € (0,2), T > 0, uy € L*(0,1), g € L*/(0,1) x (0,7)), O C (0,1) is a

non-empty open set, and 1¢ is the associated characteristic function. The global null
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controllability of this system is proved in [1] using Carleman estimates with appropriate
weight functions.
Recently, some results on 2D degenerate parabolic equations have appeared in
[12, 13]|. There, the authors study the well-posedness and the global null controllability
of the following system:
( up — div(AgVu) + bou = gol,, in Qo
u=0 if a€(0,1)

on X, (2.3)
%:0 it aell?2)
L u(+,0) = ug in €,

where Q := Qg x (0,7), T > 0, Qy C R? is a bounded domain with boundary Iy of
class C*, 39 := T x (0,T), wy C Qg is open, ug € L*(Q), go € L*(Qo), bo € L=(Qo),
a € (0,2), and Ay : Qo — Mayo(R) satisfies the following conditions:

(1) Ao(l’) = {CL”(.CL’)}, with the Qg5 S CS(QQ, R) N CO<§0, R),
(ii) Ag(w) is simetric for all x € Qy and positive definite for all z € Qo;

(iii) Let r;(x) be the eigenvalues and let £;(z) be the associated unit-norm eigenvectors
of Ag(x) for i = 1,2. Let us denote by Pr,(z) the projection of x onto the
boundary I'y and O(T'y;0) := {x € Qp : d(z,Ig) < §}. There exists 6 > 0 such
that the following holds:

L. ri(z) =d(x,T9)* Vo e O(Ty;0);

2. ro(z) >0 Vo e O(ly;9);

3. e1(z) = v(Pr,(x)) Vo € O(Ty;9).

It is convenient to enhance the main differences between systems (2.1) and (2.3).
First, contrarily to (2.1), (2.3) degenerates on the whole border. This is crucial, because
Carleman estimates need weight functions with a specific behavior near on the part
of the boundary where the degeneracy occurs. The techniques used in [12| can be
extended to problems where the degeneracy appears on a part of the boundary, but
this part must be separated from the rest. A typical example is when {2 is an annulus
and the coefficients degenerate just one of the components of the boundary. Hence, a

new thecnique is required to deal with (2.1). Here, the main idea is to use the control
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domain to "separate" the part of the boundary where the degeneracy does not occur
from a neighborhood of the origin. Moreover, in our case the two eigenvalues of the
matrix A can degenerate, differently of the sistem (2.3) where only one eigenvalue
degenerates.

In this work, we will prove the well-posedness of (2.1) using semigroup theory
when «; € [0,2] (¢ = 1,2). However, the proof of Carleman estimates requires different
techniques and weights in each case depending on the values of «;; therefore, for this
purpose, we will strict to the case «; € (0,2). The other cases will be considered in a
forthcoming paper.

It will be seen that, as an application of Carleman estimates, we can prove re-
sults on the null controllability and Stackelberg-Nash null controllability for linear and
semilinear degenerate parabolic systems.

This paper is organized as follows. In Section 2.2, we will present some results
on the degenerate operator associated to (2.1) and we will deduce its well-posedness.
In Section 2.3, we will present Carleman estimates for the solutions to the adjoint
system of (2.1), when «; € (0,2). This will allow to prove results concerning the null
controllability of linear and semilinear problems of the kind (2.1). In Section 2.4, we
will use these Carleman estimates to prove the Stackelberg-Nash null controllability.
In Section 2.5, we will present some extensions of the results, open questions and
future work. Finally, the paper contain an Appendix where the proof of the Carleman

estimate presented in the Section 2.3 is given.

2.2 Preliminar results and well-posedness

2.2.1 Notations, spaces and operators

The usual norm and inner product in L?(Q) and in L?*(Q) will be denoted res-
pectively by | - | and (-,-), and || - || and ((-,-)). The norms in L*(€2) and L*(Q) will
be denoted respectively by | - |« and || + ||oo-

Let us introduce the following matrix

A" (z) := diag(2]*", z5*"), with reR

46



and the operators
Vou :=AY?Vu and Agu := div(AVu).

In order to obtain well-posedness results for (2.1) let us consider the following

) HY(Q) = {u € L*(Q) : VuAVu € L' (Q)},
H%(Q) .= {u € HL(Q) : div(AVu) € L*(Q)},
H"(Q) = {w € L*(Q)* : div(w) € L*(Q)},
Lo (Q) == {w € LX(Q)* : wA ™ w € LY (Q)},
and

HI(Q) = {w e L2.1(Q) : div(w) € L*()}.
The spaces HL(Q), H2(Q), and H%*(Q) will be equipped respectively with the following
norms:
[ula = (fuf* + [Voul*)'2,
[ulo, = (lulf + [Aoul?) 2,
and
1/2
- (/ wA " wdz + \dz‘v(my?) |
Q
Note that, with these (natural) norms, H}(Q), H2(Q), and H%* () are Hilbert spaces

and one has the following continuous embbedings:
H'(Q) = Ho(Q) = L*(Q),  HA(Q) = Ha(Q), H"(Q) = H™(Q).

Furthermore, H!(Q)) C H}

loc

() and H2(Q2) C HE.(Q).
Lemma 2.2.1 C=(Q) is dense in HL(Q).
Proof. We know that H'(Q2) < H!(Q) and that C=(€Q) is dense in H'(2). Hence, it

is sufficient to prove that H'(Q) is dense in HL(Q). Let us fix u € HL(Q). For A > 1

let us introduce the diffeomorphism fy : Q@ — Q) where

T 1
f)\($) = X +$07,\ and SBO,)\ = ﬁ()\ — 1,)\ — 1).

It is clear that 2, CC Q2 and || — ||, as A — 1.
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Now let us introduce

w(z) if oz eQy,

up(z) == _
u(fr(x)) if z € Q\Q.

Using that H(Q) C H}

loc

() and Q) cC Q we deduce that uy € H'(Q). Furthermore,

fur — 2 = / @)~ @)+ Vofuo Sy~ (o) do

IN

/ (N ul® + [Voul?) dz +/ (|ul* + |Voul*) dz — 0, as A — 1.
Ix(\2) O\

Consequently, H'(Q) is dense in H.(2). =

Lemma 2.2.1 leads to the following definition

H. () == Dy, (2.4)

where the definition of the space Dy depends on «:

({0 C=@Q) : supp(v) cC O} it i, as €[0,1),

) {ve C>®(Q) : 30 > 0;supp(v) C (0,1 —0) x (0,1 —68)} if a1, ay €[1,2],

) wec @) 36> 0;supp(v) € (6,1 —8) x (0,1 —8)} if a1 €[0,1), as €12,
\ {v e C=(Q): 30 > 0;supp(v) C (0,1 —68) x (6,1 —68)} if a3 €[1,2], as€]0,1).

2.2.2 Trace operators

We know that the trace operator T': H'(Q2) — L?(T") is continuous and
HY(T) .= T(H'(Q))
is a Hilbert space with the norm
[0l g2y = inf{|ulgi) 1 u € HY(Q), T(u)=wv}.

Moreover, there exists a unique normal trace operator T}, : H%"(Q) s H~'/2(T'), which

is continuous and satisfies
o T,(w)=(w-v)|p Ywe C®(Q)?,

o /(div(w)u +w-Vu)dr = (T,(w), T(u)) Yw e H™(Q) Yuec HY(Q).
Q
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Given w € H%(Q), we can introduce a continuous linear form 7y, : H'(Q) — R
by putting
To(u) = /(div(w)u +w - Vu)dr Yu e H(Q).
Q

Moreover, we have

Now, for any 0 > 0, we introduce

Qs :={r € Q:d(xT)>d} and I's := 0y,

o r5: HL(Q) — HY(Q), with r5(u) := u|qg,,

o Rs: H™(Q) — HY(Q), with Rs(w) = w|q,,

o 1% :=Tjsors, where Ty : H'(Qs) — H'?(T's) is the trace operator,

e T°:=1T,50 Rs, where T, 5 : H®"(Q;) — H~Y2(Ts) is the normal trace operator.

Lemma 2.2.2 Ifw € H¥(Q), then the functional T,, can be continuously extended to
the space HL(QY). Moreover,

Too(w) = Bim(T° (w), T°(u)) Vu € H(Q).

6—0

Proof. For u € H}(Q) we have

/Q(dz"u(w)u +w - Vu)dx

/ (div(w)u + [(AY2) "] [AY2V0])da
Q
< |div(w)|[u] + (A7) w| A2Vl
< (|(AY) | + |div(w)|)(Jul + [AY2Vul) < [wlaialula-
This conclude the proof. m
With the purpose of obtaining appropriate results on the normal traces in H4%(2),
we will consider the cases a; € [0,1) and «a; € [1,2] separately.
The case oy, as € [0,1)

Now we will see that, if oy, ag € [0,1), then the classical results on the normal

trace theory remains true for the spaces H%%(Q) and H!().
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Lemma 2.2.3 Assume that oy, ag € [0,1). There exists a unique trace operator
T : H:(Q) — L*(T) which extends T : H' () — L*(T'). Moreover T® is continuous
and Héﬂ(Q) = TY(HL(Q)) is a Hilbert space equipped with the norm

|U|Hé/2(r) = inf{|ul, : v € HX(Q) and T(u) = v}.

Proof. We know that C>(Q) is dense in H}(€2). Consequently, it is suficient to prove

that T : (C*(Q),| - |o) — L3*(T) is continuous. First let us consider the following
open cover Uy, ..., Uy of 1, where Uy := By4((1/2,1/2)), Uy := By2((0,1/2)), Uy :=

Bl/g((1/2,0)), U3 = Bl/g((l, 1/2)) and U4 = Bl/2((1/27 1)) Let QO(), ...7Q04 - COO(Q)
be a partition of unity subordinate to the cover {Uy,...,Us}, ie. @o+ ... + @4 = 1,

0 < ¢ < 1, supp ¢ is a compact set and supp ¢ C U;. Given u € C®(Q), let

2 1/2
de‘1> .

u; = ©*/?u. Using that a; € [0,1) we deduce that

3/4 o 1
/ o | < € </ 4
0 0

8:151
8u1

x1

8u1

[u1 (0, 22)| = oz,

Hence

2
luy|*ds < C’/ )t dz < Clul?.
Q

In a similar way we conclude that

I'1

/|ui]2ds§0]u\i, i=1,..,4.
r;

Therefore

4 4
T (u)]* = /F lul® ds = Z/ngl|u|2 ds = Z/r lu;|* ds < Clul?.
i=0 i=0 /T

This concludes the proof. m
The following result is a fundamental tool to deduce the existence of a normal

trace operator, as well to prove the Carleman estimates present in the next section.

Lemma 2.2.4 (Hardy inequality I) Assume that a;,as € [0,1). There exists a

positive constant C' = C(ay, ag) such that

ou

/x?iQ\uPd;ﬂg C/xf‘
0 0 9

Before proving this Hardy inequality, we consider the following result:

2
dr Vu € ker(T).

Z;

20



Lemma 2.2.5 Assume aj,ay € [0,1). There exist C = C(a) > 0 such that, for any

u e C>®(Q), one has

ou |?
/xf“_2|u(a:) —u(x1,0)* dx §C/:Uf“ —| dx
Q Q Oy
and )
a—2 2 o ou
r9? “u(x) — u(0,29)|"de < C | 25* | =—| dx.
Q Q O

Proof. Let us fix max{a;,as} < a <b< 1. We have

1 1 x2 2
/ 2922 |u(x) — u(0,29) P dr = / [/ (/ sbm%(xl, s)s b2 ds) 5> d:v2] dxy
Q o |Jo 0 O
1 1 T 2 T2
< / / / s %(xl,s) ds (/ s7? dt) 252 2 dxy | dry
o |Jo \Jo 0
1 oo o ’ 1-b
_ ds | 5?7 "dxs| d
1—b ; /(; /0 S S| Ty i) T

ou
8_x2(x1’5)

31:2

1 Lo 2, 1
< T3 /Sb 87“(551,3) (/ x«;z—l—b’d@) ds| de,
- 0 0 2 s
and
S 1 1
1 . :
SOCQ—CL 8a2_b
= 1 _ a—b <
Thus 2
0
/’“m —u(0,22)["a5* " du < C/xSQ 2| da.
Q 07

The other inequality can be proved in a similar way. m

Now, we will return to the Lemma 2.2.4 to establish its proof.
Proof of Lemma 2.2.4. Now, let us fix u € ker(7%) and § > 0. There exists a
sequence u,, € C*°(Q) such that u, — u in HL(Q). Let us introduce two auxiliary
sequences given by uy,(z) = u,(21,0) and ug,(z) = u,(0,23). From T%(u,) — 0 in
L*(T) we deduce that wu;, — 0 in L?(2). Using Lemma 2.2.5 we have

2

- ou _
|t — g |2 2de < C’/ “xdid.
Qs Q| 0%
Passing to the limit, as n — +o00, we obtain
9 e ou |
lul“zf = de < C xidr V6 > 0.
Qs Q 0x;
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This concludes the proof. m

From Lemma 2.2.4 the following result holds:

Lemma 2.2.6 ker(T%) = H} ((Q) (recall the definition of this space in (2.4)).

Proof. It is clear that H!((Q) C ker(T®). Let us fix u € ker(T®) and introduce
f(z) == z29, fulz) := min{nf(x),1}, u, = fou, and Q, :={zx € Q: fo(x) =1}. It
is clear that f,, =0 on I', Q, CC Q,41, and |Q,| — |Q]. Furthermore,

/(!%’2 + | Vu,|?) de < C(n) (/ ]u|2dx+/|Vou|2d:v) < 400
0 Q Q

and u, € HY(). On the other hand, T(u,) = T*(u,) = fulrT%(u) = 0. So u, €
ker(T) = H}(Q2). Moreover, we have

S =+ 9ot = w)Pyde = [ (= gl + Vol fuu) ) do

Q 2\Q,

< C/ (|u|2+|V0u|2)dx+n2/ (Vo f|?|ul? dz. (2.5)
0 Q

\Q2n \Q2n
The first integral on the right-hand side of (2.5) tends to 0 as n — +o00. With respect

to second integral, using Lemma 2.2.4, we have
n2/ VofPluPde < / (1102) 2203 + 2202 ul? de
O\, O\

< /(:cffl_z + 2822wl dx — 0.
Q

HL(Q
In this way, we conclude that u,, — uin HL() and, consequently, ker(T%) C H}(Q) @ -

H @ =1l (). =

As a consequence of Lemmas 2.2.4 and 2.2.6, the space H} ((©2) can be endowed

with the norm

4]0 ::/|V0u|2dx,
Q

which is equivalent to the norm |- |, on H, (€2).

Lemma 2.2.7 There exists a unique normal trace operator T : HY(Q) v H~Y/2(T)

which is continuous and satisfies
o T2(w) = (w-v)lr Yw e C=(Q)2;
o To(u) = (T¥(w), T(u)) Yw € H¥(Q) Yu € HL(Q).
Before to prove Lemma 2.2.7, we need to stablish some preliminaries results.
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Lemma 2.2.8 Assume that o; € [0,1). Then HL(Q) — Wh1(Q).

Proof. From Hélder inequality
ou

/Q | dr < (/Qx[a"dx> (/Qxa

This conclude the proof. m

8:@-

Z;

2
- dx><oo Vu € HL(Q).

Lemma 2.2.9 Assume «; € [0,1). Given u € HL(Q), let us introduce
() = u(x) zf x €,
0 if reRA\Q

If u € WHY(R?), then u € H, ,(2).

Proof. From Lemma 2.2.8, we have that H},(Q) = H(Q) N Wy (Q). Hence, it is
suficient to show that u € VVO1 (€). Given A > 1, let us introduce the diffeomorphism
fr:Q— Qy, where

1
H(x) =Ar —x1, and zp) = 5()\ —1,A—1).

It is clear that @ CC Q, and || — ||, as A — 1.

Now, let us introduce

u(z) if fo;l(Q),
a(fa(x)) itz & 7).

up(z) :=

It is clear that supp(uy) CC €. Hence it remains to show that uy € W (Q) and
uy — u in WH(Q). In fact, we have
urlwii@) = / (lul + |VU|)dl‘+/ (lu(fr(2)] + [Vu(fa(2))]) dz
o) HVA(e)

< ula +/ (JulA? + |Vu|\?) dz < +oo.
A@fH9)

So uy € Wh(Q). Moreover, arguing as in the proof of Lemma 2.2.1 we conclude that

uy — uwin WH(Q). =

Lemma 2.2.10 Assume that the o; € [0,1). Then C*(Q)? is dense in H¥().
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Proof. Let us denote by (-,-)adin the inner product of H¥®(Q). Let us fix w €
(C®(Q)%)* = {w e H¥(Q) : (w,0)quiw =0 Yv € C®(Q)?} and u = div(w) € L*(9).
We have that
/udiv(v) dx = — /(A_lw)v dr Vv € C™(Q)>.

Thus Vu = A w iri2 the sense of distr?butions. Consequently, AVu = w € L?_,(),
that is, VuAVu € L'(Q2). Then v € H!(Q2). Moreover, since a; € [0,1), we deduce
that Vu = A~™'w € L'(Q) and its extension ATy € L'(R?)? (see Lemma 2.2.9 for
this notation). Using that Vi = ATy in the sense of distributions, we conclude that
@ € WH(R?). From Lemma 2.2.9, we see that u € H, ,(€2). Consequently there exists
a sequence u,, € C3°(Q) such that u, — uin H(Q).

Using that H3"(Q) C H¥(Q), from standard normal trace theory we get
/(vVun + div(v)u,) de =0 Yo € H¥™(Q).
Q
Thus, for any fixed v € H(Q), we obtain

‘ (w> /U)oz,div‘

/Q(wAlv + div(w)div(v)) dz

/Q(vVu + udiv(v)) dx

/Q(UV(u — uy) + (u — uy,)div(v)) dx

< [ QA= I AVl + = v do

Q
< u — uplalv|div.a — 0.
Therefore w = 0 and (C=(2)?)* = {0}. This proves the lemma. m

Finally, we are ready to give the proof of Lemma 2.2.7.
Proof of Lemma 2.2.7. Let T, : H%(Q) — H~'/2(T') be the standard normal trace
operator. We know that H¥(Q) c H4" (). Then, from Lemma 2.2.10 it is sufficient
to prove that T, : (C®(Q)2,| - |aiv.a) — H;l/Q(F) is continuous. For this purpose, let
us fix w € C°(Q)2. Given u € HL(Q), there exists a sequence u, € C*(Q) such that
u, — u in H:(Q). We have that T, (u,) = (T}, (w), T%(u,)) and from Lemma 2.2.1 we
get To(u) = (T, (w), T*(u)). This way, we can deduce that

(T (w), T ()] < [wlaiv.a-lula Yu € Hy(). (2.6)

Given v € Hé/z(l“), there exists a sequence u, € H}(Q) such that T%(u,) = v and
[tn|a — |U|H§/2(F)' From (2.6) we get

|<Ty(w)7 U>| S ‘wldiv,a'|un|a'
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Consequently [(T,,(w), v)] < |wlaia[0] /2 WGHmemmm@mmwmﬂﬂmg

0| div.a- Hence T, : (C°(Q)2] * |giv.a) = L*(T) is continuous. m

The case «; € [1,2] for some i

Now, let us assume that «; € [1,2] for some i € {1,2}. Tt is not possible to prove

the existence of a trace operator, but we have the following result.

Lemma 2.2.11 For any w € H¥(Q), one has
/(w - Vu + div(w)u) de =0 Yu € H ().
Q

Before to prove Lemma 2.2.11, we will stablish the following lemma.

Lemma 2.2.12 Assume w = (wi,wy) € H¥(Q) and u € Dy. The functions f, g
[0,1/2] — R, given by

£0) = [ 1TPuPds and g(6) = (T3 (w). T (w)
Ls
are continuous in 6 = 0.

Proof. There exists dp > 0 such that supp(u) C (0,1 — ) x (0,1 — dy). Thus,
f(0) = f1(0) + f2(8) Vé € [0,00/2] where

1-6 1-6
N&:A m@mwmgmdﬁ@:i (i, 8)2 das.

Given 41,09 € [0, 00/2], with 07 < 0, we have that

02
‘|‘/ ’U(dl,]fg)’? dl'g

01

1-62
A0 - A6 < ‘/ (06, 222 — [u(B, 2)]?) s

/ (6, 22) 2 s
1-d2

62
/ /l al|u])dx1dx2

< (Julze () + [Vulre())]61 — b2

IN

|U|Loo Q)|5]_ — (52| +

Hence, f; is continuous. In a similar way we deduce that f5 is continuous. Therefore
f is continuous in [0, dy/2].
Now, let us fix 01,09 € [0, do/2] with §; < 5. From standard normal trace theory,
19(d1) — g(d2)] < / (div(w)u +w.Vu) dr < [w]gawq; \05,)- (U105 \05,)-
Q

51 \ 26,
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Thus, since |25, \2s,| — 0 as |§; — d| — 0, the result follows. =

Now, we will come back to Lemma 2.2.11 to stablish its proof.
Proof of Lemma 2.2.11. To fix the ideas, we will present the proof only in the case
ag,ay € [1,2]. The other cases are similar.

Let us consider w = (w;,wy) € C®(Q)?, u € Dy, & > 0 such that supp(u) C
(0,1 —3d9) x (0,1 —dp), and 81,62 € (0,d0/2) with §; < d2. We have that

521 5 5 ) 521 1-6 ) 1-6 )
[t rwrs < [T ([ bR [ )P
d d 0 0

1 1

1-6 1-6
+/ |w2(x1,6)|2d:v1./ lu(zy,)|? dxl) do
5 5

< fulfooy ([ o7 o+ [ a3 ).
(61,62)x(0,1) (0,1)x(81,02)

We know that C°°(Q)? is dense in H¥*(2). Hence, for all w € H**(Q) one has

1
21
ST T @I < Wi ([ ar'lunPaot [ aguspa)
(9 (0

51 1,02)x(0,1) ,1)x(01,02)

Moreover, if w € H%(Q) we deduce that

02 1
/5 5|<Tf(w),T‘5(u))|2 ds < |u|%oo(Q)|w|div.a V0 < <dg < do/2.

1

This gives

) 1
|, PP < il el <+
0
From the continuity of g in 6 = 0 we deduce that

g(0) = lim g(9) = 0.

6—0

By Lemma 2.2.1 we conclude that
To(u) =0 Vw € H*™(Q) and u € Dy.

Now the result follows from the density of Dy in H} ((2). =

We end this section with a Hardy-like inequality corresponding to this case.

Lemma 2.2.13 (Hardy inequality II) Assume that o; # 1 for i = 1,2. There
exists C' = C(ay, ag) such that

/x?i_2]u\2dx§0/x?i
Q Q

26

2

0ul i Vu € HY o(9).
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Proof. Again, we will present the proof only for the case oy, e € (1,2]. The other
cases could be deduced using these ideas combined with the present in the case oy, ap €
[0,1). Let us fix v € Dy, x1 € (0,1) and put 5 =2 — ay. We have that

2
|U(5617ﬂl?2)|2 =

1
/ s 08 o B0/ gy
o 0s

! ov 2 !
< / sGA2| (s, x5) ds./ s~ B2 s
= Ja s

x1

1 2
0 2 -
< /3(3_5)/2 —U(s,wg) ds. (2072 1)
x1

- Os 1-4
1 2
0 2 -
S / 5(37[3)/2 a—:(S, I'Q) dSE‘Tgﬂ 1)/2. (27)

Multiplying (2.7) by ;" and integrating z; in (0,1), we get

1 ) ! )
/xlﬁ""(“f’h%)IQd:ﬂl < / /5<36>/2
0 a;—1 -
2 ! ov
= 3-p)/2 |9V
a1—1/0 5 83(8’x2>
1
= L/ 5(3-0)/2 v
(a1 —1)% Jg 0s

_<37x2)
4 1
= _—_— xal
(a1 —1)? /0 !

2
Now, integrating (2.8) with respect to x5 in (0, 1) we obtain

/x?12|v|2d:c§0/a:?l
Q Q

In a similar way we deduce that

/x§22|v|2dx30/x§‘2 Ov
Q Q 9

X2

v i (~1-8)/2
—(s,22)| ds|x; dxy

Os
2 s
</ :zrg_l_ﬁ)ﬂ dxl) ds
0

2

—— (71, 72)

8x1

ov

2
a—xl dr Yv € Do.

2
dx Vv € Do.

The result follows by a density argument. m

2.2.3 Well-posedness
Let us fix a = (aq,a2) in [0,2] x [0, 2].

Lemma 2.2.14 The operator —Ay : D(Ag) — L*(Q), where D(Ay) := H2(Q) N
Hé,o(Q): 1s a infinitesimal generator of a strongly continuous semigroup. Moreover, if

a1 # 1 # aw, then the semigroup is analitic.
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Proof. By semigroup theory, it is sufficient to show that the operator —Ag is self-

adjoint and dissipative. Let us consider the bilinear form ¢ : H}(Q)? — R given by

q(u,v) ::/VUAVvd:L‘.
Q

It is clear that ¢ is simmetric and g(u,u) > 0. Furthermore

la(u, 0)| < |ulalv]a.

Hence ¢ is continuous.
Now suppose that (u,v) € H2(2) x H} (). From Lemmas 2.2.7 and 2.2.11 we
have that

q(u,v) = —/ Aqu vdz.
Q
From the properties of ¢, we conclude that —A is self-adjoint and dissipative. Mo-
reover, from Lemmas 2.2.4 and 2.2.13 we deduce that if a; # 1, then ¢ is coercive on

H é,O(Q). This implies the analiticity of the semigroup and the proof is completed. =

As consequence of Lemma 2.2.13, we have the following well-posedness result.

Theorem 2.2.15 For any g € L*(Q) and any uy € L*(Q), there exists a unique
solution u € C°([0,T]; L*(Q2)) N L*(0,T; H,, ,()) to (2.1). Furthermore, there exists a
positive constant C' such that

T
sup lu(t)||* +/0 [u(t) [ dt < C (Juol* + llgl*) -

t€[0,T]

2.3 Carleman estimates and null controllability re-

sults

In this section we will assume that a1, as € (0,2). Let us consider the following

adjoint system of (2.1):

—wy —Aow+bw=f in Q,
B.C. on X, (2.9)
w(+,0) = wy in Q.

In order to establish a Carleman estimate for the solutions to (2.9), we will assume the

following geometric hypothesis on the observabillity domain:
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399> 0, Jag,by € (209,1 —2Jy) such that
wo 1= Bs,(P1) U By, (Py) C w, (2.10)
where Bs,(P;) :={x € Q: |z —P| <}, Pr=(0,by), Pa(ap,0).

Lemma 2.3.1 Assume that (2.10) holds. There exist C > 0, ¢; € (bg — 0o, bo), ¢2 €
(ap — 6o, a0), di € (bo,bo + &), da € (an,ap + &), and n € C>(Q) N C°(Q) such that,
forVi={x € Q:c1z1 + co(wg — 1) <0} and W :={x € Q : dyxy + da(zy — dy) > 0},
one has

2 2—qy

(i) nla) = > iV, nle) ==Y i W;

i=1 t

(i) |Vn|, [VnAVny|, |[AVy| > C >0 in (Q\wo)\V;

2 2
, o N 20-1 91 e}
(1ii) AVnV(VnAVn), AV (div(AVn)), ;—1 AV <xz 8%) , E x; oz, € C°(Q).

Figura 2.1: illustration of the sets V' and WW.

Proof. Firstly, let us fix V; =V with ¢; = by — /2 and ¢3 = ag — §p/2 and W =W
with dy = by + dp/2 and dy = ag + /2. Let us consider h € C*°(Q) such that

T T2 . T T2
h(z) = Vi and h(z)=— -
<:C> 2—041_'_2—042 o Loan <x) 2—041 2—062

in Wl.
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From Morse theory, there exists a sequence h,, € C°°(Q) of Morse functions such that
h, — h in C>®(Q).

Now, let us fix V5 = V with ¢; = by — 30¢/4 and c3 = ag — 300/4 and Wy = W
with d; = by +300/4 and dy = ag+3d9/4. We have that Vo, CC Vi and Wy CC Wy, Let
be 1) € C*(Q) such that 0 < < 1in Q, ¢ = 1in VoUW, and ¢ = 0 in Q\ (Vi UW,).

Using that h,, — h in C*(Q), it is not difficult to prove that the function
no = hy, + ¢(h - hn)

is a Morse function for all n sufficiently large. Moreover, 7y € C>=(Q),

X1 X2 X1 X2

in V5, and mno(z) =— - in Ws.

2—061 2-@2

n0<x>:2—041 2—042

Since 79 is a Morse function, it follows that the set D = {z € Q : |Vno| = 0} is finite.
Using classical arguments (see [12]) we can move the set D to wp\ (V4 UW7). Thus, we

can assume that

Vol >C >0 in Q\(wo\(Vi UWY)).

Now, let us consider 7; € C*°(Q2) with all the smothness properties presented in

item (i77) and such that

2—aq 2—a 22— 2—ao
x x . x x .

1 2 in V; and n(z)=—-2 — 2 in Wj.
2 — aq 2— (6%)

nl(l'):2_a1 2—@2

Again, we will fix V3 =V with ¢; = by — 50¢/6 and c3 = ag — 50¢/6 and W3 = W with
dy = by + 5y /6 and dy = ag + 5dy/6. We have that V3 CC Vo and W3 CC Ws. Let be
p € C™(Q) such that 0 < ¢ <1in Q, o = Lin VaUWs, o = 0in Q\(VoUWa), $£ <0
in V5\ V3, and g_ai >0 in Wo\Ws.

We finally introduce the function

n = om +m(l —)n,

where m > 0 is such that 27~ * —max; < 0 Va; € [0,1]. Since 19,0 € C®(Q),
m € C®(Q) N C°Q), and 1, has all the smothness properties of item (7ii) we deduce
that n € C>=(Q) N C°(Q) and the item (iii) holds. Furthermore

This proves item (i).
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Since n = n; in V3 U W3, the item (#i) follows in V3 U W5. On the other hand,
n =mnoin Q — (Vo UW;) and the item (ii) also true in Q\ (Vo UW3). In Vo — V3 we have

o
8@»

2
— 1—061' + ]' - (IO _'_ 8@ 1 ( 2—01]‘ - )
= pI; m2_a‘ I, E Y z; mx;j),
(2 (A ]:1

and easily we deduce that item (i7) holds in V5\V5. In a similar way we deduce that
item (iz) holds in W5\Wj3. The proof is now complete. m

Now, for A > )y and s € R, let us introduce the functions
0(t) = (T =), &, t) = () V=1 (1) = O(t)e N> — (2, 1),
YA =y =1+ |ag — 1+ XY yo(s) = oy — 1] + |ag — 1| + 572,
The main result in this section is the following.

Theorem 2.3.2 Assume that (2.10) holds. There exist positive constants C, sg, Ao,
such that, for any A > Ao, s > s¢ and any solution w to (2.9), one has

// e [sTIn(NE (Jwe]? + [Aow]?) + sAEVow|* + sA* [ VwAVy|?] da dt

Q

+ ] Pl [ a(s) + SN 4 aF ) + SN Tl dode
Q

<C {He_s"sz + 5°\? //6_2‘”53]10]2 dx dt} :
wX

(0,7)

The proof of Theorem 2.3.2 is presented in Apendix A.

2.3.1 Application to null controllability

This section deals with the null controllability of (2.1). The first main result is

following.

Theorem 2.3.3 Let us fit T > 0, a1, as € (0,2) and an open set w C Q. Assume that
(2.10) holds. Then, for any uy € L*(Q2), there exists a control g € L*(Q) such that the
solution u of (2.1) satisfies

u(,T)=0 in Q. (2.11)
Moreover, there exists a constant C = C(T, a,w) > 0 such that

9]l < Cluol.
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Using the controllability-observability duality, to prove Theorem 2.3.3 is equiva-
lent to obtain an observabillity property for the adjoint system (2.9). This is given in

the following result.
Proposition 2.3.4 Let us fit T > 0, aj,as € (0,2) and an open set w C Q. Assume

that (2.10) holds. Then there exists a positive constant C' = C(T, a,w) such that, for
any wr € L*(Q), the solution to (2.9) satisfies

/[w(x,0)|2dx < c/ (w[? da dt.
[¢) wx (0,7

The way that the Carleman estimate in Theorem 2.3.1 leads to Theorem 2.3.4 is

standard; we refer [12] for further details.

2.4 Stackelberg-Nash null controllability

In this section we will prove the null controlabillity of (2.1) following the Stackelberg-
Nash strategy. In the sequel we will use the spaces U; = L?(w; x (0,T)) and U = Uy xUs.

Let us consider the linear system

_A0u+bu:glw+f11w1+f21w2 n Qa
B.C. on . (2.12)

u(-,0) = ug in Q,
where ay, ay € (0,2), the w; C Q are non-empty open sets, (f1, f2) € U and ug € L*(9).
Let us fix new non-empty open sets w; g C (0,1), u;jq € L*(wiq x (0,T)), and

Bi, i > 0 and let us introduce the following functionals:

Jilg: oo fo) = 2 // u—u,d|2dxdt+u,/ 2 da dt. (2.13)

de OT wiX(O,T)

Definition 2.4.1 The pair (fi, f2) € U is called a Nash equilibrium of (2.12) associa-
ted to g if

Jl(g§f17f2):]r}ég}=]1(g;faf2) and Ja(g;fl,fg)=]{gg;=f1(g;f1,f)-

From the convexity of the functionals J;, we have that (fi, f2) is a Nash equili-

brium if and only if

J1(g; fi, f2)(f1,0) =0 Vi €Uy and Jy(g; fr, 2)(0, f2) = 0 Vfa € Us.
Arguing as in |7, 17| the following result is obtained.
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Proposition 2.4.2 There exists a positive constant oo such that, if p1, po > pioo, then
for every g € L*(w x (0,T)) there exists a unique associated Nash equilibrium (fi, f2)
for (2.12). Furthermore, there exists C' > 0 (independent of ;) such that

I(fr, f2)ll < €1+ HlglD)-

In particular, the corresponding state u satisfies
|l oo 0,722 (02)) + ||u||L2(0,T;H}X,O(Q)) + [Juell 20 m-100) < C(1+ [lgl])-

In order to establish the Stackelberg-Nash null controllability, that is, the exis-
tence of ¢ such that the solution to (2.12) (where (fi, fo) is the Nash-equilibrium

associated to g) satisfies (2.11), we will impose the following assumptions:

w14 = Wa,q; the common observability set will be denoted wy.

wgNw # 0 and satisfies (2.10). (2.14)
// 0%|u; qf* dz dt < 400 fori=1,2.
de OT

The main result in this section is the following.

Theorem 2.4.3 Assume that (2.10) and (2.14) hold. There exists po > poo such that,
if p, po > po, then for every ug € L*(2), there exist a leader control g € L*(w x (Q))

and a unique associated Nash equilibrium (fy, f2), such that the solution u of (2.12)
satisfies (2.11).

In the next section we will give a sketch of the proof of this result.

In the non-degenerate case, Theorem 2.4.3 was also proved in [6] when the sets

wy,q and ws ¢ are different, however satisfying the following geometric assumption:
Wig Nw # wa g Nw.

For our case (degenerate PDEs), the analysis of Theorem 2.4.3, when wy 4 # wa 4, will

be done in future works.

2.4.1 Sketch for the proof of Theorem 2.4.3

The proof of Theorem 2.4.3 follows the same steps of the proof of the similar
result in |2]. Hence we will present only a sketch and we will consider only the case
o, 0 € (O, 1)

We first note that, arguing as in |7, 25|, the following result can be stablished:
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Proposition 2.4.4 Let g € L*(wx(0,T)) be given. Then (f1, f2) is a Nash equilibrium

of (2.12) associated to g if and only if

1
fi = ——iluix0.1);

(]

where the ¢;, 1 = 1,2, solve, together with u, the following coupled optimality system:

(
= Ao+ bt = 1ug — — 611y, — —bolyy, i Q,
1 25
— (i) — Dodi +bp; = Bi(u — uia)ls,, in Q, (2.15)
u=¢; =0 on X,
u(-,0) =ug, ¢i(-,T)=0 in €.

\

In view of Proposition 2.4.4, if py, us > po, there exists a unique solution to
(2.15). If we prove that this system is null-controllable, we will have achieved in fact
the proof of Theorem 2.4.3. Therefore, what we need is an observabillity estimate for

the adjoint system

(

=2t — Doz + bz = Bipi 1y, , + Baprle,, in Q,
z
i)t — Dowi + bp; = ——1,, n @,
(3)¢ 0¥ 2 n Q (2.16)
z=; =0 on X,
\ 2(T)=2", ¢i(-,0)=0 in Q.

This is established in the following result.

Theorem 2.4.5 Assume that (2.10) and (2.14) hold. There exist 119,C > 0 and a
weight function p = p(t) blowing up at t = T such that, if py, s > po, for any
2T € L?(0,1), the associated solution (z,p1,ps) to (2.16)satisfies:

2
|2(-,0)]* + Z // p 2|l da dt < C//eQS"gglz\zdx dt. (2.17)
i=1 Q wX(O,T)

The proof of (2.17) is very similar to the proof of the corresponding result in [2]

and, for brevity, we will not be given.

2.5 Further extensions and open questions

In this section we will present some additional comments on the controllability

of degenerate parabolic equations.
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2.5.1 On systems with gradients

First, we consider the systems

uy — Aou+ B - (AY2Vu) +bu =gl, in Q,
B.C. on ¥, (2.18)
u(+,0) = ug in Q,

and

uy —DNou+ B -Vu+bu=gl, in Q,
B.C. on X, (2.19)
'LL(‘, O) = Uy n Q,

where B € L*(Q). Carleman estimate present in Theorem 2.3.2 still holds for the
solutions of the adjoint system of (2.18), because the first order term in (2.18) can be
easily absorved by the same order term on the left-hand side of the inequality. Hence
the control results in this paper are also true for (2.18).

With respect to the system (2.19), when oy, as € (0,1/2), by using an appropriate

function 7 satisfying

2 (4=20)/3 2 pW-200)/3
n(x)zSZi_—m in V and 77(1’):—3241_—%4' in W
i=1 ! i=1 !

as defined in [35], we conclude again that all the results in this paper holds. For the case
a; € [1/2,2) for some i € {1,2}, the null controllability of (2.19) is an open question,

even in one dimensional case.

2.5.2 On others degenerate operators

Using the Carleman estimates stablished in [12], we can argue as before and prove

that Theorem 2.4.3 is still true for system (2.3).

The half-degenerate problem

The half-degenerate problem appears when the PDE degenerates only with res-
pect to one variable, that is, ag € (0,2] and ay = 0. This case, apparently more simple,
is in fact a little more delicate. The main reason is that the constrution os a function

n appropriate for Carleman estimates is more complicate. In order, to be more precise,
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let us remember that, for nondegenerate problems, an important property that the

function n must have is

on
—+ <0 2.
5, =0 on
In the degenerate problems in the previous section, this requirement can be weakened
to
on
z;— <0 on (IE LJIQ) X (0773.
v

But in this half-degenerate case, we must have

)
a—” <0 on (I,UT3UTLy) x (0,7)
1%

and it is not easy to combine this property and the others ones that the function 7
must have. In a forthcoming paper we will present some Carleman estimates for this

case.

The problem with a; =2 or ay, =2

It is well known that, in general, system (2.2) with o = 2 is not null controllable,
see for exemple [11, 19, 20]. However, as we have shown in [2], there exist situations,
depending on the observation domain, where it is possible to prove null controllability.
A new technique will be presented in a next work to deal with this case and deduce

appropriate Carleman estimates (also valid in higher dimensions).

2.5.3 On spatial dimension 3

Assume that Q := (0,1)* with a;,b; € (0,1), a; < b; and let us introduce the sets
3 3
Ve=]]00a], wo:= (H(o, m) \V and W := Q\(V Uuwy).
i=1 i=1
Then, there exist functions n € C*(Q) such that

1 - —ay\
n(x):2_a(x§ + 227 in V and n(z) =

—1
2 —«

(z7*+257%) in W.

Consequently, the results in this paper can be adapted to this situation if we assume

that w contains a set like wy.
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2.5.4 On the assumptions on w

The main open question left in this work is about the observation domain w. The
key point is Lemma 2.3.1. With a function 7 satisfying all the properties in Lemma
2.3.1, we can deduce a Carleman estimate and, consequently, the other results follow.
In general, with w CC €2, we do not know how to build a function n satisfying all
the properties needed in the proof of Lemma 2.3.1. The best we can do is to build a
function 7 that satisfies properties (i) and (ii7) and fulfills [Vy| > C > 0 in (Q\w)\V;
but we cannot prove for 7 that [VnAVy|, |[AVy| > C > 0 in (Q\w)\V.

2.6 Appendix A: Proof of Theorem 2.3.2

In the sequel, C' > 0 is a generic constant that depends on 7" and « and w is a
solution of (2.9). From a density argument we can assume that w is sufficiently regular.

For s > s9 > 0 we introduce

We see that

0
(i) z:a;:()att:Oandt:T;

(ii) B.C. holds on

(iii) If P~(2) := z+sdiv(zAV0o)+sVoAVz and P := div(AVz2)+s*2VoAVo+so,z
one has

P 2+ Ptz=ec"f
From item (7i7), we have that
1P~ 2] + [P 2l* + 2(P 2, PT2) = [le™™ f]|*. (2.20)
Let us set (P~ z,P*2)) = I, + ... + I where

I = ((div(AV2) + s°2VoAVa + 50,2, %)),
I, = s§*(0.z,div(zAV0) + Vo AVz)),

Iy = s$*(2VoAVo,div(zAVe) + VAV2)),
Iy = s(div(AVz),div(zAVo) + VaAVa)).
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From B.C. we have that

// div(AVz)z dedt = —// dz’v(AVzt)zdxdt:// VzAVz dx dt
Q Q Q

= 1//2(VZAVZ) dx dt = 0.
2 JJg Ot

Hence,

L = _75// (2sVa AV 02| + 04| 2|?) d dt. (2.21)
Q

Again, from B.C. we get

I, = -5 //Q 2zAVoV (02) dx dt + s° //QZAVU(JtVz) dx dt
= —32//QVUAV0t|z\2dxdt (2.22)
and
Iy = —s° //Q 2AVaoV (2VoAV0)dr dt + s //Q 2(VoAVa)VzAVo dx dt
= —33//QAVUV(VJAVJ)|Z|2dxdt. (2.23)

Now let us to compute I,. We have
Iy = s //Q div(AVz)[zdiv(AVo) + 2VzAVo| dx dt
= —s //Q AV2[Vzdiv(AVo) + 2V (div(AVo)) + 2V (VzAV0o)] dz dt
+5 //E(zdiv(AVU) +2V2zAV0)AVzzr ds dt. (2.24)
On the other hand we have

—2s // AV2V(VzAVo)dz dt
Q

2
o 00 0z 0z o 00
- _23;/4 AVz {x Gmivﬁxi + axiv (x 8%)} dz dt (2.25)
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0z o; 00 0 0z
-2 A 0. 00 —dxdt = - — dzx dt
Sz// Vi ox; Zv&v v Sﬁ;// z5 Ox; 0x; ( oz, > v
a; do i Oo | 0z 2
= SZ [// (%cj oz, ( T T 8:62-) dx dt —//296Z Ly oz, 8_33] Vidsdt]
2,j=1
o 00 o 00 0 0z
B ”21// j 8x] ox; (x’ 89@) i ox; 8xi<x ’) 8% ] de dt
—s/ \V2zAVz|AVov ds dt
= // IV2AV2|div(AVo) dxdt+52// i et
B ? 8371 83:1

—s/ |\VzAVz|AVovds dt. (2.26)
>

By (2.24)-(2.26), we get

do 2. ey 00 |02
I, = // (—SZAVZV(dw(AVU - 252 6xZAVZV <x a—xz) —i—sizloqxi oz, | oz dx dit
+// (25(VzAV0)AVzr — |VzAVz|AVov) dsdt. (2.27)
>

From (2.21)-(2.23), (2.27) and (2.29) we conclude that

Jo
- + _ 2 _
(P z Ptz) = // AVoV (Vo AVo)|z| dx dt 232// aszv v( 8961) dz dt
do | 8z |7
A 2d dt 200—1
// VoAVoy|z|* dx —I—SZ// G x; pr

83,"1-

—S// zAVzV(div(AVa))dxdt—ﬁ// oy |z|? dx dt
Q Q

+ // (25(VzAV0)AVzrv — [V2AVz|AVov) dsdt. (2.28)
>

dz dt

Let us denote by T7,..., T; the seven integrals in the right hand side of (2.28). Now, we

will estimate all of them. For the integral on the boundary we will use the following

result.
Lemma A.1 For any v € H2(Q) N H} ((Q), one has
0
8—;}220 on I's and 8_:1:0 on I'y.
Futhermore,
0
av =0 on Iy if a;€(0,1) and oy € [1,2),
)
0
“—0on Dy if ave (0,1) and oy € [1,2).
8:171
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Proof. Let us fix ¢ € C§°(I'3). There exist € > 0 such that ¢ = 0 in I';\I'§, where
Iy = {(1,z5) € T3 : 29 € (¢,1 —€)}. Now let us extend ¢ to I' puting ¢ = 0 in
[ UT, UT, and let us consider ® € C*(Q) and ¥ = (¥, ¥y) € C*(Q)? such that
UV=ponland V=v= (v, =(1,0)on I'S. Using that v = 0 in I'3 we have that

- 9

— —(2900,;8).0ds = / (@320 W)y d
0 aIJ( 0ds Z o, oWy ds
aJ/Z o aj/2
Z/ . 01’ 0, ®) de = Z/@xQ 0 ®) ;s ds
9, a;/2 2 / 0 a /2
Z/ e Poleds = [ S
v
= —.pds.
I3 Oy 4
v . v
Hence, — = 0 on I's. In a similar way we conclude that — = 0 on I'y and the
81’2 axl

others identities. m

Using Lemma A.1 we see that
// (25(VzAV0)AVzy — |VzAVz|AVov) dsdt > 0. (2.29)
b
Now, using the definitions of ¢ and ¢ and the properties of n we deduce that

T
T > 053/\4/ 53\V0n|4|z]2dxdt+033>\3//{3(I T 4227 |2 da dt
Q 0JV

T
—C// &2 da dt, (2.30)
0 Jwo

T
T, > 25)\2// §|VzAVn|2dxdt+25/\//{\Voz\QdaBdt
Q 0JV

T
—C’sA/ €| Voz|? dx dt, (2.31)
0 JO\V

T
T3 > —Cs*)\? [// Eg\VOU\A‘]Z\Zdzdt—i—//ég(w%_o‘l+x§_°‘2)]z|2da:dt
Q 0Jv
T
+/ §3|z]2dxdt}, (2.32)
0 Jwo

and

T, > —SAZ// [alxl 8 + apry 68 }dwdt

—Cs)\/ E|Voz|? dx dt. (2.33)
0 Jow
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Using the definitions of o and £ we get

T5 = s)\3// §Z|V0n‘4VAVndxdt+s)\// E2AV 2V (|Von|?) du dt
@ Q
52 / / £2div(AV))VzAVn dz dt + s\ / / E2AV NV (div(AVD)) dedt.  (2.34)
N Q

Now, using Young’s inequality we have

sA3 //§Z|V0n|4VAVndxdt > —s2)\! //§3|Von|4|z|2dxdt—)\2/ EIVAV|® dr dt, (2.35)
Q Q Q

T
s)\// E2AV 2V (|Von|?) do dt > —C {32)\3// E\Von|*|z? dxdt+)\/ £|Voz|? do dt
Q Q 0

o\

T T
+//(32)\3§3(9c T 229 |22 4 A Voz ) dxdt+32)\3/ 53]z\zdxdt} , (2.36)
0oJV 0 Jwg

T
s)\Q/ £2div(AVn)VzAVn de dt > —C {52)\3/ & \Von|*|z? dx dt + )\/ £|Voz|? du dt
Q Q 0JOV

T T
+//(32>\353( e g2 |2+)\§|Voz|2)dxdt+32)\3// £3|z|2dxdt} (2.37)
0oJV 0 Jwg

s)\/ £2AVzV (div(AVn)) dx dt > —C {52)\3/ EVonl*|z|? dx dt
Q Q
T T
+s2/\3// &322 dxdt—i—/\/ £|Voz|? dxdt] (2.38)
0 Jwo 0 JO\V
From (2.34)-(2.38) we get
15 = -C [ // & Vonl* |Z|2dfﬂdt// (S2XN3E3 (237 + 257°%) |22 + AE|Voz|? )da dt

s2\3 / &\z* dx dt—l—)\/ £|Voz|? dx dt} (2.39)
0 Jwg Q\V
Finally, we have
T > —C's // 22 dedt and T; > 0. (2.40)
Q
From (2.28)-(2.33), (2.39) and (2.40), we deduce that

(P z,Pt2) >C [// (S*NENVon||2|> + sA2E|V2AVY|®) dx dt
Q

T
+//(83)\353@%_“+x§_0‘)|z|2+3A§|ng|2)dxdt}
0JV

T T
e [SW/ 53\z]2dxdts)\/ 5yv0z12dwdt+s// 53/2|z\2d:1:dt} (2.41)
0 Jwo 0 JO\V Q
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Combining (2.20) and (2.41), we conclude that
[P~ 2|]* + || PT 2] + // (S3NAE3 |V on| |22 + sA2E| V2 AV|?) da dt
Q
T
//(53A3§3( T 2270 |2 4 sAE|Voz|?) dr dt < O [He‘s”f||2—i—s// €322 dx dt
0JV Q
T T
+8)\/ §|ng|2dxdt+53)\3// §3|z|2dxdt} (2.42)
0 JO\V 0 Jwo

Let us denote by L(z) the sum of all the terms in the left-hand side of (2.42) and by
R(z) the sum of all the terms in the right.

For now assume that some «; # 1. Using Hardy inequality, we deduce that
Z)\? // §2]z|2 dedt = // (83/2)\3/263/21_1('2*%)/2’ZD<31/2)\1/2£1/2xz(a¢*2)/2’ZDdzdt
Q Q

< 83)\3// g z|2dxdt+s)\// a2V 2 d dt
Q Q
T T
33)\3//§3x?_°‘i|z]2dxdt+s3)\3// &\z|* dx dt
+Cs N // & Vol yz\2dxdt+sA// 51/2 )

< (2.43)

VAN

dx dt

Now, let us assume that a; = s = 1. Using Holder and Hardy inequalities, we obtain

T 1 2 T B
33/2)\7/4//53/2’Z|2d£€dt_ _Z//<S3>\4$?£3’Z‘2)1/4(S)\xi 2/36‘Z|2)3/4d$dt
0JV 2=~ J)oJv
2
< s\ // §3yvon!4\z|2dxdt+sAZ// ;B E22)? da dt
Q i=1 Q

< CR(z). (2.44)
From (2.43) and (2.44), we get

T
52)\271()\)//{272(s§)|z|2dxdt§CR(z).
0Jv

Furthermore,
T
32)\271()\)/ 5272(35)]z|2d$dt§ 32)\271()\)// 5272(35)]z]2da:dt
Q 0Jv

T
+s2)\2// 53|z|2dxdt+s2A2/ E\Von|*|z|? dx dt
0 Jwo Q
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and from (2.42), we obtain
L(2) + s* X271 ()) // 2y (s€)|2)? dr dt < CR(2). (2.45)
Q
On the other hand, we have
/ / (PN (2] + 257)|2)? + sAE|Voz|?) da dt
Q
T T
< //(83/\353@%_0‘1 + 2579 |22 + sAE|Voz|?) do dt + s3\3 / / &2|? dx dt
0JV 0 Jw
. 0
+Cs*\3 // EVon|*|z|? do dt + S)\/ E|Voz|? dx dt.
Q o Jaw
Therefore, from (2.45) we conclude that
P~ 2|* + ||PT2|* + // (sAE|Voz|* + sA*E|VZAVY | + s* X291 (M) (s€)|2]?) da dt
Q
+ [ SEPOSE 4 )+ XVl de d
Q
T T
<C {He”fHQ + 8323 / / E\z|* dx dt + s)\/ £|Voz)? dx dt] . (2.46)
0 Juo o Jaw
Now, using the definitions of P~z and P"z, we see that
sy () // ENz P dodt < sTHyN)||P 2|2 + s7i(A) // 2P |div(AV o) | da dt
Q Q
+C'sy1(A) // §VzAVe|* dx dt
Q
<5 OIPH + Cxn () [[ €1Vl do e
Q
+CsA?y () // |22 dx dt + Cs\*y1(N) // EIVzAV|? dx dt
Q Q
and
s () // e Aoz 2 da dt < s~y (A)|[ P 2| + S (\) // 2P Voo ? da dt
Q Q
+C'sy1(A) // £ ow?) 2| dx dt
Q
<5 OP I+ NN [ Vol do e
Q

+C'sy1(N) // &322 da dt.
Q
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From (2.46), we get
// T NET (22 + |Aoz]?) + sAE|Voz|? + sAE| V2 AV |?] dx dt
J[ PN N (56) + N a0 N T s
Q
T T
<C {HeS”f||2+53>\3//§3|z\2d:cdt+3)\/ §|Voz|2dxdt]. (2.47)
0 Juo oJaw

Let us consider a set V; CC V such that item (i) of Theorem 2.3.1 is still true
in (Q\wo)\V1 and let us take ¢ € C°(Q) such that 0 < < 1in Q, ¢ = 0 in V; and
Y =11n Q\V. Using integration by parts, we obtain

T
s)\/ EVozPdodt < s/\// Vz.(EYAVz)dx dt = —s)\// z2.div(§Y AV z) dz dt
0JO\V Q Q
< 5/\// fvaszdxdt—i—s)\Q/ £ 2AVn dx dt
Q Q
+s)\// ExzpNoz dx dt
Q
< 033/2>\// 53/2\z|2d:vdt+031/2/\// £|Voz|? dr dt
Q Q
+Cs*\? // (23 + 237 |22 du dt + N? // E|VzAV|* dx dt
Q Q
+033A5/2/ (a4 a2 )2 da dt + sTIATY? // EY Moz |? da dt.
Q Q
Hence, from (2.47), for sy and \g large enough we deduce that
// Lyt NE (2 + | Ao2)?) + sAEVoz|? + sA2E|V2AV|?] dx dt
/ 2" N ()€ (s€) + ° N (@] +a37°) + SN | Von|*] d dt

T
<C [He_s"fH2 +s3)\3//§3\z|2dxdt] .
0 Jwg

Using classical arguments we can come back to the original variable w and conclude

the result.
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Capitulo 3

Estimativas de Carleman para alguns
operadores parabolicos degenerados

em dimensoes superiores

Carleman estimates for some degenerate parabolic
operators in higher dimensions

F. D. ARARUNA, B.S.V. ARAUJO, and E. FERNANDEZ-CARA

Abstract

This paper deals with a class of two-dimensional degenerate parabolic equations
in a square. We consider that the differential operator degenerates only in a part of
the boundary. This paper complements the results on Carleman estimates present in
[3]. We use geometrical assumptions on the observation domain, which depends on the
degenerate operator, to build suitable weight fuctions which allow us to deduce Carle-
man estimates. We also consider the half-degenerate operator as well as a degeneration
with a power greater than 2. As an application, we analyse some null controllability
results.

Keywords: Null controllability, degenerate parabolic equations, Carleman inequali-
ties.

Mathematics Subject Classification: 34K35, 35K65.



3.1 Introduction

The study of the controllability of parabolic equations and systems has attracted
the interest of many authors. The theory has been extended to semilinear problems,
equations in unbounded domains of some kinds, and systems in fluid dynamics, among
others; see for instance |18, 21, 23, 24, 33|.

The analysis of controllability of degenerate parabolic equations started in the
last decade with the works [1, 9, 10, 11, 14, 15, 16|. In this paper, we will analyze the
following problem in two spatial dimensions:

u — div(AVu) + bu = g1, in Q,

B.C. on X, (3.1)
u(-,0) = ug in
where Q = (0,1) x (0,1), T :=0Q, T >0, Q = Q2 x (0,7), 2 :=T x (0,7), w C Q

is a non-empty open set and 1, its associated characteristic function, b € L>*(Q),
g € L2(Q), ug € L*(2), A : Q = My,»(R) is given by
A(z) = diag(z]", 23°),
and the boundary conditions are given by
u=0 on X if oy, ay €10,1),
u=0 on Y34 and (AVu)r =0 on 1o if oy, ag €[1,2],

=0 on Xy if a;€[0,1), ase€ll,2],
=0 on X if a;€[l,2], ap€l0,1),

B.C.:

u=0 on X;34 and (

AVu)
u=0 on Yp34 and (AVu)

14
14

with a = (o, az) € [0, +00) X [0, +00), X, ;= (I UL, UTY) x (0,7), and
Iy :={0} x[0,1], Ty :=1[0,1] x {0}, T'5 := {1} x [0,1], Ty :=[0,1] x {1}.

In previous papers, the main model is the following one dimensional system:

(

u — (2%u,), = g(x,t)10 in (0,1) x (0,7,

w1,y =0 ana 4 “@I=0 A acll o) (3.2)
(x%uz)(0,-) =0 if ae€]l,2)

u(+,0) = ug in (0,1),

where a € (0,2), T > 0, ug € L*(0,1), g € L*((0,1) x (0,T)), and O C (0,1) is a non-
empty open set. For (3.2), the global null controllability has been proved in [1], by using
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Carleman estimates with appropriate weight functions. When o = 2, it is well known
that the system (3.2) is not null controllable, see for exemple [11, 19, 20]. However this

case is very interesting, because has as aplication the Black-Scholes equation

1
Vg — 50821)53 +rsvg —rv =0, (3.3)

which decribes the price of a call option v = v(s,t) at the time until expiration ¢ and
the current price of the stock s. In [2] we deduce, under some geometrical assumptions
on the observation domain, Carleman estimates for solutions of (3.2) with a = 2.
Then we obtain global null controlability and hierarquical null controlability results.
Concerning to the system (3.1), in [3] we have presented the well-posedness results
and, moreover, for oy, as € (0,2), we have proved Carleman estimates for the adjoint

system

wy + div(AVw) + b(xz,)w = f in Q,
B.C. on X, (3.4)
w(z,0) = wy(x) in Q.

The goal of this work is to present modifications on the technique used in [3] to deduce
Carleman estimates for solution of (3.4), when o; = 0 or o; > 2 for some i € {1,2}.
Furthermore, we extend the results to higher spatial dimensions and present some
aplications of the results in null controllability problems.

This paper is organized as follows. In Section 3.2 we introduce notations and
some Hilbert spaces used in [3] to recall the results on the well-posedness of (3.1). In
Section 3.3 we present the suitable weight function that is used to prove Carleman
estimate for solutions of (3.4). In Section 3.4 we present some applications on null
controllability problems. In Section 3.5 we comment some extensions of the results to
higher dimensions. In Section 3.6 we extend the previous results to a problem with a
more general degenerate parabolic operator. In Section 3.7 we make other comments

on extensions and open questions.

3.2 Notations, spaces and preliminaries results

The usual norm and inner product in L?(Q2) and in L*(Q) will be denoted respec-

tively by |- | and (-,-), and || - || and ((-,-)). The norms in L*(2) and L*(Q) will be
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denoted respectively by | - |« and || - ||co. The results present in this section has been
proved in [3].

Let us introduce the following matrix
A" (z) := diag(2]*", z3*"), with reR
and the operators
Vou:= AY?Vu and Agu := div(AVu).

In order to obtain well-posedness results for (2.1) let us consider the following
spaces

HY(Q) = {u € L*(Q) : VuAVu € L'(Q)}

and

H2(Q) = {u € HLXQ) : div(AVu) € L*(Q)}.
The spaces HL(Q2) and H?(2) will be equipped respectively with the following norms
[ula = (Jul® + [Voul*)"?
and
[ulg,a = (lulf + [Aoul?) 2.
Note that, with these (natural) norms, H.(2) and H2(Q)) are Hilbert spaces and one
has the following continuous embbedings:

HY(Q) — HL(Q) — L*(Q), and H?*(Q)— HL(Q).

Furthermore, H(Q) C H]

loc

() and H2(Q2) C HE.(Q).
As well as the usual Sobolev space H'(2), we have the following result for H,():

Lemma 3.2.1 The set C=(Q) is dense in HL(Q).

The Lemma 3.2.1 lead us to the following definition

H;,O(Q) = YTOHé(Q)a
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where the definition of the space Dy depends on «:

( {v e C>=(Q) : supp(v) cC N} if aq,a0 €10,1)

{v e C=(Q): 30 > 0;supp(v) C (0,1 —6) x (0,1 —0)} if a1,a €[1,+00)
{veC>®(Q): 30> 0;supp(v) C (6,1 —6) x (0,1 =08} if a;€[0,1), ay € [1,+00)

\ {veC>®(Q): 30 > 0;supp(v) C (0,1 —106) x (6,1 —=08)} if a; €[1,+00), as €[0,1).

In [3] we developed a trace theory for the spaces H',(Q) and H2(Q). As a
consequence we deduce the following result:
Lemma 3.2.2 The operator —Aq : D(Ag) — L*(Q), where D(Ag) := H2(Q) N

H}Y,D(Q), is an infinitesimal generator of a strongly continuous semigroup. Moreover,

if ap # 1 # aw, then the semigroup is analytic.

By Lemma 3.2.2, we can guarantee from semigroup theory the following well-

posedness result:

Theorem 3.2.3 For any g € L*(Q) and any uy € L*(Q), there exists a unique solution
u € CO[0,T); L*(2)) N L*(0,T; H, 4()). Furthermore, there exist a constant C' > 0
such that

T
sup [lu(®)| + / ()2 dt < C (Juof? + llg]?)
te[0,T 0

3.3 Carleman estimates

In this section we present a new Carleman estimate for solutions of (3.4). Dif-
ferently of the results in [3], this Carleman estimate holds even if a; = 0 or a; > 2
for some ¢ € {1,2}. Each combination of the values of «a; requires different geometri-
cal assumptions and different weight funtions. Now, we will assume that there exist

ao, by, 0o € (0,1) such that

(0,0) x (0,9) if ay,a9 € (0,+00)
wDwo:=19 (0,0) % (ag,bp) if ;€ (0,+0) and as =0 (3.5)
(ag,bo) X (0,6) if a3 =0 and ay € (0, +00).
It is important to compare (3.5) with the geometrical assumptions in [3], where we have

considered the case oy, as € (0,2). There, we have assumed that there exist numbers

a;, b;, 6 € (0,1) with a; < b;, such that
Wy = (a17b1) X (07(5) U (07(5) X (CLQ,bQ) Cw. (36)
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Notice that if some «; = 0, then (3.6) implies (3.5), but not conversely. On the other
hand, if oy, e € (0,2), then (3.5) implies (3.6), but not conversely.

Now, we will introduce the weight function n € C*°(2) given by
—(z?+22)/2 if a1, a9 € (0,+00)
n(x) =19 no(ze) —22/2 if a; € (0,400) and ay =0 (3.7)
no(z1) —x3/2 if ay =0 and ay € (0,+00),
where 79 € C*°([0, 1]) is such that ny(r) = r in [0, ap] and no(r) = —r in [by, 1]. For
A > ) and s € R, let us also introduce
O(t) := [T — )], &(x,t) = O(t)e* Mletnl@))

and  o(z,t) == 0(t)e= — ¢(x,1).
We can observe that
Von|> >C >0 in Q\wo. (3.8)

The property (3.8) is fundamental to deduce the Carleman estimate. Furthermore,

another property which the function 7 must have is the following:
/ / ¢ [IVozPVnAv — 2(V2AV))AVzy| dsdt > 0 Vz € L*(0,T; H3(Q) N H, 4(€2)).
b

(3.9)
The property (3.9) can be deduced by the following result.

Lemma 3.3.1 Assume that v € HZ(Q) N H,,(Q). If v =10 on Ty (respec. I's), then

0

8_::2:0 on I'y (respec. T's).
Moreover, If v =10 on I'y (respec. I'y), then

0

a—;l:O on 'y (respec. T'y).

The proof of Lemma 3.3.1 is given in [3].

The main result in this section is the following.

Theorem 3.3.2 Assume (3.5). There exist constants C, sg, \g such that for any A >

Ao, § > So, and w solution of (3.4) one has

// e [T (lwnl” + |Agw]?) + sA¢ ([Voul® + [VwAVn )] du dt
Q

+5° A // e 27 w|Pdedt < C (He_s"ng + 53\ // e 2783 | w|? dw dt) :
Q wr
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Proof. Notice that, it is sufficient to prove this result with b = 0. In the sequel C' > 0
is a constant that depends on 7" and w and w is a solution of (3.4). From a density
argument, we can assume that w is regular enough.

For s > sg > 0 we introduce

z=¢€ *w
We see that
0
2—8;—0 at t=0 and t=T, (3.10)
B.C. holds on %, (3.11)
P z+Ptz=y, (3.12)
where
g = e 7 f —s\|Von|?z + sAédiv(AVn)z,
P7<Z) = 111 + [12 + [13 = —28)\2£‘V077‘2Z — QSAfVZAVT] + 2z
and
P+(Z) = [21 + [22 + 123 = S2>\2£2‘Von‘22 + dZ’U(AVZ) + SO0z

From (3.12) we have that
1272 + |P*2))* + 2(P 2, PT2) = gl (3.13)
Now, let us estimate (P~z, P*z)). Using (3.10) and (3.11) we see that

((]11,]21)) = —283/\4// £3|V0n|4|z|2dydt,
Q

((1127121)) = =5\ // §3|V0U|2V(|Z’2)Avndxdt:53)\3// IZIQdiv(ﬁ?’IVonleVn) dx dt
Q Q

= 333)\4// E\Von|*|z|? dx dt + s°N? // Ediv(|Von|?AVn)|z|* dx dt
Q Q
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and

(L) = —s2A2 //Q €6Vl dy dt.

Hence, from (3.8), for sy and A, sufficiently large one has

(P2 D) — 33)\4// §3]V077]4\z|2d:cdt+33)\3// Ediv(|Von|2AVy) 2|2 dz dt
Q Q

~52 [[ ¢l dy

Q
T
> 053/\4// §3|z|2dxdt—033)\4/ &z dw dt. (3.14)
Q 0 Jwo
Furthermore,
() = =25 [[ ol Van?|oP dy .
Q

(I, Ins) = 2\ //Q 2 2div(€0,AV) da dt

= % [ ol Vonllaf dwde - 2 [[ eI Tnfef dods
Q Q
+5°A / / Ediv(AVn)|z|? dx dt
Q

and
(I, Is) = —%//Qatt|z]2dxdt.
Hence, from (3.14) we see that
(P2, 15+ I33) > 033)\4//Q§3|z|2d:pdt—033)\4/T Ez*dxdt. (3.15)
0 Jwo
On the other hand,
(I11,I) = 23)\2//QAVZ.V(§|V077|2Z)dIdt
= 28)\2//Q§|V077|2|V02]2dxdt+2$)\3//Q§|Vo77|2ZVZAVndxdt
+2s\? //Q £2VzAV(IVon|?) dz dt
= —s)\3//QSIZ\ZVUAV(VOn\Z)dxdt—s)\2//Qfdiv(AV(]VonF))\z]dedt
+2s\? //Q§|V0n|2lvoz]2 dx dt + 25\ //Q§|Vo77|22VzAV77dxdt, (3.16)
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([13,I52) = // 2div(AVz) dz dt = / V2 AV z dx dt
Q

- // S (190ef?) dedt =0, (3.17)

and
(L2, I22)) = 2sA // AV2. NV (EVzAVn) dx dt—QS)\/ E(VzAVN)AVz.vdsdt
Q b
= 25\ // £V zAVY|? dxdt—i—Qs)\/ EVzAV(VzAVD) dx dt
Q Q

—23)\/ E(VzAVN)AVz.v ds dt. (3.18)
>

Now, we will to compute the second integral on the right hand side of (3.18).

First, note that in any case we have that

0 on o
0_( a%)—Ofor S

Hence

25) / EVAT(VATY drdt = 203 // Gt o (55 (;%7) drt
i i J Lj

7,7=1
_ o 0‘7 87’] Oéi a
- SAZ//g 7 a%ax]< (:c axz) da dt

) dxdt+23AZ//§

0z
8137;

0x;

B & onl> o - (377 0 an
= SAZ; // o [/\xi ; oz, + oz, (257) 2 Bz, + 8 (xj ax])] dx dt
+23>\Z//§ Ty el da:dt+s)\2//§ "o 0%y, ds dt
ox; i ox; 8 (’3351 Ox;" 7

2,7=1

. . 0n

a;—1

s — ) dadt
( o;T; 8@-) x

s Zd:vdt+SA/E§|V02|2VnAudsdt. (3.19)

st
+23)\Z// 5950” o

Using (3.9), from (3.16), (3.17), (3.18) and (3.19) we get

axl

(P2, I) > Cs\? //£[|Von|2|voz|2+]VzAV77]2} dx dt
Q

—CS)\// 5|voz\2d:cdt—csA3// 2> dx dt (3.20)
Q Q
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Using (3.8), from (3.15) and (3.20) we see that

(P~ z,Ptz) > C// [sA€(|Voz|* + [V2AVY?) + $* AP 2] da dt
Q

T
—C// [sA*E|Voz|” + AP 2] dx dt (3.21)
0 Jwo
From (3.13) we deduce that

\|Pz]|2+|\P+zH+3A2/Q§ (Vo2 + [V2AVP] dxdt+s3)\4/Q§3]z\2dxdt

<c [||g||2—i—// [SA2E| Vo] + A2 dxdt]. (3.22)

From the definitions of P~z and Pz we see that

= // YNz dedt < C’s_lﬂP_zH2+Cs)\4// &\z|* dw dt
Q Q

+C's)\? // E|VzAVY|? da dt,
Q

and

s // ¢ |div(AVz2)|* dw dt < 5_1|!P+z||2+053/\4// &2 da dt.
© Q

Hence, from (3.22) we deduce that
57! // & (|2 + |div(AV2)[?) dadt + sA? //5[yvoz12+\vavny2] dx dt
Q Q
+33A4/ S22 dadt < C [ng2+// [SA2E|Voz]? + s A9 da:dt}. (3.23)
Q woT

Now let us consider a open set wy CC w; CC w and a function ¢ € C*=(Q) such

that 0 < ¢ <1,9% =11in wy and ¢ = 0 in Q\w;. For any € > 0 we have that

5>\2/ E\VozPdrdt < 5)\2/ EYVzAV z dx dt

woT wiT

= —s\® / £V 2 AV dr dt — s\ / £2V2AVY dr dt

wiT wiT

—s)\Q/ EYzdiv(AVz) dx dt

wiT

IN

CSQ)\4// §3|z]2da:dt+>\2/ EIV2AVY|? dx dt

// EIVoz|* drdt 4+ Ce™! 3>\4/ &z dx dt

et _1//5 Ydiv(AV 2)|? dx dt.
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Hence, for e sufficiently small and for sy and A\ sufficiently large, from (3.23) we deduce

that

s // & (|2 4 |div(AV2)[?) dadt + sN? // ¢ [IVoz|? + |V2AVY|?] du dt
Q Q

+33A4// EzPdrdt < C [HgHz+s3)\4//£3]z\2dxdt1 : (3.24)
Q wr

Using classical arguments we can coming back to the original variable w and
deduce that (3.24) still true with z replaced by w and g replaced by f. This concludes
the proof. m

3.4 Application to null controllability

In this section we will discuss the null controllability of (3.1). This is stablished

in the following result.

Theorem 3.4.1 Let us fiz T > 0, ay,as € [0,+00) and an open set w C Q. Assume
that (8.5) holds. Then, for any uy € L*(Q), there exists a control g € L*(w x (0,T))
such that the solution u to (3.1) satisfies

u(-\T)=0 in €. (3.25)

Moreover, there exists a constant C = C(T,c,w) > 0 such that
/ \g|? dx dt < Clug)?.
wx (0,7
Using the controllability-observability duality, to prove Theorem 3.4.1 is equiva-
lent to obtain an observabillity property for the adjoint system (3.4). This is given in
the following result.
Theorem 3.4.2 Let us fir T > 0, aj,as € [0,+00) and a open set w C Q. Assume

that (3.5) holds. Then there exists a constant C' = C(T,a,w) > 0 such that, for any
wr € L*(Q), the solution w of (5.4) satisfies

/]w(a:,O)]Qd;ng// |w|? dz dt.
Q wx(0,T)

The way that the Carleman estimate in Theorem 3.3.2 leads to Theorem 3.4.2 is
standard and we refer to [12] for details.
Arguing as in [3| we also can deduce results on hierarchic controllability following

the Stackelberg-Nash strategy.
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3.5 Extension to higher dimensions

In this section we will discuss the problem in spatial dimension higher than 2.
For simplicity and better understanding, we will consider only the spatial dimension
3, but the ideas can be easily extended to greater spatial dimensions.

Let us consider system (3.1) with

3

Q:=JJ(0,1), Ty:={0}x[0,1] x[0,1], T:=[0,1] x {0} x [0,1],

I3 :=[0,1] Z: [0,1] x {0}, Ty:={1} x[0,1] x [0,1], T5:=1[0,1] x {1} x [0, 1],
[e:=1[0,1] x [0,1] x {1}, A(z) := diag(x]*, x5?, z5*),

where «; € [0,+00) and analogous boundary conditions depending on the degeneracy.
Now, let us assume the following geometrical hypothesis: there exist numbers a;, b;, 6 €

(0,1), i =1,2,3, such that

(0,0) x (0,9) x (0,0) if «1,a9,a3 € (0,400)

0,6 X (as,b3) if i, ay € (0,400), az=0

(0,0) X (ag,by) x (0,0) if «a5,a3 € (0,4+00), ay=0

WD wp = (a1,b1) X (0,0) x (0,0) if «g,a3 € (0,400), a; =0 (3.26)
) % (ag,b3) if oy €(0,400), az=a3=0

(a1,b1) x (0,0) x (a3, bs) if ag € (0,400), a;=a3=0

\ (a1,b1) X (ag,by) x (0,0) if ag€ (0,+00), a3 =ay=0.

Let us introduce the weight function n € C>(2) given by

— (2% + 23 4 23)/2 if  ag,a,a3 € (0,+00)

—(2f +23)/2+m3(x3) i ar,ap € (0,+00), az=0
—(2?+22)/2 + ma(z2)  if  ay,a3 € (0,400), as =0

n(z) = —(22 +23)/2+m(x1) if g, a3 € (0,400), a; =0 (3.27)

5)
5)
—22/2 + ma(w2) + n3(w3) if a; € (0,+00), as=a3=0
—23/2 +m(x1) + m3(xs) if g € (0,400), a;=az=0
\ —23/2 4+ (x1) + ma(z2) if az € (0,400), o =ay =0,

where n; € C*([0, 1]) is such that n;(r) = r in [0, a;] and n;(r) = —r in [b;, 1]. Notice
that (3.8) holds. Now, to get (3.9), let us consider the following result.
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Lemma 3.5.1 Assume that v € HZ(Q) N H} (). Ifi € {1,2,3} and v = 0 on T
(respec. T'i13), then

0
a—U:O on Iy (respec. Tiy3), for j€{1,2,3} and j#i.
Zj

The proof of Lemma 3.5.1 is very similar to the Lemma 3.3.1 and, therefore, we
omit it.
Now, with properties (3.8) and (3.9), we can repeat the same calculations as

before and to deduce that Theorem 3.3.2 still holds by assuming (3.26).

3.6 Extension to more general degenerate operators

In this section we will consider the problem with a more general degenerate

operator

up — div(AVu) + b(z, t)u = g(z,t)l, in Q,
B.C. on 2,
u(z,0) = ug(x) in Q

(3.28)

where B.C'is similar to B.C. with A replaced by A := A+ B and B : Q — My, 5(R)
is such that

1. b € CYQ), where B(z) = (bjj(z));

2. B(z) is simetric Vo € Q;
3. B)(.(>0 VxecQ and (€ R?
4. 1+ bn + [Ifgblg Z 0 on Fg and 1+ b22 -+ $1b12 Z 0 on F4,

5. ]—"’bll —(L'leg ZO on Fl if (0%} =0 and 1—|—b22—|—$1b12 ZO on FQ if 042:();
6. there exists ¢ >0 and p; € C*(Q) such that

bij(x) = x?i/Qx?j/Qpij (z) and pia(z) >0 Vo € Q\(e,1] x (¢,1]. (3.29)

A tipical exemple of a matrix B is
0 x?1/2x32/2

B(x) =

x‘fl/zx?” 0
From item 3 of (3.29) we have that
IVnAVn| > |Von| > C >0 in Q\wp. (3.30)
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Now, we need an estimate similar to (3.9). This is the goal of the following result.

Lemma 3.6.1 Assume that (3.29) holds. For all z € L*(0,T; H2(Q) N H((Q)) one
has

// 1 |:|VZAVZ|V7]AV — Q(VZAVT])AVZ.I/] dsdt > 0.
s

Proof. For now we assume that aq, as € (0,400). Using Lemma 3.3.1 it is not difficult
to see that VzAVz = VzAv = 0 on [[;UT,] x (0,7). On the other hand we have that

2

0
—Z (1+b11>(1—|—bn +l’2b12) on Fg (331)

\V2AV2|VnAv — 2(VzAVD) AV 2.y = o
1

and

2

|VZAVZ‘V77AV — 2(VZAV7])AVZV = (1 -+ b22)(1 -+ b22 +$1b12> on F4. (332)

X2

Hence the result follows from item 4 of (3.29).
Now, assume that a; € (0,400) and ay = 0. Analogously to the previous
case, we have that (3.31) and (3.32) holds and VzAVz = VzAv = 0 on Ty x (0,7).

Furthermore, one has

2

0z
(1 + bgg)(l + b22 - $1b12) on FQ.

IV2AV2|VnAv — 2(VzAVD) AV 2.0 = e
2

Hence, again the result follows from item 4 of (3.29). In a similar way we conclude the
result if a; =0 and as € (0, +00). m
The adjoint system assossiated to (3.28) is

wy + div(AVw) + b(z,t)w = f in Q
B.C. on X (3.33)
w(z,0) = wy(z) in Q

The main result in this section is the following.

Theorem 3.6.2 Assume (3.5) and (3.29). There exist constants C,sg, \g such that
for any A > X\, s > so and w solution of (3.33) one has

// =250 [3*15*1 (\th + \dz’v(AVw)P) + s (|VwAVw|2 + vailvm?)] dz dt
Q
+s°A // e 2wt drdt < C (He_s"fH2 + s\ // e 78 w|* dw dt) :
Q wr
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Proof. The main difference of this case to the previous one is the computation of the
term in the left-hand side of (3.19) and the estimate (3.20). Hence we will discuss only

this part of the proof. Firstly, a straightfull calculations shows that

25\ / EVzZAV (szan) dedt = —s\? // £|VzAV2|. |V77AV77|d:vdt+ZT
Q =1

45\ / E|V2AV 2|(VnAv) ds dt, (3.34)
b

where T1, ..., Ty are given by

T1 = 25)\2// ‘ ? (I aa >d dt
z;
2
0 w a; ON
T2 = —S)\Z//g a—( ilx]]@g; ) dx dt
i,7=1 J
0z 0z a; ON
Ty = QSAZ// $ o 7n. " o <x] ax]) dz dt,
o 0z 0z an
T, = —s\ Z // 5, Bz, B (bmmk a$k) dx dt

'ij 1

o 0z 0z e on
Ty = 2s) Z // 58% A i(bjkaxJ dx dt,

0z
0x;

i,7,k=1
oz > o on
Te = -— — b dx dt
6 SAZ]%:l// O ax‘(xz Jkaxk) o

o 0z 82 an
Ty = 2s\ Z // $5m 52T <bkl axl) d dt,

,7,k,l=1

and

0z 0z an
Ty = — bisb dz dt.
; A Z // 9z, 01, Oty (” 5 Dy > v

,5,k,l=1

Now, we can see that

Ty + Ty < COsA / €| V2AV 2| da dt. (3.35)
Q
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To estimate the other terms we will to use the item 6 of (3.45). We have that

T3] < CSAZ// g0z 07, O <an8 )’dxdt

Z] J
= Ox; Ox; ~ Ox; Ox;

0z 0z 0 on
< A ——b--— dz dt
< eaX [ Slmmmas (3]
0z 0z 0 a; 0N
bi; ! dz dt
//el)Xel (?:v,(()x] 7 O (xj ij) ’ ]
82 ai/2
< &= 2 | | 2997 dae dt
|://Q\el)><el) Ox; al’j !
// B el Pt dt}
(e,1)x( 51 8:62 833';’
< C’s/\/ E|V2AV 2| dz dt. (3.36)
Q
In a similar way we deduce that
Ty +Ts+ Ty < Cs\ / £|V2AV 2| du dt. (3.37)
Q
We also have that
In
Ts = —s)\// 5\VzAVz| f < i )] dxdt
ey 9N
_SAZ// axz axz Z.)b”a dx dt

i,7=1

T
> —CS)\// §|VzAVz|dxdt—s)\Z [/ £|V2AV 2| du dt
0 J(

€,1)x(e,1)
//S;\el x (e,1)
s [
Z [ O\ (e,1)x( 51

i,7=1

—CS/\// £|V2AV 2| dz dt. (3.38)
Q

1,7=1

0@

2
a QL (73 2 Ot] 2 677
8$i(xiz)mi /xj / ”8 dx dt

0 Ca/2 o« 0
T 37~1/2x-]/2 ndmdt]

axz 8_1’1( zl> i 7 Ua

From item 6 of (3.45) and the definition of the function 7 we see that the first term on
the right-hand side of (3.38) is non negative. Hence

Ts > —C’s)\/ £|V2AV 2| da dt. (3.39)
Q
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In a similar way we deduce that
Ty > —CsA / / £|V2AV 2| dx dt. (3.40)
Q

Arguing as in the proof of Theorem 3.3.2, from (3.34), (3.35), (3.36), (3.37), (3.39),
and (3.40) we deduce an estimate similar to (3.20). The rest of the proof is analogous

to that of the previous theorem. m

3.7 Open questions on others extensions

The study of the null controllability of degenerate parabolic equations in higher
spatial dimensions started few years ago and still there are many opens questions.
In this section we discuss some of them and comment other extensions of the results

proved.

3.7.1 On systems with gradient
Let us consider the following systems:

uy — Aou+ B - (AY?Vu) +bu=gl, in Q
B.C. on % (3.41)
u(z,0) = ug(x) in

and

uy — DNou+ B-Vu+bu=gl, in Q
B.C. on % (3.42)
u(z,0) = up(x) in

where B € L*(Q)?. Carleman estimate present in Theorem 3.3.2 still holds for the
solutions of the adjoint system of (3.41), because the first order term in (3.41) can be
easily absorved by the same order term on the left-hand side of the inequality. Hence
the control results in this paper are also true for (3.41).
With respect to the system (3.42), when ay, as € (0,1/2), by using an appropriate
function 7 satisfying
2 (4-204)/3 2 (-209)/3

T; . ; .
7’](1‘) =3 E m mn V and n(l’) = -3 E m mn W
i=1 ’ i=1 L
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as defined in [35], we conclude again that all the results in this paper holds. For the case
a; € [1/2,2) for some i € {1,2}, the null controllability of (3.42) is an open question,

even in one dimensional case.

3.7.2 On semilinear problems

The results of this work can be extend, in a standard way, to semilinear problems

of the kind
u — Aou + Fo(u) = gl, in Q,
B.C. on X, (3.43)
u(z,0) = up(x) in Q,
where Fj : R — R is globally Lipschitz continous. Now, let us consider the following
semilinear problem
u — Au+ Fi(u, Vu) = gl, in Q,
B.C. on %, (3.44)
u(z,0) = ug(x) in
where I : R x R? s R is globally Lipschitz continous. This problem remains open,
even in spatial dimension 1. The reason is that the linearized adjoint system of (3.44)
is similar to the system (3.42). Hence, from previous discussion, the results of this

paper only can be extended to (3.44) if one of the following assumptions are satisfied:

L At V)= FrO)] <CIJAV -U)|+|t—r|], YUV €R?* and Vt,r€R;

2. 1,09 € (0,1/2)

3.7.3 On others degenerate operators

With respect to other degenerate parabolic operators, there is a whole range of
inexplored problems. In [12] the authors deal with a spatial domain Q with boundary
I" of class C* and a matrix A whose only the first eigenvalue degenerates and this dege-
neration ocours on the whole border. Hence, questions as matrix with more eigenvalues
degenerating are interesting. Problems where the degeneration ocours only in a part
of the boundary is also very interesting because it has many applications in various
fields of science. This work deal with this situation, but the question still open in more

general domains.
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3.7.4 On assumptions on the observations domains

It is well know that (3.1) in one-dimensional case is, in general, not null control-
lable if o = 2, see [2, 9]. This "in general" should be understood in the sense that
the null controllability does not hold for an arbitrary observation domain w. However,
as we has been proved in [2], if w has some suitable geometrical proprieties, the null
controllability holds. When a € (0,2) the null controllability of (3.1) holds without
restrictions for w. In two-dimensional case, we can not deduce Carleman estimates for
solutions of (3.4) without impose some geometrical restrictions on w, even if o; € (0, 2).
Hence, an interesting (and seems to be difficult) question is to deduce Carleman es-
timates to solutions of (3.4) with other kind of geometrical assumptions on w. The
optimal assumption is w CC {2, but there is a whole range of ways to improve the

geometrical assumptions of this work.
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